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ABSTRACT estimate it with reasonable relative accuracy, because the
rare event occurs only very rarely, by definition.
We study an approximation for the zero-variance change The best-known way of handling this problenirigpor-

of measure to estimate the probability of a rare event in a tance samplindlS): change the probability laws that drive
continuous-time Markov chain. The rare event occurs when the system, to make the rare event occur more frequently,
the chain reaches a given set of states before some fixedand multiply the estimator by an appropriate likelihood
time limit. The jump rates of the chain are expressed as ratio to recover an unbiased estimator of the quantity of
functions of a rarity parameter in a way that the probability interest. It is well-known that in the case where the esti-
of the rare event goes to zero when the rarity parameter mator is a nonnegative real-valued random variable, there
goes to zero, and the behavior of our estimators is studied is a change of measure (change of probability law) that
in this asymptotic regime. After giving a general expressio  gives a zero-variance estimator; that is, the IS estimator
for the zero-variance change of measure in this situation, becomes a constanH&émmersley and Handscomb 1964
we develop an approximation of it via a power series and Glynn and Iglehart 1989 Juneja and Shahabuddin 2006
show that this approximation provides a bounded relative More generally, zero-variance estimators have also been
error when the rarity parameter goes to zero. We illustrate defined for Markov chain models where we want
the performance of our approximation on small numerical to estimate the probability that the chain reaches a
examples of highly reliable Markovian systems. We compare given set of (rare) states before reaching another set
it to a previously proposed heuristic that combines forcing of states Juneja and Shahabuddin 200&nd for finite-
with balanced failure biaising. We also exhibit the exact state discrete-time chains with a state-dependent cost,
zero-variance change of measure for these examples andwhere we want to estimate the total expected cost un-

compare it with these two approximations. til the chain hits a given set of stateBqoth 1987
Kollman, Baggerly, Cox, and Picard 1999
1 INTRODUCTION However, implementing this zero-variance change of

measure requires the exact knowledge of the total expected
Rare-event simulation is concerned with estimating a per- cost-to-go (future costs) from any state that can be visited
formance measure usually expressed as a mathematical ex-during the simulation. If we know this, there is no need to
pectation, and whose value is strongly affected by certain perform a simulation in the first place! Nevertheless, at-
events that occur rarely. A simple but commonly encoun- tempts to approximate the zero-variance change of measure
tered special case is when the quantity to be estimated is by various heuristics have been successful in some contexts
the probability of occurrence of some rare event. When (Booth 1987 Booth 2001 Kuruganti and Strickland 1997
this probability is very small, we may have to simulate the Kollman, Baggerly, Cox, and Picard 1999
model an excessively large number of times to be able to Bolia, Juneja, and Glasserman 2004
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Ahamed, Borkar, and Juneja 2Q06
Juneja and Shahabuddin 2006
In this article, we express the zero variance change of

2 CTMC MODEL
SAMPLING

AND ZERO-VARIANCE

measure, and develop approximations of the zero-variance 2.1 CTMC Model Over A Finite Time Horizon

importance sampling in the setting of a continuous-time
Markov chain (CTMC), in which we want to estimate the
probability of reaching a given set of states before a given
time horizon (or time limit)t,. Here we assume that
is fixed, but our results could be generalized to the case
where it is a random stopping time with fixed distribution
(that does not depend on the rarity), under the additional
assumption that having reached the stopping time or not
can be determined by looking only at the current time and
the current state of the CTMC. One application of this
is in a reliability setting, where we want to estimate the
probability that the system fails before accomplishing its
mission Nakayama and Shahabuddin 2p04

Following Shahabuddin (1994pypur model has a rarity
parametee and the jump rates are assumed to be polynomial
functions ofe. We are interested in the asymptotic behavior
when ¢ — 0. For some of the rates, the polynomial may

Consider a continuous-time Markov chain (CTMQ);, j >

0} with denumerable state spac&. When the chain is in
statex, the jump rate to stat€ is Ax, the total jump rate

iS Ax = Yxc2 Axx < (SO the time until the next jump is
exponential with mean /), and the next state i with
probability pyy = Axx/Ax. Jumps to the same state (from
x to x) are allowed. We may also have absorbing states, for
which Ay = 0.

