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Fig. 1. 3D-printed tilings combine aesthetically-pleasing geometry with complex mechanical behavior characterized by anisotropy, nonlinearity, and large
variations in stiffness among different patterns. Using numerical homogenization, our method summarizes the macro-mechanical behavior of these tilings in
terms of direction-dependent Young’s modulus (shown above), Poisson’s ratio, and bending stiffness as well as a simple measure of nonlinearity.
We propose a comprehensive approach to characterizing the mechanical
properties of structured sheet materials, i.e., planar rod networks whose
mechanics and aesthetics are inextricably linked. We establish a connection
between the complex mesoscopic deformation behavior of such structures
and their macroscopic elastic properties through numerical homogenization.
Our approach leverages 3D Kirchhoff rod simulation in order to capture
nonlinear effects for both in-plane and bending deformations. We apply
our method to different families of structures based on isohedral tilings—
a simple yet extensive and aesthetically interesting group of space-filling
patterns. We show that these tilings admit a wide range of material properties, and our homogenization approach allows us to create concise and
intuitive descriptions of a material’s direction-dependent macromechanical
behavior that are easy to communicate even to non-experts. We perform
this characterization for an extensive set of structures and organize these
data in a material browser to enable efficient forward exploration of the
aesthetic-mechanical space of structured sheet materials. We also propose
an inverse design method to automatically find structure parameters that
best approximate a user-specified target behavior.
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1

INTRODUCTION

Simple shapes can combine into structures of fascinating regularity and complexity. Thanks to their aesthetic appeal and diversity,
such tessellations are used as a universal way of decorating buildings, garments, and everyday things across many cultures. But the
diversity created by these patterns is not limited to appearance.
Just as aesthetic complexity can be created from simple shapes,
so can mechanical complexity. Indeed, physical representations of
these patterns—which we call structured sheet materials—exhibit a
wide range of macromechanical properties mediated only by geometry and topology. Unlike appearance, however, the mechanical
properties of structured sheet materials are often far from obvious.
Exploring and understanding the connection between the geometry
and mechanics of structured sheet materials is the main objective
of this work.
The graphics community has recently started to explore the design of flexible materials whose microstructure can be controlled
in order achieve desired macroscopic deformation behavior [Bickel
et al. 2010; Martínez et al. 2016; Panetta et al. 2015; Schumacher
et al. 2015]. While previous work has so far focused on volumetric
materials, our structured sheets are planar networks of thin elastic
rods that can stretch and bend. We focus on isohedral polygonal
tilings, a particular class of periodic patterns in which all tiles are
congruent to a single polygon. Polygonal tilings have been studied
intensively in mathematics [Grünbaum and Shephard 1986] and
graphics [Kaplan 2009]. We show that this geometrically rich space
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of patterns offers an equally varied range of mechanical properties, characterized by strong anisotropy and nonlinearity for both
stretching and bending deformations.
The space of isohedral polygonal tilings is partitioned into a
set of distinct families, each of which admits certain tileabilitypreserving transformations on the tile shape. Parameterizing these
shapes within a given family yields a continuous sub-space of aesthetically pleasing patterns of the same topology but potentially
vastly different mechanical properties. From a user perspective, however, finding a pattern that exhibits desired mechanical properties
while satisfying aesthetic criteria is difficult because of the highly
unintuitive relation between structure and mechanics. Our goal is to
characterize the macromechanical properties of these structures in a
concise and intuitive way so as to allow for an informed exploration
of the design space.
To this end, we propose a homogenization approach that maps
the mechanical behavior of a meso-scale network of elastic rods to
a macro-scale thin plate model, making deliberate choices about
which properties to capture and communicate. We compute a large
set of deformations for each rod network and optimize for the tensors describing the anisotropic stretching and bending behavior
of the sheet such that, around a given state of deformation, the
thin plate model best approximates the large-scale properties of the
rod network. Even though our model is only a partial description
and approximation of the true material behavior, a good qualitative
agreement between the meso-scale and macro-scale properties is
found even for large deformations. The rather extensive material
data of the thin plate model is distilled into a compact visual representation in terms of directional Young’s moduli, Poisson’s ratios,
bending stiffnesses, and corresponding measures of nonlinearity.
We organize the resulting representations in a dedicated material
browser, allowing users to explore the space of polygonal tilings
with respect to both aesthetic and mechanical properties.
Apart from the geometry and topology of the patterns, our homogenization method only requires the mechanical properties of the
base material as input. For the purpose of experimental validation,
we 3D print a set of pattern prototypes and measure stress-strain and
moment-curvature profiles. Our results show very good agreement
between the physical prototypes and their simulated counterparts,
even for large deformations with substantial buckling.

