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Bocall,
Planar Region

Wave equation:
0%u
= Au
ot
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Bocall,
Planar Region

How to
discretize on a




Discretizing the Laplacian




Today's Approach

First-order Galerkin

Finite element method (FEM)

http:/ /www.stressebook.com /wp-content /uploads /2014 /08 /Airbus_A320_k.jpg



Integration by Parts to the Rescue

/ fAgdA = boundary terms — / Vf-VgdA
Q Q

A GUIDE

INTEGRATION BY PARTS:

GWEN A PROBLEM OF THE FORM:
fffx}g(ﬂdx =?

CHOOSE VARIABLES L0 AND v SUH THAT:

2 U= flx
L &
NOW THE ORIGINAL EXPRESSION BECOMES:
f udv="7

WHICH DEFINITELY LOOKS ERSIER.
ANYWAY T GOTTA RUN.
BUT GOOD LUCK!

https:/ /xked.com /1201 /



Slightly Easier?

/ fAgdA = boundary terms — / Vf-VgdA
Q Q

Laplacian
(second derivative)

Gradient
(first
derivative)




Overview:

Galerkin FEM Approach

g=Af
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Overview.

Galerkin FEM Approach

g=A4af
— /wgdA:/wAfdAz—f(Vip-Vf)dA

Which
basis?



Important to Note

Not the only way

to approximate the Laplacian operator.

 Divided differences

« Higher-order elements

« Boundary element methods
 Discrete exterior calculus



[ 2 Dual of a Function

Function £ [ — [R

l
operator /.. [*(M) — R

£5lg] = /M f(2)g(x) dA

I

Test function



Observation

{ 1 ift € [a,b

0 otherwise

~-—’

Can recover function from dual



Dual of Laplacian

of test functions (no boundary!):

{9 c L>(M) : glom = 0}
Larlg] :/ gAfdA
M

:—/ Vg-VjfdA
M

Use Laplacian without evaluating



Galerkin's Approach

Choose one of each:

*F'unction space
*Test functions

Often the same!



One Derivative Is Enough

Laflg) = —/M Vg-VfIdA



First Order Finite Elements

Image courtesy K. Crane, CMU

One “hat function” per vertex



Representing Functions




What Do We Need

A

Laflg) = —/M Vg-VfIdA

7

Linear combination of hats
(piecewise linear)



What Do We Need

A

Larlg) = /MVQ VfdA

|

One vector per face



What Do We Need

4

Laflg) = —/M Vg-VIdA

One scalar per face



What Do We Need

Ly

£asls) =~ | Vg-Vfda
1

Sum scalars per face
multiplied by face areas



Gradient of a
f(vr) =1

Hat Function

Linear along edges
Vf-(vy—wv3)=1
V(v —v)=1

Vi-n=0



Gradient of a Hat Function
f(vr) =1

Linear along edges
Vf-(vy—wv3)=1
V(v —w) =1

Vi-n=0

v

Vf-(va—wv3)=0

f(v3) =0



Gradient of a Hat Function

f(vy) =1
1=Vf- (v —v3)

= ||V f||¢3 cos (g — 93)

— ||Vf”€3 Sin93
1 1
fz b = IVfl=j—F =1
63811193 h
\Zi




Gradient of a Hat Function

1 1
||VfH B Eg SiIl93 B E
1L
€
23
Vf=2
2A

I

Length of e,; cancels
“base”’ in A




Recall! |
Single Triangle: Complete

Similar expression



Recall! |
Single Triangle: Complete

2
L,
VﬁA — §b€J_
| —
€93 1 VﬁA
VI=54= T 4

Similar expression



What We Actually Need




What We Actually Need

Larlg] = —/M Vg-VfldA

Case 1. Same vertex

]T (VI Vf)dA = A|V]||2

A b
 h2  2h

1
= §(cotoz + cot )




What We Actually Need

Larlg] = —/M Vg-VfldA

Case 2: Different vertices
/T(Vfa, Vfs)dA = A(V fa, V)

1 {105 cos O
:a<6§_176f_2>:_ 4A
B —h?cos 6 ~ —hcosf
~ 4Asinasin8 2bsinasin
cos 6 1

- _2Si11(0f‘|'/8) - _§C0t9




Summing Around a Vertex

(Vh,,Vhy) = %(cot 01 + cot 6s)

q

Z(cot a; + cot 53;)

T




Bocall! |
Summing Around a Vertex

VsA = - Z(COt o + cot B)(p — ;)

A = %(("—F)cota—l—(ﬁ—@COtﬁ)

Same weights up
to sign!




