THE LEXICOGRAPHIC PRODUCT OF GRAPHS

By GERT SABIDUSSI

1. The automorphism group of the lexicographic product. The purpose of
this section is to improve an earlier result [3] giving a necessary and sufficient
condition under which the automorphism group of the lexicographic product
of two graphs X, Y is equal to the wreath product ([1; 81]; [3, Definition 1])
of the groups of X and Y. Using the terminology and notation of [3] we have
the following:

TueoreM 1. Let X be any graph with E(X) = [, and suppose that Y is
such that | V(Y;9) NV(Y;9) | < | Y | for any two distinct vertices y, y' of Y.
Then a necessary and sufficient condition that G(X) o G(Y) = G(X o Y) is that
Y be connected if R # A, and that Y’ be connected if S % A.

In [3], X and Y were assumed to be almost locally finite, and finite, respec-
tively. Finite graphs trivially satisfy the condition that | V(Y;y) N V(Y;y") | <
aY;9) <| Y|

The proof of Theorem 1 will be broken up into a sequence of lemmas. Note
first that if X and Y satisfy the hypotheses of the theorem, then X o ¥ is not iso-
morphicto Y. Forif it were,then | V(X oY;(z,y)) NV X o V;(x,9")) | < | YV |
for any z ¢ X, and distinet vertices y, ¥’ ¢ Y. But if d(X; z) > 1, then

[ VX oY @y)) N VX oY, (@y)| 2| VX;2) X V)| 2|V
It follows from this that if | K, | = 1, then ¢Y, = Y, with | K,. | = 1.

It therefore suffices to consider the case | Y | > 2, | K, | > 2, and to prove that
C.is complete. Letc,,c,eC.,y;eB,,,7 = 1,2, and suppose that px(c, , ¢;) = 2.
This assumption ts made throughout the following sequence of lemmas.

Lemma 1. Let A, B, C, M, N be sets such that | N | < | B|,and A X B =
(CXB)Y\UM — N, then A D C. If moreover, | M | < | B|, then A = C.

This is obvious.
Lemma 2. V(X;t,) CV(X;c) NV(X;¢;) foreachye Y withd(Y;y) <|Y|.
Proof. Consider W = V(X o Y; (z, y1)) N V(X o ¥; (x, y.)). Since
px(cr, €2) = 2,
6y oW = (V(X;0) N\ V(X;¢)) X V(Y) = [
For W itself we obtain W = (V(X; z) X V(Y)) U D, where
D = {z} X (V(Y;y) N V(Y; y2)).
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Hence for any y ¢ Y,
W= VXoY;(y) — 4,)Y D,

where A, = {z} X V(¥;y) C V(X o Y; (z, y)). Therefore if we put U, =
{t,} X V(Y;2,), we obtain

2 oW = (V(X;t) X W(Y)U U, —¢4,U e D.

By hypothesis the cardinal of 4,is < | Y |. Hence by (1), (2), and Lemma 1,
V(X;t,) CV(X;a) NV(X;c).
We shall henceforth denote V(X; ¢;) N\ V(X ¢;) by Q.

LemMa 3. Let w, , w, be two distinct vertices of Y. Then
V(X te) NV(X;t.,) CQ
with equality if [t.,, , t..] 2 X.

Proof. Lety, ,y,, W, D, etc. be as in the proof of Lemma 2, and let w, ,
wye Y, w, # w,. Then

VX oY; @, w) NVXoY;(x,w) = V(X;2) X V(Y)U D/,
where D’ = {z} X (V(Y;w,) N V(Y; w;)). Hence
W=VXoY;@@w) NV(XoY;(x w) — D \UD,
and therefore
@) oW =TVXoV;(tu,2..)) N V(X 0Y;(tu, ,2.,) —¢ D'Ug D.
We now compare (1) and (3) distinguishing three cases:

Case (i): t,, =t,, . Here the right-hand side of (3) equals (V(X; t,.) X
V(Y)Y D" — ¢D’ U ¢D, where D" = {t,,} X (V(Y; 2,,) N V(Y; 2,.)).
Hence by Lemma 1, V(X; t,,) N\ V(X; t.,) = V(X;t.,) = Q.

Case (ii): [tw, , tv.) ¢ X. Here
@ W= (VX;t.)NV(X;8.) X V(Y)UAVUAL —-¢D UgD,
where A; = {t.,;,} X V(Y; 2,.),7 = 1, 2. The conclusion again follows from
Lemma 1. Similarly in case (iii): px(ts. , tw.) = 2.