2

RELATED WORK

Designing Structured Materials. With the increased accessibility
of additive manufacturing technologies and new possibilities in fabricating complex geometries, the design and analysis of structured
materials with desired mechanical properties has become a popular topic in the computer graphics community. Bickel et al. [2010]
designed, printed, and measured such materials, and used a combinatorial approach to combine structures to create a desired deformation behavior. Avoiding the manual design and measurement
step, Schumacher et al. [2015] and Panetta et al. [2017; 2015] used
numerical simulation to predict the macroscopic behavior of individual microstructures, and described optimization-driven solutions
to fill objects with microstructure cells in order to achieve desired
spatially-varying material behavior. Martinez et al. [2016] employed
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an efficient stochastic approach to create isotropic Voronoi foams
and orthotropic foams [Martínez et al. 2017] and determined the
mapping between structure parameters and mechanical properties.
Pérez et al. [2015] presented an approach to create light-weight
and cost-effective rod meshes—which cannot be classified with bulk
properties—with a desired deformation behavior and later combined
two different material domains by printing rod structures directly
on a pre-stretched cloth to create curved surfaces [Pérez et al. 2017].
Connecting the advantages of silicone with the expressiveness of
structured materials, Zehnder et al. [2017] introduced a material
design approach that uses inclusions embedded in silicone to create
various material behaviors.
As an extension to purely functional structured materials, several
works have explored the design of decorative shell-based structures,
combining stability with aesthetic goals during the design process.
To create stable, decorative shell structures, Dumas et al. [2015]
extended the idea of texture synthesis into the domain of digital
fabrication. With a similar goal, Zehnder et al. [2016] introduced a
method to create ornamental curve networks using a rod-based parameterization that avoids rasterization and provides a high degree
of artistic control. Martinez et al. [2015] described an optimization
approach that combines texture synthesis with a topology optimization method to create artistic and stable two-dimensional structures.
Schumacher et al. [2016] introduced a similar approach to create
structured shells by combining discrete element textures with a
shell-based topology optimization method.
In our work, we emphasize the characterization of structured materials and investigate anisotropic and nonlinear material behavior
of thin structured sheets. We define our structures using a periodic
network of rods, a parametric representation similar to Panetta
et al. [2015], but focus on a visually appealing parameterization
that also allows us to implement an efficient structure optimization
approach.
Capture and Modeling. Accurate material modeling is a crucial
part of any simulation with physical applications. Besides formulating an appropriate material model, measuring the material properties can be a challenging task. Bickel et al. [2009] presented a
data-driven material model for soft tissue. However, for the purpose
of characterizing structured sheets, methods that investigate flat
materials—for example cloth—are more suitable. Wang et al. [2011]
and Miguel et al. [2012] presented systems to capture the deformation of cloth in various configurations and determine the corresponding material models. Likewise, methods for designing and
modifying materials in an intuitive fashion [Li and Barbič 2015; Xu
et al. 2015] allow us to determine the material properties that lead
to a desired deformation behavior.
The theory of numerical homogenization [Hassani and Hinton
1998] provides a way to replace small-scale structures with an averaged, homogeneous material. Such an approach allows for the simulation and characterization of structured materials without the need
to use high-resolution models. Kharevych et al. [2009] and Nesme et
al. [2009] presented homogenization approaches that approximate
a heterogeneous model using a coarse mesh with spatially-varying
material properties. Chen et al. used a database of material combinations to create a data-driven finite element method [2015], and
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introduced a specialized homogenization approach for dynamic
simulations [2017]. Geers et al. [2007] described a nonlinear homogenization approach for thin sheets that uses a full solid simulation
to compute the material response on the microscopic level without
fitting a material model.
The structures that we focus on in our method can be modeled
as networks of elastic rods—a model that has been used to simulate
similar structures in [Megaro et al. 2017; Pérez et al. 2015; Zehnder
et al. 2016]. We use these rod networks as the high-resolution basis
for a homogenization approach, which allows us to capture the
macromechanical properties of these networks. Our characterization method is similar to the work of François et al. [2017], who use
directional Young’s modulus plots to visualize the material properties of triangular lattices, based on a parameterized analytical
model. In contrast, our homogenization-based approach allows us
to characterize any type of flat, periodic structure.
Outside of computer graphics, the mechanical engineering and
materials science communities have shown significant interest in
the design and analysis of structured materials. Such structures can
be found as the result of stochastic processes in naturally occurring
materials, where they are often modeled as random fiber networks
[Picu 2011]. For more regular structures, approaches to homogenize
truss networks [Hutchinson and Fleck 2006] compute the macroscopic behavior of periodic, mechanism-like assemblies. At smaller
scales, these structures can also stem from the underlying atomic
composition, in the case of crystal structures or graphene sheets
[Lu and Huang 2009]. Maybe the most promising application of
structured materials is in the domain of mechanical metamaterials—
materials whose structure is tailored to show desired material properties [Bertoldi et al. 2017]. Metamaterial approaches include unit
cell–based combinatorial structures [Coulais et al. 2016], origamiand kirigami-inspired designs [Xu et al. 2017], and the exploitation
of mechanical instabilities [Kochmann and Bertoldi 2017]. Auxetic
structures have been a focus of interest, with the investigation of
bistable auxetic structures [Rafsanjani and Pasini 2016] and auxetic
behavior over large ranges of deformations [Liu and Zhang 2018].
However, these approaches generally use hand-picked designs, and
run an in-depth analysis on them. While this is useful to fully understand the mechanics of a given structure, it does not lend itself
to an intuitive characterization and exploration of a large set of
structures.

extensively in the mathematics community [Grünbaum and Shephard 1986]. Kaplan and Salesin [2000] used a special class of spacefilling tilings, isohedral tilings with curved edges, and in subsequent
work in this direction investigated the synthesis of Islamic star
patterns [Kaplan and Salesin 2004]. We take inspiration from the
aesthetics and the continuous parameterization of these tilings, and
investigate the space of mechanical properties that they create.

Polygonal Patterns and Other Tilings. Computer Graphics has
traditionally been interested in procedural pattern generation for
decorating digital surfaces, both with texture and with geometric structures. Besides architectural applications of meshing and
tiling methods [Jiang et al. 2015; Tang et al. 2014], some of these
approaches take inspirations from physical pattern creation in quilting [Zhou et al. 2006] or weaving [Akleman et al. 2009]. Others
use tilings to create efficient samplings [Ostromoukhov 2007]. In a
combination of geometry and fabrication, Konaković et al. [2016]
used the unique properties of auxetic mechanical materials to design
surfaces that can be fabricated from a single flat piece of material.
Space-filling tilings of the plane offer an interesting parameterization for visually appealing structures, and have been studied

Membrane. Structured sheet materials are networks of interconnected rods. When imposing an external deformation onto the network, the individual rods will either stretch, bend, or twist—rods
do not compress but buckle out of plane instead. For a given imposed deformation, the ratio between bent and stretched rods is
an indicator of the stiffness of the network for that specific deformation. Since the resistance to bending is much smaller than the
resistance to stretching, bending-dominated networks will be softer
than stretching-dominated networks. For a given structure, this property, and therefore the overall stiffness, depends on the direction of
the imposed deformation.
Beyond a certain maximum deformation, however, all rods will
eventually be stretched and the structure will transition into a stiff

3

STRUCTURED SHEET MECHANICS

Structured sheets offer a rich space of heterogeneous materials with
direction-dependent and nonlinear resistance to membrane and
bending deformations. Our goal is to establish a formal but intuitive
language for describing the mechanical properties of these materials,
and to provide insight in the connection between their structure
and mechanics.
In order for this analysis to be meaningful, we must be able to
predict the deformation of structured sheets under imposed loads or
boundary conditions using simulation (Section 3.2). To investigate
their macromechanical behavior, we turn to numerical homogenization (Section 3.4) and condense the mechanics of the heterogeneous
networks, simulated at their native mesoscopic level, into the familiar framework of linear elasticity. This process gives rise to elasticity
tensors that characterize the direction-dependent stress-strain behavior around a given state of deformation. Since this representation
does not readily lend itself to interpretation, we convert these elasticity tensors into radial plots of Young’s modulus, Poisson’s ratio,
and bending stiffness (Section 3.5).

