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Why Vector Fields?
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Why Vector Fields?

Biological science and imaging

“Blood flow in the rabbit aortic arch and descending thoracic 
aorta”
Vincent et al.; J. Royal Society 2011



Why Vector Fields?

Weather modeling
https://disc.gsfc.nasa.gov/featured-items/airs-monitors-
cold-weather



Fluid modeling



Why Vector Fields?

Simulation and engineering
https://forum.unity3d.com/threads/megaflow-vector-fields-fluid-flows-released.278000/



Plan

Crash course
in theory/discretization of vector fields.



CONTINUOUS



Studying Vector fields

How to
• define a VF on a surface?
• Differentiate it?
• Integrate?
• Define its topology?

http://theanalyticpoem.net/concept-map/3-
dimension/torus_vectors_oblique/
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Tangent Space



Tangent Space:  Coordinate-
Free



Some Definitions

Images from Wikipedia, SIGGRAPH course



Studying Vector fields

How to
• define a VF on a surface?
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• Define its topology?

http://theanalyticpoem.net/concept-map/3-
dimension/torus_vectors_oblique/



Scalar Functions

http://www.ieeta.pt/polymeco/Screenshots/PolyMeCo_OneView.jpg

Map points to real numbers



Differential of a Map
Suppose 𝒇𝒇:𝑺𝑺 → ℝ and take 𝒑𝒑 ∈ 𝑺𝑺.  For 𝒗𝒗 ∈ 𝑻𝑻𝒑𝒑𝑺𝑺, choose a curve 𝜶𝜶: −𝜺𝜺, 𝜺𝜺 → 𝑺𝑺
with 𝜶𝜶 𝟎𝟎 = 𝒑𝒑 and 𝜶𝜶′ 𝟎𝟎 = 𝒗𝒗.  Then the differential of 𝒇𝒇 is 𝒅𝒅𝒅𝒅:𝑻𝑻𝒑𝒑𝑺𝑺 → ℝ with

http://blog.evolute.at/

On the board (time-permitting):
• Does not depend on choice of 𝜶𝜶
• Linear map

Following Curves and Surfaces, Montiel & Ros



Gradient Vector Field

Following Curves and Surfaces, Montiel & Ros



How do you 
differentiate 

a vector field?



Answer

http://www.relatably.com/m/img/complicated-memes/60260587.jpg



What’s the issue?

What’s a ‘constant’ VF on a 
surface?

https://math.stackexchange.com/questions/2215084/parallel-transport-equations



What’s the issue?

t

How to identify different 
tangent spaces?



Many Notions of Derivative

• Differential of covector
(defer for now)

• Lie derivative
Weak structure, easier to compute

• Covariant derivative
Strong structure, harder to compute



Vector Field Flows:  
Diffeomorphism

Useful property:  𝝍𝝍𝒕𝒕+𝒔𝒔 𝒙𝒙 = 𝝍𝝍𝒕𝒕 𝝍𝝍𝒔𝒔 𝒙𝒙
Diffeomorphism with inverse 𝛙𝛙−𝐭𝐭



Killing Vector Fields (KVFs)

http://www.bradleycorp.com/image/985/9184b_highres.jpg

Preserves 
distances

infinitesimally

Wilhelm Killing
1847-1923
Germany



Differential of Vector Field Flow

Image from Smooth Manifolds, Lee



Lie Derivative

Image from Smooth Manifolds, Lee



Amoeba example



Amoeba example



Amoeba example



Amoeba example



Amoeba example



Amoeba example



Amoeba example



Amoeba example



Fluid Simulation



Navier-Stokes Equation
for vorticity

Liquid velocity: 𝑢𝑢
Vorticity: 𝜔𝜔 = curl𝑢𝑢

𝜔̇𝜔 = Adv(𝑢𝑢,𝜔𝜔) + 𝜈𝜈Δ𝜔𝜔 + curl 𝑓𝑓
Advection 

term

Vector 
Laplacian

External 
forces



Adv 𝑢𝑢,𝜔𝜔 ≔ curl𝜔𝜔 × 𝑢𝑢 = ℒ𝑢𝑢𝜔𝜔

How to discretize?



Adv 𝑢𝑢,𝜔𝜔 ≔ curl𝜔𝜔 × 𝑢𝑢 = ℒ𝑢𝑢𝜔𝜔

How to discretize?

FEM!
Basis?



Laplacian eigenfunctions!
We want:

Then our velocity field 𝑢𝑢 is represented as

ΔΦ𝑘𝑘 = 𝜆𝜆𝑘𝑘Φ𝐾𝐾
divΦ𝑘𝑘 = 0

Φ𝑘𝑘 ⋅ 𝑛𝑛 = 0 at 𝜕𝜕𝜕𝜕

𝑢𝑢 = ∑𝜔𝜔𝑖𝑖Φ𝑖𝑖

Requirements on basis functions



Laplacian eigenfunctions!