CoroLLARY 1. Let i€ C, be such that | B, | > 2. Then V(X;1t) = Q.

CoroLLARY 2. Ifte V(C,) N\ Q, then | B, | = 1.

Proof. If | B, | > 2, then by Corollary 1, t ¢ @ = V(X ¢), a contradiction.

CorOLLARY 3. LetteC,. () Ift g Q,then d(C, ;&) < 1. (ii) If t € Q, then
ox(t, t') < 1foreacht' ¢ C, .

Proof. (i): I d(C.;t) = 2,1lett, ,t,e V(C,;0),t %2t . Then by Lemma 3,
te V(X; t) N VX, t) C Q, a contradiction. (ii): If px(¢, t') > 2, then by
Lemma 3,te Q = V(X; ) N\ V(X; t).
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CoroLLARY 4. If V(C.,) N Q 5 [, then C, is a star whose center is the only
vertex: of C, belonging to Q. If V(C,) N\ Q = [, then each component of C, has
at most two vertices.

Proof. Suppose two distinet vertices ¢, , ¢, of C, belong to @. By Corollary
3 (i), [t:, e} eC,,2 = 1,2. Hence d(C, ; ¢,) > 2 contrary to Corollary 3 (i).
Thus | V(C,) NVQ | < 1. If V(C.) N Q = [J, then by Corollary 3 (ii) each
vertex of C, is of degree O or 1, and hence each component of C, is either a
single vertex or a single edge. If V(C,) N\ Q = {c,}, then by Corollary 3 (ii)
every vertex of C, — ¢, is adjacent to ¢, , and no two such vertices are adjacent
to each other (Corollary 3 (i)). Hence C, is a star with center ¢, .

LemmA 4. If Y coniains two distinct vertices w, , w, such that V(X; t,,) M
V(X; t,,) # Q, then V(X; t,,) N V(X; ty,) Y {tn:} = Q, 7 = 1o0r 2, and
[ VYV;9) N\ V(Y;9) | 21+ min {d(Y;y) :ye Y}

Proof. We use the same notation as in the proof of Lemma 3. By Lemma 3,
[tw. , tw.] € X. Hence

) oW =A4UA4,U 4, —-—¢D U¢ D,

where 4 = (V(X;t,,) N\ V(X;t,,)) X V(Y). Note that 4, 4, , 4, are dis-
joint.

By hypothesis and Lemma 3 there exists a t ¢ @ — (V(X; t,,) N V(X t..)).
T = {¢} X V(Y) is disjoint from A, and hence T C 4, U 4, U ¢D. Since
|¢D | < |Y|=|T|, Tmeets A, \J A, ,say TN A, # []. Then t =t,, £ Q,
and hence T M A, = []. Therefore T C A, \J ¢D so that

(6) ¢ DDT — A = {t,,} X (V(Y) — V(Y;2.,) # O

By Corollary 4, ¢, € Q implies ¢,,, £ @, whence D’ D A,. Thus|D’| > |4, | >
min {d(Y;y) :y e Y}. Since V(X; t,,) N\ V(X; t.,) C Q, ¢D’ C ¢D. Hence
¢D DO A, , and since 4, is disjoint from {¢,.} X (V(¥) — V(Y; 2,,)), we have
[ VYV;9) NV(Y;9.) | = [6D | > 1 4 min {d(Y;9) :ye Y},

Proof of the completeness of C, . We assume as in the preceding lemmas
that there exist ¢, , ¢, e C, such that px(c, , ¢;) = 2.

Case (i): V(C.) N Q = []. By Corollary 4, C, is a star whose center ¢,
is the only vertex of C, in Q. By Corollary 2, | B,, | = 1, say B,, = {y,}. Note
first that if y e ¥, y 5 9, , then [y, ol ¢ Y. TFor if y and y, are not adjacent,
then by Lemma 3, ¢, ¢ @ = V(X; t,) N V(X; ¢), a contradiction. Next let
P = (wy, -+ ,w,) be a path of Y joining w, ¢ B,, with w, ¢ B,, , and suppose
that yo # P. Then ({,,, : - , t.,) is a path of C, joining ¢, and ¢, and not con-
taining ¢, . But this is impossible since ¢, is the center of C, . It follows that
B,, and B,, belong to different components of ¥ — ¥, , and hence V(Y; y,) M
V(Y;y.) = {yo}. Note finally that V(X;c,) N\ V(X;c,) # Q, hence by Lemma 4,
and the connectedness of Y, | V(Y; v,) N V(Y; v2) | > 2, a contradiction.