3.1

Phenomenology

In order to make an informed decision on the computational models
to use in our analysis, we must first determine the salient characteristics that govern the deformation behavior of structured sheet
materials. We are particularly interested in how deformations at
the native, mesoscopic scale (from 1–5mm) of the material give
rise to macroscopic deformation effects (from 5–10cm). To this end,
we experimentally investigated the behavior of network structures
subjected to different boundary conditions that create in-plane and
out-of-plane deformations. We briefly summarize the central qualitative findings here and provide extensive, quantitative analysis in
Section 5 and the supplemental material.
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Fig. 2. Two-dimensional linear materials can be classified into four symmetry groups: anisotropic, orthotropic, tetragonal, and isotropic. The various material
symmetries lead to characteristic Young’s modulus profiles and can be related to the structural symmetries of the underlying tiling.

regime. These two observations indicate that structured sheet materials are characterized by anisotropic and nonlinear in-plane stiffness.
Bending. Similar to their in-plane deformation behavior, the stiffness response of structured sheets to bending is strongly anisotropic,
but nonlinearities are generally less pronounced. It is insightful to
draw the analogy to the simpler case of thin sheets made of homogeneous material, whose bending resistance depends only on their
thickness and the mechanical properties of the bulk material. But
unlike sheets made of homogeneous material, and due to the heterogeneity of structured sheets, the correlation between membrane
and bending stiffness is only weak, making it necessary to treat
bending separately from stretching to capture a complete picture of
the mechanical properties.
With their salient characteristics spelled out, we can now proceed
to the question of which computational models to use for structured
sheets at the mesoscopic and macroscopic scales, respectively.

3.2

Mesoscopic Model

To accurately model the mechanics of our networks at their native
mescoscopic scale, their structure needs to be captured in sufficient geometric detail. As a good compromise between accuracy
and efficiency, we opt to model structured sheets as networks of
thin Kirchhoff rods. Our implementation is based on the discrete
elastic rod model [Bergou et al. 2010; Kaldor et al. 2010]. We use the
extension to networks described by Zehnder et al. [2016] to model
connections with more than two rod segments: we place a rigid body
frame at each such connection, and define the bending and twisting
energies at the connection not between two neighboring segments,
but between a segment and the rigid body frame. The frame is added
to the simulation variables, and will rotate to minimize the energy.
ACM Trans. Graph., Vol. 37, No. 4, Article 148. Publication date: August 2018.

The discrete rod model can be applied almost directly to our case,
except for one important modification: due to the complex structure
of the networks, stretching the material in a given direction will
also induce compressions in some rods. In physical reality, these
compressions immediately resolve into out-of-plane buckling, but
under the perfectly planar and symmetric conditions in simulation,
compressions will persist and give rise to unstable equilibrium configurations. Besides the associated numerical difficulties, persistent
compressions lead to an overall much stiffer deformation response
than what is observed in reality. To avoid such parasitic stiffening,
we use a full three-dimensional model even for deformations that
are, on the macroscopic level, in-plane, and slightly perturb the initial state into the normal direction, forcing compressions to resolve
into bending. Thanks to this modification, the rod model shows
very good agreement with physical experiments, both in terms of
force-deformation behavior and local deformations observed in the
structures; see Section 5.1.

3.3

Macroscopic Model

On the macroscopic level, the most salient characteristic of structured sheets is arguably their direction-dependent stiffness response
to stretching and bending deformation. Together with their thin
nature and planar rest state, this deformation behavior suggests a
macromechanical model based on the theory of anisotropic Kirchhoff plates (see, e.g., [Hwu 2010, Section 1.4]), which postulates a
strain energy density of the form
1
1
W (ϵ, κ) = ϵ : C : ϵ + κ : B : κ = W M + W B ,
(1)
2
2
where ϵ, κ are membrane and bending strains, respectively, and
C, B are corresponding material stiffness tensors. The strains and
stresses are rank-2 tensors that can be represented as symmetric 2x2matrices; C and B are symmetric rank-4 tensors with 16 entries. Due
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Fig. 3. Periodic boundary conditions for in-plane deformations emulate a
flat tiling of patches (left). For curved configurations, the tiling is mapped
to a cylinder, where adjacent patches are related through a rotation and
translation (right). Additional details can be found in Appendix A.

to their symmetry, only 6 entries can be independent, even in the
case of complete anisotropy. Differentiating the energy density with
respect to membrane and bending strains gives rise to membrane
and bending stresses,
σ =C:ϵ
M=B:κ .

(2)

The above expressions underline the linear nature of this material
model—we will describe extensions to account for nonlinearities
in Section 3.4—and the decoupling of the membrane and bending
energies. While this model only approximates the full nonlinear
material behavior, it is sufficient to capture the salient material
properties that we are interested in.
With the mesoscopic and macromechanical models defined, we
can now proceed to the mapping between the two via homogenization.

3.4

Homogenization

The essential idea of homogenization is to subject a tileable unit
cell of material to various boundary conditions that create different
states of deformation. These boundary conditions have to preserve
tileability on the mesoscopic scale while at the same time leading
to deformations that are easily quantified on the macroscopic scale.
Figure 3 shows the general concept of these boundary conditions:
for flat configurations, they emulate a tiling of a single patch of the
structure in the plane, while curved configurations are possible if
we introduce a rotational component to the tiling. We refer to Appendix A for a detailed description of the boundary conditions used
for membrane and bending experiments. When using these periodic
boundary conditions, special care has to be taken to ensure that
the simulated structure is not too small to capture all deformation
properties of the full structure. Specifically, the buckling modes of
a structure can often extend over two of the smallest tileable unit
cells. To capture these buckling modes properly, we always apply
our homogenization on a 2 × 2 patch of the smallest tileable unit
cells.
While classic plate theories generally establish a shared set of
parameters that connect the membrane and bending behavior—
both are fully described by a single Young’s modulus and Poisson’s
ratio in the case of a homogeneous isotropic plate—this connection
has been found to disappear in structured materials [O’Donnell
and Langer 1962]. Having confirmed these findings in our own

Fig. 4. Example deformations obtained by applying different loads to the
boundary of a periodic patch of a structure. Left: membrane deformations
corresponding to uniaxial stretching. Right: bending deformations corresponding to uniaxial (or cylindrical) curvature.

physical experiments, we perform homogenization independently
for membrane and bending properties.
Membrane Material Tensor Fitting. Given a structured sheet material, we seek to find elasticity parameters for the macroscopic
model that best approximate the true stress-strain behavior of the
mesoscopic model. To this end, we must first determine a set of test
deformations and corresponding boundary conditions that will be
used to probe the material in simulation. For the membrane part, a
natural choice are uniaxial tension states, for which the strain in a
specific direction is prescribed while the perpendicular direction is
only subject to periodic boundary conditions (see Figure 4). Uniaxial
deformations generally describe the material behavior sufficiently
well, but we found that some structures require more information to
fit a macroscopic material tensor. Whenever such a case is detected
(from the rank of the fitting matrix), we augment the test set with
an additional biaxial deformation that prescribes a uniform stretch
in all directions.
Once the set of test deformations is defined, we perform mesoscale simulations and compute the macroscopic strains and stresses
using the approach described in Appendix B. The resulting set of
N stress-strain pairs are then used to fit a homogenized compliance
tensor in a least squares sense,
N
Õ