THE COTANGENT
LAPLACIAN

0 otherwise



Poisson Equation

vy
ROANK

o
A%
AV TAY)

http:/ /nylander.wordpress.com /2006 /05 /24 /finite-element-method-fem-solution-to-poisson%E2%80%99s-eq

uation

4

-on-
e



Weak Solutions

/ OAfdA = / ®g dA V test functions ¢
M M




FEM Hat Weak Solutions

/ hiAfdA = / h;gdA ¥V hat functions h;
M

M
/h,,;AfdA:—/ Vhi-VfdA
M M
:—/ Vh@VZa]hjdA
M j
:—Zaj/ Vh;-Vh;dA
i M
= > Lija;
J



Stacking Integrated Products

fM hiAfdA Zj Lyja;

fM hQAf dA Zj nga,j .
: = , — La

Jar v A dA > Livisa;

Multiply by Laplacian matrix!



Problematic Right Hand Side

h AfdA = h ;g dA ¥V hat functions h;

A A “A"A

Product of hats is quadratic



A Few Ways Out

» Just do the integral

“Consistent” approach

» Approximate some
more

* Redefine g



A Few Ways Out

» Just do the integral

“Consistent” approach

» Approximate some
more

* Redefine g



The Mass Matrix

A,,;j Z:/ hzhj dA
M

» Diagonal elements:
Norm of h;

» Off-diagonal elements:
Overlap between h; and h;



Consistent Mass Matrix

area

if1=7
T fi#Ay




Non-Diagonal Mass Matrix

( one-ring area ec - -
A= T 6 if 1 =
1] adjacent area e ?é -

L 19 11 7 i




Properties of Mass Matrix

* Rows sum to one ring area

/3

» Involves only vertex and its
neighbors

e Partitions surface area

Issue: Not trivial to invert!



Use for Integration

/Mf:/MZajhj(ol)
:/M;ajhj;hi
:ZA,,;jaj

— 1" Aq



Lumped Mass Matrix

ai; := Area(cell 1)

Won't make big difference for smooth
functions

Approximate with diagonal matrix



Simplest: Barycentric Lumped
Mass

http:/ /www.alecjacobson.com /weblog /?p=1146

Area/3 to each vertex



Ingredients

 Cotangent Laplacian L

Per-vertex function to integral of its
Laplacian against each hat

 Area weights A

Integrals of pairwise products of hats
(or approximation thereof)



Solving the Poisson Equation

Af =g—Lf=Ag

Y

Must integrate =~ Determined up
to zero to constant



Helmholtz Equation
Af = Af
JAf -p=—=[Vf-V=]Af -

Generalized
= La — AM a Eigenvalue Problem




Important Detall: Boundary
Conditions

Af(x) = g(x) Vr €

f(x) =u(x) Vx € I'p S;gl?;g
Vi-n=v(x)Vrely
/Vf Vo = /F dI‘/Qf(;r:)gb(:v)dQ

VCC cl'p
Weak form



Eigenhomers

On board:
FEM approach?



Higher-Order Elements

ttps:/ v femtable.org ¢ @ finite element method

+wBe ¥ A& 9

Periodic Table of the Finite Elements

The P, A* family

The Table

The P,A* family The Q_ A* family The S, A* family
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Point Cloud Laplace: Easiest
Option
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L=D-W 4 @ e
Lf=ADf H

“Laplacian Eigenmaps for Dimensionality Reduction and Data Representation”
Belkin & Niyogi 2003