Case (ii): V(C.,) N Q = [J. In thiscase C, is disconnected. Forif |C,| = 2,
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then V(C,) = {c;, ¢}, and since px(c; , ¢;) = 2, C, is disconnected. If | C.| > 3
the disconnectedness of C, is a consequence of no component of C, having
more than two vertices. C, being disconnected, Y is likewise disconnected.
It follows from this that there is at most one ¢, ¢ C, with | B,, | > 2. Other-
wise by Corollary 1, B A, and then by hypothesis Y is connected, a con-
tradiction. We shall call a component of Y small if its order is < 2. Note
that if K is a component of ¥ with V(K) N B,, = [], then K is small.

Let w, , w, be vertices of two distinct small components of Y. Then
px(tw, 5 tw,) = 2, and by Lemma 3, @ = V(X t,,) N V(X; t,,). Moreover,
dV;w,) <1<|Y|,7=1,2,hence by Lemma 2, V(X;t,,) CQ = V(X;t,.) N
V(X; tw,), T = 1, 2, ie. t,.Rt,, , a contradiction. Therefore ¥ has at most
one small component Z.

Suppose Z has two vertices v, , v, . If V(X;t,,) N V(X; {,,) = @, then by
the same argument as in the preceding paragraph ¢,,Rt,, . Hence V(X;¢,,) M
V(X; t,,) # Q. Therefore by Lemma 4, {,, ¢ Q. ¢ = 1 or 2, contrary to the
assumption that V(C,) N Q@ = []. Thus Z consists of a single vertex. We
claim that Z = y, ory, . If ¢, = &, then [c, , &) 2 C. . Hence B., = {9},
and ¥, is not adjacent to any vertex in B,, . Thus the component of Y con-
taining ¥, is small, i.e. ¥, = Z. Suppose then that ¢; # &, . If d(C, ;c,) = 0,
then the component of Y containing y, isy; . If d(C,;¢) = 1, let t e V(C. ; c1).
If ¢ % ¢, , then B, = {y}, and [y, ] is a small component of Y distinct from Z.
Therefore ¢ = ¢, , and then [c, , &)  C. ; otherwise d(C. ; t) = 2, contrary to
Corollary 3 (i). As before, [c, , to] 2 C, implies Z = y, .

We may therefore assume without loss of generality that Z = y; . Then
d(Y; y,) = 0, and by Lemma 2,

(7) V(X;¢) C V(X
It also follows that V(C.) = {c,, ¢;}, and &, = ¢, . Next, d(Y; ) = 0 implies
VX oY;(x,y1) = V(X;2) X V(Y). Hence

® VX o Y;(x,9) — {z} X V(Y;9) = V(X oY); (x, yn)-
Also
9 dV(X o Y); (x, 1) = V(X;e) X V(Y).

By (8) and (9),
V(X;e) X V(YY) {ea} X V(Y;2,) —é({z} X V(Y;92) = V(X;e) X V(T).

If the inclusion (7) is proper, ¢({x} X V(Y; y,)) must contain a set of the
form {u} X V(Y), u ¢ V(X; c2). But ¢({z} X V(¥; 92)) C {c} X V(Y).
Hence V(X; ¢;) = V(X; ¢,), contrary to the disconnectedness of Y. This
completes the proof of the completeness of C, .

The remaining part of the proof of Theorem 1 is identical with that given
in [3; 695, 696].

2. Lexicographically idempotent graphs. We wish to make two remarks
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concerning the maximal complete subgraphs of such graphs. The first is that
if X is idempotent and has no isolated vertices, then its maximal complete
subgraphs are infinite and uniformly distributed over X in the sense described
by Theorem 2. The second is that the order of the maximal subgraphs is not
in any way determined by the order of X. In order to show this we define the
lexicographic product of infinitely many graphs and point out some of its
properties.

Lemma 5. If X is an idempotent graph without isolated vertices, then every
maximal complete subgraph of X s infinite.