1
∥S : σ i − ϵ i ∥F2 ,
(3)
2
∥ϵ
∥
i
S
i=1
F
where ϵ i and σ i are the strain and stress of the i-th test deformation, respectively, and ∥ · ∥F is the Frobenius norm. The solution
to Equation (3) is a homogenized material compliance tensor SH ,
and the corresponding homogenized material stiffness tensor can
be computed through the symmetric inverse, CH = (SH )−1 . One
could also fit the homogenized material stiffness tensor CH directly;
however, we found that since the significant anisotropy of certain
structures leads to extreme stresses, measuring error in strain space
leads to improved robustness.
SH = arg min

Bending Material Tensor Fitting. The bending behavior of a material is characterized by its bending moment response to applied
curvatures. Similar to the in-plane stiffness, we design a set of test
deformations that fully describe this behavior. Cylindrical bending is
a natural choice for this purpose, since this type of deformation does
not induce Gaussian curvature and hence minimizes interference
ACM Trans. Graph., Vol. 37, No. 4, Article 148. Publication date: August 2018.
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with membrane deformations. Cylindrical bending alone, however,
is not sufficient to uniquely determine the bending stiffness tensor,
as is apparent by the rank-deficiency of the fitting matrix. We therefore account for the missing data by augmenting the cylindrical
test deformations by a single deformation with spherical curvature.
For each of the M boundary conditions in the resulting test set, we
then perform meso-scale simulations to obtain the corresponding
deformed network.
While the direct analogy to the membrane case would be to
compute macroscopic bending moments for the deformed networks,
the curved patch boundaries complicate the direct computation of
moments. We therefore use the energy density of the deformed
patch in order to fit the homogenized bending stiffness
BH = arg min
B

M 
Õ
1
i=1

2

κ i : B : κ i − Wi

2

,

(4)

where κ i and Wi are the prescribed curvature tensor and energy
density for the i-th test deformation, respectively.
Determining the Test Set. The set of deformations that are used
to fit the stiffness tensors influence the quality of the result. While
a set of only three deformations is sufficient to fit the tensor for
infinitesimal strains, the nonlinearities that appear for finite strains
require that we choose a suitable set of deformations that captures
the material properties in sufficient detail and will reproduce the
global deformation behavior in the fitted material tensor. We found
that for most structures, a small number of up to 20 deformations is
sufficient for a robust fitting to a linear material tensor. For highly
anisotropic and nonlinear materials, however, a larger number of
deformations generally leads to improved fitting results. To this
end, we use a cross-validation scheme that adaptively determines
the number of test deformations needed to obtain robust homogenization results. From a given set of N test deformations, we use
multiple sets of 80% as training data to fit a stiffness tensor, then
measure its performance on the remaining 20% of the test set. If the
error on the test data is larger than on the training data, we increase
the number of test deformations to 2N and repeat the process.
Nonlinearities. The homogenized stiffness tensors provide a linearized description of a material’s direction-dependent stress response. For a given structure, the result of the fitting process is
influenced by two factors: the reference state of deformation for
which the tensor is computed, and the magnitude of the imposed
deformation away from the reference state. The choice of reference
state, not to be confused with the rest state, is important when
there is nonlinear coupling between deformation modes. In principle, a comprehensive description of the nonlinear material behavior
can be obtained by densely sampling the deformation space. However, besides the computational complexity of such an approach,
the massive amount of high-dimensional data points generated in
this way would simply be overwhelming for the user. We argue
that, for the purpose of understanding and navigating the space
of materials, conciseness is far more important than completeness.
In order to convey a compact description of a material’s directiondependent nonlinearity, we simply create multiple test sets with uniand biaxial deformations of varying magnitude (0.1% and 10.0%) and
ACM Trans. Graph., Vol. 37, No. 4, Article 148. Publication date: August 2018.

curvature (0.1m-1 and 5m-1 ) around the rest state. Taken together,
the corresponding stiffness tensors fitted to these different test sets
can then be condensed into a concise and intuitive description of
nonlinear, direction-dependent material behavior as described next.

3.5

Representing Direction-Dependent Elasticity

Although the stiffness tensors provide a full picture of the material
behavior around a given state of deformation, their entries are
rarely used to describe a material: they are hard to correlate to
quantities that can be measured directly and, consequently, provide
little intuition about the material behavior. In the following, we
describe how to distill these stiffness tensors into representations
that lend themselves more readily to interpretation. We will briefly
introduce the formulas to extract these representations from the
stiffness tensors, but refer to the supplemental document for a more
in-depth explanation.
Membrane. An intuitive set of measures for the membrane behavior are the Young’s modulus E, describing the force per area
required to stretch the material to one unit of deformation, and the
Poisson’s ratio ν , which is the amount of transverse contraction for
a unit extensional deformation. Taken together, Young’s modulus
and Poisson’s ratio completely characterize the behavior of linear
isotropic materials. By allowing E and ν to vary depending on the
direction d, they can also be used to describe anisotropic materials.
In order to derive direction-dependent expressions for E and ν ,
we use the the compliance tensor S = C−1 . This tensor allows us
to compute the deformation induced by the uniaxial unit stress
σ d = ddT , which is the configuration in which the two material
properties are measured. The directional Young’s modulus can then
be computed as
E(d) =

(ddT )

1
.
: S : (ddT )

(5)

Similarly, we compute the directional Poisson’s ratio, describing the relative compression of the material along the direction n
perpendicular to the stretch direction d, as
ν (d) = −

(ddT ) : S : (nnT )
.
(ddT ) : S : (ddT )

(6)

Bending. We can follow a similar approach for the characterization of the bending behavior of a structured sheet material. However,
we found that the Young’s modulus equivalent of the bending stiffness matrix, which is measured by applying a uniaxial bending
moment to the structure, describes a state that is hard to reproduce
in a real application, since it will automatically cause in-plane deformations that generally dominate the deformation mode. Instead, we
characterize the bending behavior of the material using a natural
low energy state of purely cylindrical curvature, or zero Gaussian
curvature. Given a direction d, we compute the directional bending
moment generated by a unit curvature,
b(d) = (ddT ) : B : (ddT ).

(7)
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Besides their visual impact, geometric symmetries in the tiling
also induce symmetries in the material behavior. In order to investigate the nature of this relation, we first review material symmetries
below.

4.2

Fig. 5. The translational unit (blue) of an isohedral tiling creates an infinite
periodic tiling of the plane using only translations (red). The translation vectors define the minimal tileable unit cell (yellow) necessary for a simulation
with periodic boundary conditions.