𝑢𝑢 = ∑𝜔𝜔𝑖𝑖Φ𝑖𝑖

Then (skipping computations)

𝜔𝜔 = curl𝑢𝑢 = ∑𝜔𝜔𝑖𝑖𝜙𝜙𝑖𝑖
where

Δ𝜙𝜙𝑖𝑖 = 𝜆𝜆𝑖𝑖𝜙𝜙𝑖𝑖
𝜙𝜙𝑖𝑖 × 𝑛𝑛 = 0 at 𝜕𝜕𝜕𝜕



𝜔̇𝜔 = Adv(𝑢𝑢,𝜔𝜔) + 𝜈𝜈Δ𝜔𝜔 + curl 𝑓𝑓
Advection 

term

Vector 
Laplacian

External 
forces



�
𝑘𝑘

𝜔̇𝜔𝑘𝑘𝜙𝜙𝑘𝑘 = �
𝑘𝑘

𝑤𝑤𝑇𝑇𝐶𝐶𝑘𝑘𝑤𝑤 + 𝜈𝜈Δ𝜔𝜔 + curl 𝑓𝑓





What’s Wrong with Lie 
Derivatives?

Depends on structure of V
Image courtesy A. Carape



What We Want

“What is the derivative of 
the blue vector field in the 

orange direction?”

What we don’t want:
Specify orange direction anywhere but at p.

p



Canonical identification of 
tangent spaces

Parallel Transport



Covariant Derivative (Embedded)

Integral curve of V through p
Synonym: (Levi-Civita) Connection



Some Properties

Slide by A. Butscher, Stanford CS 468



Geodesic Equation

• The only acceleration is out of the surface
• No steering wheel!



Intrinsic Geodesic Equation

• No stepping on the accelerator
• No steering wheel!



Parallel Transport

Preserves length, inner product
(can be used to define covariant derivative)



Holonomy

Path dependence of parallel transport

K

Integrated Gaussian curvature



Studying Vector fields

How to
• define a VF on a surface?
• Differentiate it?
• Integrate?
• Define its topology?

http://theanalyticpoem.net/concept-map/3-
dimension/torus_vectors_oblique/



Vector Field Topology

Image from Smooth Manifolds, Lee



Poincaré-Hopf Theorem

where vector field 𝒗𝒗 has isolated singularities 𝒙𝒙𝒊𝒊 .

Image from “Directional Field Synthesis, Design, and Processing” (Vaxman et al., EG STAR 2016)



Famous Corollary

Hairy ball theorem

© Keenan Crane



Singularities in wild



Singularities in wild



DISCRETE VECTOR FIELDS



Vector Fields on Triangle Meshes
No consensus:

• Triangle-based
• Edge-based

• Vertex-based



Vector Fields on Triangle Meshes
No consensus:

• Triangle-based
• Edge-based

• Vertex-based



Triangle-Based

• Triangle as its own tangent plane
• One vector per triangle

– “Piecewise constant”
– Discontinuous at edges/vertices

• Easy to “unfold”/“hinge”



Discrete Levi-Civita Connection

a b
θab

in hinge map

K

• Simple notion of parallel transport
• Transport around vertex:

Excess angle is (integrated)
Gaussian curvature (holonomy!)



Arbitrary Connection

+rotate

Represent using angle 𝜃𝜃𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 of extra rotation.



Trivial Connections

• Vector field design
• Zero holonomy on discrete 

cycles
– Except for a few singularities

• Path-independent away from 
singularities

“Trivial Connections on Discrete Surfaces”
Crane et al., SGP 2010



Trivial Connections:  Details

• Solve 𝜃𝜃𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 of extra rotation per edge
• Linear constraint: 

Zero holonomy on basis cycles
– V+2g constraints: Vertex cycles plus harmonic
– Fix curvature at chosen singularities

• Underconstrained:  Minimize ||𝜃⃗𝜃||
– Best approximation of Levi-Civita



Result

Linear system

Resulting trivial connection
(no other singularities present)



Nice 2D Identification



Face-Based Calculus

Gradient Vector Field

Vertex-based Edge-based
“Conforming”
Already familiar

“Nonconforming”
[Wardetzky 2006]



Gradient of a Hat Function

Length of e23 cancels
“base” in A



Helmholtz-Hodge 
Decomposition

Image courtesy K. Crane
Curl free



Helmholtz-Hodge 
Decomposition

Image courtesy K. Crane
Curl free



Euler Characteristic



Discrete Helmholtz-Hodge

“Mixed” finite elements

Either

• Vertex-based gradients
• Edge-based rotated gradients

or

• Edge-based gradients
• Vertex-based rotated gradients



Vector Fields on Triangle 
Meshes

No consensus:

• Triangle-based
• Edge-based

• Vertex-based



Vector Fields on Triangle 
Meshes

No consensus:

• Triangle-based
• Edge-based

• Vertex-based



Vertex-Based Fields

• Pros
– Possibility of higher-order differentiation

• Cons
– Vertices don’t have natural tangent spaces
– Gaussian curvature concentrated



2D (Planar) Case:  Easy

Piecewise-linear (x,y) components



3D Case:  Ambiguous



Recent Method for Continuous 
Fields



Vector Fields on Triangle 
Meshes

No consensus:

• Triangle-based
• Edge-based

• Vertex-based



Vector Fields on Triangle 
Meshes

No consensus:

• Triangle-based
• Edge-based

• Vertex-based
• … others?



More Exotic Choice



Extension:  Direction Fields

“Directional Field Synthesis, Design, and Processing” (Vaxman et al., EG STAR 2016)



Polyvector Fields

One encoding of direction fields
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