Proof. The union of a tower of complete subgraphs of X being complete, it
follows from Zorn’s lemma that X has a maximal complete subgraph. Let 9t be
the set of all maximal complete subgraphs of X, and putm = min {| A | : A e M}.
Suppose that m is finite. Let 4, ¢ I be of order m, and let ¢ be an isomorphism
of X onto X o X. Then ¢4, is a maximal complete subgraph of X o X. If
¢A, C X, for some a & X, let b ¢ X be adjacent to a, then the maximal subgraph
Yoof X o X with V(Y,) = {(b, b)} U V(¢4,) is a complete subgraph of X o X,
contrary to the maximality of ¢4, . (X, denotes the maximal subgraph of
X o X with V(X,) = {a} X V(X).) Hence

(10) ¢4, C X,

for each a ¢ X. For givena e X let B, = X, M ¢A,. Either B, = [] or else
B, is a maximal complete subgraph of X, . For if B is a complete subgraph of
X, properly containing B, , then the maximal subgraph Z, of X o X with V(Z,) =
V(B) U V(¢A,) is a complete subgraph of X o X properly containing ¢4, ,
a contradiction.

By (10) there exist a, , a, ¢ X, a; ¥ a, , such that B,, # [1,7 = 1, 2. Since
m is finite, | B,; | < m, 7 = 1, 2. Let A, be the maximal subgraph of X with
V() = {xeX :(a;,,x) ¢ By}, 7 = 1,2 Since B,, is a maximal complete
subgraph of X, , 4, e M. But | A;| = | B.; | < m, a contradiction. It follows
that m is infinite.

TaEOREM 2. Let X be an idempotent graph without isolated vertices, A a finite
complete subgraph of X, K an infinite complete subgraph of X. Then there exists
a maxtmal complete subgraph B of X such that A C Band | B| > | K |.

Proof. We use induction on | A |. If | A | = 1, i.e. if A is a single vertex
z, let gz = (a, b), where ¢ : X & X o X, and let o’ ¢ X be adjacent to a. Let
K, be a subgraph of X, isomorphic to K, then the maximal subgraph C of
X with V(C) = ¢ '(V(K,.) U {¢z}) is complete, ¢ C,and | C | = | K|. Any
maximal complete subgraph B of X containing C' will then satisfy the conditions
of the theorem.

Now assume the theorem true for all complete subgraphs of X of order < n.
Let A C X be complete, | A | = n. Leta,, ---, z,,s < n, be the vertices
of X for which B,, = X,, N\ ¢A ## []. Each B,, is complete. Case (i):s = 1.
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In this case repeat the construction in the preceding paragraph, replacing x
by A. Case (ii): s > 2. Then | B,; | < n,% =1, --- , s, hence by induction
hypothesis there exists a complete subgraph B; of X,, with B,, C B, and | B; | >
| K |. Moreover the maximal subgraph C of X with V(C) = ¢™* \J:, V(B)))
s complete, has order > | K |, and contains A.

We will now give an example of a connected idempotent graph X showing
that the order of the maximal complete subgraphs of X is independent of | X |.
We shall make use of the following general construction.

Let {X, :ae A} be a family of graphs indexed by a totally ordered set A, and
letz® eX,,aed. PutR, = (X.,2”), ae A, and define the lexicographic
product X = II,,e 4 R, as follows. Let W be the Cartesian product of the
sets V(X,.), a ¢ A, and denote by p. : W — V(X,) the projection of W onto
its a-th coordinate. Then ‘

@A) VX)) = {xeW :px = 22 for almost all « € A};
(i) [z, y] ¢ E(X) if and only if [pa,z, p..y] € E(X,,), where a, is the smallest
a & A such that p,x # p.y.

The product so defined has the following properties:

(a) If each X, s connected, then X is likewise connected.

(b) A4 n.a.s.c. that X be complete is that each R, be complete.

(c¢) If B is a non-empty proper subset of A such that B < A — B, then

IIR.~ IIR.° II R..

aed aeB aeAd—-B

It follows from (c) that if B < A — Band if A, B, and A — B are order-
isomorphic, then any graph of the form J]... R. is idempotent provided
R, &~ R for each o ¢ A. If A is the set of rationals with.the usual order we
denote the graph Ham R.,R, =~ R, by R*.

We can now give the example mentioned above. Let n be an infinite cardinal,
N a set of cardinal n, 2 g N. Define S, = (X, 2”) by V(X) = {z”} UN,
E(X) = {[x,2”]: x ¢ N}. Then S* is idempotent, connected, | S* | = n, but
S* has no uncountable complete subgraph.
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