4

TILINGS AND SYMMETRIES

Apart from periodicity constraints, the machinery introduced so far
makes no assumptions on the nature of the patterns. To investigate
the interplay between structure and mechanics, we will from now
on focus on the class of isohedral tilings, which we briefly introduce
below. We pay special attention to the symmetry properties of the
patterns and how they relate to symmetries in the material behavior.

4.1

Isohedral Tilings

Isohedral tilings are a special class of monohedral tilings—tessellations built from a single base
tile—in which only tiles transformed under the
symmetry group of the tiling are allowed. In
practical terms, this means that an isohedral
Non-periodic
tiling has translational periodicity (see inset figure).
From a combinatorial point of view, 93 different families of isohedral tilings can be identified [Kaplan 2009], referred to individually as
Periodic
IH01 to IH93. Each family has a polygonal base
tile ranging from a triangle to a hexagon, with a parameterization
having zero to six degrees of freedom. Up to 12 base tiles then form a
translational unit, the smallest structure of a family that can be tiled
infinitely by only applying translations (see Figure 5). For our structures, we create a consistent scale between families by normalizing
the area of the translational unit.
Symmetries. Isohedral tilings exhibit a high degree of visual regularity that can be quantified in terms of symmetries. Intuitively, the
individual translational units of an isohedral tiling span a hexagonal
or parallelogrammatic grid. Such a grid, and therefore the tiling,
may have twofold, threefold, fourfold or sixfold rotational symmetry.
Similarly, isohedral tilings can have glide reflection symmetries—a
combination of reflection and translation along the reflection axis—
along one, two, three, four, or six reflection axes. We can observe
all of these rotational symmetries in our isohedral tilings, and, as
it turns out, these are also the only rotational and reflectional symmetries that isohedral tilings can have [Grünbaum and Shephard
1986].

Material Symmetries

The mechanical properties of a material can exhibit various symmetries. For example, any two-dimensional material rotated by 180◦
will still show the same material properties. Additional symmetries
allow us to define different symmetry classes for materials that characterize their qualitative behavior. For a two-dimensional linear
material model, there are four distinct symmetry classes: isotropic,
tetragonal, orthotropic, and (fully) anisotropic materials. 1 See Figure 2 for example structures from these categories and their corresponding Young’s modulus profiles. Rather than determining the
symmetry class through visual inspection of the Young’s modulus
profiles, it can be identified from a set of five invariants of the material stiffness tensor C that measure the various rotation-invariant
non-symmetries of the tensor [de Saxcé and Vallée 2013].
Anisotropic materials are the most general symmetry class and
do not possess any additional symmetries.
Orthotropic materials have distinct material properties along two
orthogonal directions, which introduces a reflection symmetry along
these two axes. This symmetry is apparent in the directional Young’s
modulus plot of a material, where two axes that show a local maximum or minimum are perpendicular to each other.
Tetragonal materials are special types of orthotropic materials
whose material properties along any pair of orthogonal directions
are identical, making them invariant to rotations of 90◦ , and giving
them a total of four equally-spaced axes of reflection. Due to the
rotational symmetry, tetragonal materials are easily identifiable
from their Young’s modulus plot.
Isotropic materials are the most constrained type of elastic material. They show a direction-independent material behavior, and are
therefore invariant under any rotation or reflection. On a Young’s
modulus plot, isotropic materials can be easily identified as circles.

4.3

Shared Symmetries

We can now investigate the connection between the symmetries
of the material properties and the geometric symmetries of our
structured sheet materials, and we summarize the mapping between
the symmetries in Table 6. Note that this mapping is one-way—
while the geometry of the structure dictates the necessary material
symmetries, a specific material symmetry does not require any
geometric symmetry. Figure 12 shows an example of a structure
that is isotropic, but does not possess the geometric symmetries
that imply this material symmetry.
The most important factor when comparing geometric symmetries to material symmetries is the inherent rotational symmetry
of the material properties: every material property is invariant to
rotations of 180◦ . Tilings with a twofold rotational symmetry will
therefore not add any new symmetries to the material properties,
1 Unless specifically noted, we use the name of a symmetry class to refer to patterns
that have that symmetry but not any greater symmetry; for example orthotropic means
the material is orthotropic but not tetragonal or isotropic.
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Geometric symmetry

Twofold rotation

Material symmetry

5.1

=⇒
Anisotropic

One-axis reflection
=⇒
Two-axis reflection

Orthotropic

Fourfold rotation
=⇒
Four-axis reflection

Tetragonal

Threefold rotation

Sixfold rotation
=⇒
Three-axis reflection

Isotropic

Six-axis reflection

Fig. 6. The different symmetry classes for isohedral tilings (left) and the
corresponding material symmetries that they induce (right).

and in general, the material symmetry will be a combination of
the geometric symmetry and a 180◦ rotation. A special case are
structures with threefold and sixfold geometric symmetries, and
three-axis and six-axis geometric glide reflection symmetries, which
all show the same material response along at least three axes, or six
directions. In the case of a linear material, these responses provide
a complete basis of the underlying space, and since all responses
are rotationally symmetric, every other response must also be rotationally symmetric, making the material isotropic.

5

But first, we will show a validation of the rod model introduced
for the mesoscopic simulation in Section 3.2.

RESULTS

We used our method to characterize a large number of structures
from the space of isohedral tilings and present our findings in this
section. We first start with general observations, then highlight
specific properties on selected examples. Finally, we present extensions to (inverse) material design to create tilings with desired
deformation behavior.
ACM Trans. Graph., Vol. 37, No. 4, Article 148. Publication date: August 2018.

Mechanical Testing

We validated our simulation
model on a set of tension
and bending tests, using the
structures shown in Figure 7.
The structures were printed as
patches of 100mm × 100mm
× 1.2mm on an Ultimaker 2
printer with a Flex3Drive extruder, using the rubber-like
NinjaFlex material. The tensile testing setup, shown in the inset
figure, uses a linear actuator and a load cell to perform uniaxial tension tests, automatically capturing reaction forces of samples under
tensile loads. We measured the Young’s modulus of the base material
to be 15.5 MPa, based on a tensile test of a dogbone (tensile specimen), and determined a Poisson’s ratio of 0.48 based on standard
values for TPU materials [Qi and Boyce 2005]. Using these values
in simulation leads to results consistent with the experimental data
for a large range of structures (see Figure 8).
Since the bending stiffness of structured
sheets is significantly lower than its inplane stiffness, the self-weight of the material needs to be accounted for during measurements. We therefore opted to follow
Pabst et al. [2008] and Miguel et al. [2013],
measuring the curvature-moment curves
of our samples using the gravity-assisted
method of Clapp et al. [1990], which uses
visual data and polynomial fitting to extract
material parameters from a specimen (see inset). We use this method
on both the printed and simulated structures. Figure 9 shows an
overview of the resulting bending stiffnesses for small curvatures,
the full results can be found in the supplemental material. As can be
seen from the data, the deviation between measurements and simulations is larger for the bending tests than for the tensile tests. We
speculate that this difference is largely due to the the inaccuracies
of the visual capture approach and the increased uncertainty of the
fabrication process along the height dimension.

5.2

Space of Structures

Applying our mechanical characterization approach to many structures from the space of isohedral tilings reveals the gamut of mechanical properties that they cover. The visualization of this gamut
is, however, not a trivial task. Figure 10 shows a plot of the minimal and maximal directional Young’s moduli of all isohedral tiling
families, using a regular sampling of the tiling parameters in the
interval [−1, 2] resulting in around 5500 valid structures. We used
the material parameters presented in Section 5.1 on patches with
an area of 16 cm2 , a rod diameter of 1.5 mm2 , and a maximum segment length of 2.5 mm2 . The data shows that our sampling covers a
directional Young’s modulus range of roughly five orders of magnitude, with the minimal directional Young’s modulus of a structure
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Fig. 7. The structures used in the experimental validation and for the characterization in Figure 11, covering a wide range of visual styles and mechanical
properties. Structures 1 to 3 are part of the IH07 family, structure 4 is from IH21, structures 5 and 6 from IH29, and structures 7 and 8 are part of IH02.

covering four orders of magnitude, and the maximal directional
Young’s modulus covering three orders of magnitude. The bending
stiffness shows a smaller variation, covering a range of two orders
of magnitude. While this visualization is useful to determine the
practical boundaries of Young’s moduli we can expect from these
structures, it does not lend itself to exploration, and only shows a
limited view of the mechanical properties.
A proper exploration of mechanical properties of such a space is
best done interactively. We therefore organized our dataset into an
interactive material browser (www.structuredsheets.com). It offers
visualization of various mechanical properties for the whole dataset
or individual families, as well as a detailed mechanical characterization and visualization of individual structures. Note that some of
the 93 families of isohedral tilings are subsets of other families, and
were excluded from the dataset.

Change of Rod Parameters and Dimensions. The results of the
mechanical characterization of isohedral tilings are specific to the
rod parameters that we determined in Section 5.1. While the differences in geometry of the individual structures allow us to navigate
within the gamut of mechanical properties, these rod parameters
allow us to modify the gamut itself. The underlying mesoscopic
simulation model directly specifies the parameters that influence
the characterization, and therefore this gamut: the Young’s modulus
and Poisson’s ratio of the base material, the cross sectional area of
the rods, and the size of a single patch of the tiling.
The Young’s modulus appears as a linear factor in the formulation
of the rod energy, and allowing us to linearly scale the mechanical
properties connected to the stiffness, i.e., Young’s modulus and
bending stiffness.
The Poisson’s ratio of the base material is only used in the twisting
energy of the mesoscopic simulation. Since twisting has a negligible
effect on the mechanical in-plane behavior in the structures we

Tensile strength experiments

Bending strength experiments

°

°

°

°

°

°

°

°

Fig. 8. The tensile stiffnesses measured in our tension experiments (blue),
compared to our simulation results (red), at 10% strain. The full measurements can be found in the supplemental material.

°

°

°

°

Fig. 9. The bending stiffness measured in our bending experiments (blue),
compared to our simulation results (red), at 20m-1 curvature. The full measurements can be found in the supplemental material.
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Extremal Young’s modulus distribution

across different families. For each structure, we plot the directional
Young’s modulus, Poisson’s ratio, and bending stiffness computed
from the homogenized stiffness tensors, at two different strain magnitudes (0.1% and 10%) or curvatures (0.1m-1 and 5m-1 ) to show
the nonlinearity of the material properties. Besides these homogenized values, we also show the ground truth simulation data, i.e.,
the values extracted from the same type of uniaxial or cylindrical
simulation used in the homogenization. We extract the Young’s
modulus E and Poisson’s ratio ν along a direction d from the simulation with uniaxial stretch along d as E(d) = dT σ macr o d and
ν (d) = nT ϵ macr o n, where we use the macroscopic strain ϵ macr o
and stress σ macr o described in Appendix B, and the direction n
normal to d. The directional bending stiffness is computed as the
energy density divided by the squared curvature.

Fig. 10. The gamut of directional Young’s moduli covered by isohedral
tilings, plotted as the minimal and maximal directional Young’s modulus of
each structure of our sampling. The colors of the data points represent the
isohedral tiling family the structure belongs to.

Isotropy & Anisotropy. Structures 1 to 4 in Figure 11 show a very
good fit for an isotropic material behavior for small strains, predicted by their three-fold rotational symmetry (see Section 4.2). The
variations in Young’s moduli between the structures are large, and
especially structures 1 to 3 demonstrate that even for a single family,
we can expect significant variations in the elastic responses.
The remaining structures display different types of anisotropic
material behavior. Structures 5 and 6, which belong to the same family, show orthotropic material properties. The directional Young’s
moduli of structure 6 vary by an order of magnitude depending
on the direction, and its Poisson’s ratio switches from positive to
negative for stretching along the main axes.
Structures 7 and 8, which also belong to the same family, show
a transition from a tetragonal material to an orthotropic material
whose Young’s modulus along the horizontal direction is two orders
of magnitude smaller than along the vertical direction. This change
can be explained by the structure transitioning from a bendingdominated elastic response to a stretching-dominated elastic response along the vertical axis, creating a stiffer mechanical response.
Conversely, the response along the horizontal axis becomes more
bending-dominated for structure 8, making it softer.
The bending-dominated or stretching-dominated nature of the
elastic response plays an important role in the mechanical properties
of these structures. For example, structure 1 and 5 are visually similar,
but the directional Young’s modulus of structure 5 is up to three
times higher. This stems purely from the fact that the geometry of
structure 5 contains straighter paths, creating a more stretchingdominated response along these directions.

investigated, the membrane characterization is largely independent
of the Poisson’s ratio. The bending behavior, on the other hand,
can show significant twisting of rods. Since a rod’s resistance to
twisting will increase with lower Poisson’s ratio, the whole gamut
of macroscopic bending stiffness will shift towards higher values if
we decrease this parameter.
Finally, the cross sectional area and patch area are linked quantities. If we keep their ratio, but scale them, the material properties
will scale by the same amount. Interesting effects emerge when
this ratio changes, and we can investigate this effect by keeping the
patch size fixed and increasing the rod diameter: the mesoscopic simulation model tells us that the stretch energy part of the rod model
will scale linearly with the cross sectional area, while the bending
and twisting energies scale quadratically. The change in elastic response of a structure then lies within these bounds, and the actual
scaling depends on whether the structure is bending-dominated or
stretching-dominated: for bending-dominated structures, it will be
close to quadratic, while for stretching-dominated structures, it will
be close to linear.
Since stretching-dominated structures create the stiffest elastic
response, and bending-dominated structures are generally softer,
this scaling effectively shrinks the gamut of properties if we increase
the rod cross section. Additionally, the difference in scaling leads to
a decrease in buckling and out-of-plane bending in the structures.
Accordingly, a decrease in cross section has the opposite effect: it
increases the gamut of material properties, and encourages more
buckling and out-of-plane bending.

5.3

Analysis of Individual Structures

We now highlight a number of interesting properties on individual
structures. In Figure 11, we present an extensive analysis of the
eight structures already used in the validation of the simulation,
shown in Figure 7. We chose structures from four different families
(IH02, IH07, IH21, and IH29), showing the potential differences in
material properties between structures from the same family and
ACM Trans. Graph., Vol. 37, No. 4, Article 148. Publication date: August 2018.

Nonlinearity. The transition from a bending-dominated deformation to a stretching-dominated deformation can not only be observed
when we change the geometry of a structure, but also if we increase
the strain on a structure. Indeed, most nonlinear effects we can observe in the structures are due to this transition. For example, when
the zigzag pattern in structure 8 in Figure 11 unfolds, the induced
stretch creates a significantly stiffer elastic response. An analogy can
be drawn to the stiffness percolation in random materials (see, e.g.,
[Wilhelm and Frey 2003]), i.e., the point at which a material forms
a path that is aligned with a deformation, significantly increasing
its stiffness.
Structures 1, 2 and 4 all exhibit stiffness percolation, shown by the
increase in stiffness for larger strains. Additionally, while they show

Mechanical Characterization of Structured Sheet Materials •
Structure

Young’s modulus [Nm-1 ]
0.1% strain
10% strain

Poisson’s ratio [-]
0.1% strain
10% strain

148:11

Bending stiffness [Nm]
0.1m-1 curvature
5m-1 curvature

1

2

3

4

5

6

7

8
Fig. 11. Simulation results for all structures listed in Figure 7. We show the directional Young’s modulus and Poisson’s ratio at 0.1% and 10% strain, visualizing
the homogenized result (solid line) as well as the simulated value (dashed line). The last two columns show the directional bending stiffness for a curvature of
0.1m-1 and 5m-1 . Only for larger strains is there a difference between the homogenized result and the full simulation.
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Initial structure

5.4

Young’s modulus [Nm-1 ]

Bending. The bending response of our structures shows less pronounced anisotropic behavior than their membrane resistance. Even
for structure 8, whose Young’s moduli span two orders of magnitude, the ratio between the stiffest and softest bending direction is
around 5. Additionally, the bending does not exhibit any stiffness
percolation, making the bending response more linear, with little
change in stiffness between different curvatures.

Optimized structure

Geometry

an isotropic behavior for small strains, they develop an increasingly
anisotropic material response for larger strains, indicated by the six
bumps in the directional Young’s modulus that align with the symmetry directions of the structure. While the linear approximation
cannot capture this anisotropy, it still achieves a good fit for the
average Young’s modulus.
A different type of nonlinear effect can be observed in structure
3. While it shows the same transition to an anisotropic material
response as structures 1, 2 and 4, the average stiffness decreases
slightly for larger strains. This decrease can be attributed to the
out-of-plane deformations that the structure experiences, allowing it to avoid stiffness percolation for the applied strains. See the
accompanying video for a demonstration of this effect.

Fig. 12. Starting from a structure from IH09 (top left) with an orthotropic
material behavior (blue, bottom left), and a desired isotropic target material behavior (orange), our structure optimization is able to find a similar
structure (top right) with the desired material behavior (bottom right).

Structure Optimization

So far, we have set structure parameters and observed the mechanical behavior that they induce. A natural extension to this forward
exploration is to search for structure parameters that lead to desired mechanical properties. As a proof-of-concept that for such an
inverse design approach, we optimize for the directional Young’s
modulus of structured sheets.
Objective. We define an objective based on Eq. (5) by measuring
the difference in the directional Young’s modulus of our structure
and a target function. The directional Young’s modulus E(d) is sampled along a set of n directions d(ϕ i ) with equidistant angles ϕ i
between 0 and π . Using the structure parameters p and an additional rotation parameter α as variables, the optimization objective
then becomes
O(p, α) =

2
n 
1 Õ E(d(ϕ i ); p, α)
−1 .
2n i=1 E дoal (d(ϕ i ))

Target Specification. While our optimization approach handles
arbitrary Young’s modulus targets, defining a physically meaningful
Young’s modulus distribution without any feedback is a difficult task.
We help users by letting them draw a set of points onto the Young’s
modulus profile and then fit a material compliance tensor Sдoal to
those points. The fitting uses a linear least squares approach based
on Eq. (5):
Sдoal = arg min
S

Õ
i

Ei ((di dTi ) : S : (di dTi )) − 1

2

(9)

for a set of goal directions di and directional Young’s moduli Ei .

(8)

Optimization. A simple gradient-based optimization approach is
already sufficient to create structures with desired elasticity profiles.
We opt for a gradient descent approach with basic backtracking line
search. While the derivative of a homogenized material stiffness
tensor with respect to the structure parameters can be computed
from a series of chain rules, the small number of structure parameters (up to six) allows for an efficient computation of the derivative
through finite differences.
Figure 12 shows the result of optimizing for the isotropy of a
structure. Given an initial pattern and a target Young’s modulus,
the optimization finds a similar structure with isotropic material
behavior, even though the isotropy cannot be inferred from the
geometric symmetries.
We improve our inverse design approach by running multiple
optimizations with different starting points, chosen from our dataset
with around 5500 structures. This allows us to discard undesired
ACM Trans. Graph., Vol. 37, No. 4, Article 148. Publication date: August 2018.

local minima, and gives us the possibility to provide several results
with similar behavior but (potentially) different aesthetics for the
user to chose from; see examples shown in Figure 13.

Optimization Results. Figure 13 shows an optimization result for a
target Young’s modulus profile corresponding to an orthotropic material. While the initial structures selected from the dataset already
match the target fairly well, the optimization can significantly improve on this initial match. Figure 14 shows results for an anisotropic
target profile. Here, the initial structures are much further from an
optimal result. Nonetheless, our optimization finds structures with
the desired mechanical properties by significantly altering, and rotating, the initial structures.

6

CONCLUSIONS

We presented a method to characterize the mechanical properties of structured sheet materials, providing an intuitive approach
to analyze and explore their deformation behavior. Using numerical homogenization, we condense the complex deformation behavior of structured sheets, simulated at their native level, into a
macromechanical Kirchoff plate model. Our method thus captures
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Young’s modulus
[Nm-1 ]

Geometry

Initial structures

148:13

Fig. 13. The results of a structure optimization in the family IH06 for an orthotropic Young’s modulus target. The Young’s modulus for each initial (left) and
optimized structure (right) are shown in blue, along with the target in orange.
Optimized structures

Young’s modulus
[Nm-1 ]

Geometry

Initial structures

Fig. 14. The results of a structure optimization in the family IH04 for an anisotropic Young’s modulus target. The Young’s modulus for each initial (left) and
optimized structure (right) are shown in blue, along with the target in orange.

the salient mechanical properties of structured sheet materials, including anisotropic stretching and bending resistance as well as
nonlinearities for larger strains.
We applied our mechanical characterization method to isohedral
tilings, which provide an extensive space of visually pleasing structures with interesting mechanical properties. We investigated the
connection between mechanical and geometric symmetries, and
determined the conditions which lead to orthotropic, tetragonal, or
isotropic materials.
Our method offers an intuitive approach to explore materials,
suitable for applications that require a joint design approach that
combines aesthetics and material properties. Apart from potential applications in architecture and furniture design, our method
might benefit the emerging field of 3D-printed apparel with customtailored look and stretch.

6.1

Limitations and Future Work

Our current approach characterizes flat structures, but especially for
applications in architecture, structured materials with curved rest
shapes are of interest. Investigating the influence of rest curvature

on the mechanical properties of the structure might offer insights
on how to create optimal synergies between shape and structure.
The linear material model we use for the characterization offers an
intuitive way to visualize material properties. However, even though
it can also characterize nonlinear material behavior, the model is
not accurate for larger strains, and it does not model the interaction
between bending and stretching. We consider this trade-off between
complexity and conciseness suitable for material characterization,
but applications that would use the macromechanical model for
simulation and (shape) optimization might require a more accurate
and extensive material description.
Many applications of structured materials can benefit from the
potential to create spatially-varying or aperiodic structures, be it
for mechanical or purely aesthetic purposes. The required irregular
tiling can be created by choosing a specific type of pattern or by
relaxing the geometric constraints on isohedral tilings. However,
the mechanical characterization of such a tiling is not trivial, and
offers many possibilities for future work.
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A

PERIODIC BOUNDARY CONDITIONS

We incorporate the tileability of a structure patch by defining a set
of periodic boundary conditions that impose constraints on vertices
on opposite boundaries. These boundary conditions guarantee that
the patch behaves as if it were surrounded by identical copies of
itself, without having to fix the position of vertices, which would
artificially stiffen the structure. In the following, we will look at the
two cases of planar and curved deformations.
Planar deformation. For planar deformations, the relation of a
patch to its virtual neighbors is given by a simple translation, even
though locally, there might be out-of-plane deformations of the
rods. Since patches are connected at the boundary, we can ensure
tileability by guaranteeing that opposite boundaries have the same
shape, without restricting the actual shape of the boundary. This
requirement can be formulated as a constraint on the difference
between corresponding pairs of vertices on opposite boundaries. For
any pair of vertices (xi , xj ) on opposite boundaries and a translation
di j , we can express one of the vertices trough the other as
xj = xi + di j .
(10)
The translation di j describes the tileability of the patch, and is
identical for every pair of vertices on the same pair of boundaries
(see Figure 15). We keep this translation as a degree of freedom
by choosing a reference vertex pair xα and xβ on each boundary
pair, and leave their positions unconstrained. We then express the
translation as di j = xβ − xα , which ensures that while the distance between two opposite boundaries is free, it is the same for all
boundary vertex pairs on corresponding boundaries.
We can then use the vertices xα and xβ , and their counterpart
on the other pair of boundaries, to apply macroscopic strains to the
structure. Specifically, if we fix the displacement between xα and
xβ along a single direction, we impose a uniaxial strain.
Curved deformation. We introduce an additional rotation Ri j in
the case of curved deformations, and describe the relationship for
any vertex pair (xi , xj ) on opposite boundaries as
xj = Ri j xi + di j .

(11)
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to determine the rotational and translational component: Ri j is a
rotation of κC ∥∆Xi j − vvT ∆Xi j ∥ around v, and di j = vvT ∆Xi j .
In the case of the spherical curvature κ S , we only use rotations
to define the relationship between the vertices, and set di j = 0. The
rotation Ri j is then defined as the rotation of κ S ∥∆Xi j ∥ around the
rotation axis aligned with (Xi +(0, 0, 1/κ S )T )×∆Xi j , which puts the
macroscopic deformation onto a sphere with the desired curvature,
but violates the strict tileability of the structure.

B

COMPUTING THE MACROSCOPIC IN-PLANE
STRAIN AND STRESS

The macroscopic strain and stress of a simulation with periodic
boundary conditions can conveniently be extracted from the deformations and forces at the boundaries.
In particular, we can consider two pairs
Xl
Xj
of vertices (xi , xj ) and (xk , xl ) on different opposing boundaries (see inset). The
deformations of these vertices relative
Xk
Xi
to each other directly describe the deforUndeformed
mation of the boundary, and with that
n1 n0
the macroscopic deformation. In terms f
xl
1
xj f0
of the macroscopic deformation gradient,
this relationship is given by xi − xj =
xk
xi
Fmacr o (Xi − Xj ), where Xi is the undeformed position of xi . By using the two
Deformed
pairs of vertices, we can set up a system of
equations whose solution is the macroscopic deformation gradient:


 −1
Fmacr o = xi − xj xk − xl Xi − Xj Xk − Xl
(12)
From this expression, we then compute the macroscopic Cauchy
strain tensor as ϵ macr o = 12 (Fmacr o + FTmacr o ) − I.
Similarly, we can compute the macroscopic stress by looking
at the forces at the boundary of the simulation domain. For two
non-opposing boundaries, we compute the forces per unit length
f0 and f1 . Then, using the boundary normals n0 and n1 , which are
perpendicular to xl −xk and xj −xi , respectively, we derive a system
of equations based on the stress equation f = σ macr o n, and obtain


 −1
σ macr o = f0 f1 n0 n1
.
(13)

The rotation Ri j has to be chosen such that the macroscopic
curvature of the patch matches the target curvature. For cylindrical
curvature configurations with cylinder direction v and curvature
κC , we use the difference in rest state positions, ∆Xi j = Xj − Xi ,

xj
xj
xi

dij
xα

xβ

xi

dij
Rij

Fig. 15. Planar periodic boundary conditions link all pairs of vertices on
opposite boundaries by a translation di j (left). For curved configurations,
this relation is split into a translation di j and rotation Ri j (right).
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