We are interested in estimating the probability that the
chain hits a given set of statésC 2" before some fixed
time limit t.. Let Tj be the time remaining on the clock, (
minus the current time) at thgh jump of the CTMC, into
stateXj. The process starts in staXg € 2" with remaining
clock time To. Our main interest is foffp =t,, but for
notational convenience we shall alloly to take any value
teR. Let

have degree 0, i.e., some rates can be constant as functions

of €. The other rates converge to 0 wher- 0. We assume

that over every sample path that leads to the rare event of

interest, at least one jump rate is not constant; then the
rare-event probability converges to 0 and the relativererro
of its naive estimator increases to infinity, wher- 0.

In our setting, the zero-variance change of measure
can be written in terms of the original jump rates of the
chain and the probabilityt(x,t) of reaching the rare event
before the time limit if the CTMC is in state and there
remainst units of time. We propose an approximation of
the functionu1(x,t) by the first terms of its expansion in
powers ofe. We sketch a proof that an IS scheme that
uses this approximation gives a bounded relative error in
general, and a relative error that converges to @ag's)
if all the original jump rates ar&'(¢). We report some
numerical experiments with simple models of highly reli-
able Markovian systems (HRMS). In these experiments, the
proposed scheme gives much smaller variance, for small
g, than a combination of forcing and balance failure bias-
ing, recommended iMNakayama and Shahabuddin (2004)
for this type of situation.

In the next section, we define our CTMC model and
derive the zero-variance sampling scheme. In Sec3ion
we introduce a rarity parameter for our model, develop
our approximation of the zero-variance sampling scheme,
discuss how it can be implemented in practice, and show
that the corresponding estimator has bounded relative. erro
Numerical illustrations are given in Sectidn A conclusion
follows.

T=inf{j>0:T; <0 or X € A}.

To avoid fancy complications, we assume thft < o] = 1.
Define

X=1I[X; € A andT; > 0],

wherel is the indicator function. That i = 1 if the chain
hits A before the time limit, ancK = 0 otherwise.

We consider the discrete-time Markov chain (DTMC)
{(Xj,T;), j = 0}, for which the second component of the
state indicates the current time. When this DTMC is in
state(x,t), the density of the next state @,t — J) is given
by

(X, t— 3| xt)

Py.x Ax €XP[—AxO] Q)

for 6 > 0, and O elsewhere. Note that this density is
partitioned into several pieces, one piece for each value of
X, and its total integral over all pieces equals 1.

Let p(x,t) be the probability of hittingA before the
time limit when the DTMC is in statéx,t). Thus,

1 if xe A andt >0,
0 if t <0,
E[X|Xo=x To=t] otherwise

pxt) =

For the latter casex A andt > 0), we have the recurrence
p(X,t) =E[u(Xy,Th) [ Xo =X, To =1
t
/ T UK.t 8)pocAcexp-Ad]dS.
0 xvew

)
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Clearly, u(x,t) is a nondecreasing function bfor eachx.
An intuitive argument for this is that enlargirigcan only
give more opportunity for hitting\; a proof can be made
via a path-by-path comparison.

2.2 A Zero-Variance Sampling Scheme

We consider replacing the conditional (transition) dgnsit
min (1) by another densitg such thag(x,t —d | x,t) >0
wheneveru (Xt —d)m(X,t — & | x,t) > 0, until we reach
the stopping timer. The estimatoiX is then replaced by

T
xiS:X.I_|L(Xi717-ri717xi7-ri)7 (3)
where
(X, Ti | Xi—1,Ti-1)
L(X-1,Tio1,%,T) =
o Tt X T) = g T %)

and an empty product is assumed to be 1. Thus, the original

estimator is weighted by the likelihood ratio that corrasg®
to the change of densities.

LetEgx: and Vag x+ denote the expectation and variance
operators under the conditional densiggérom initial state
(X0, To) = (x,t). We have

Egxt[Xis| = H(%,1),

i.e., Xis is an unbiased estimator @f(x,t) under the new
densitiesy. Letv(x,t) be the variance ks underg, when
Xo=xandTp =t. We havev(x,t) =0 if xe A ort <0;
otherwise,

v(x.t)
def Varg x t[Xis]
= Vargxt[Egxt[Xis | X1, T1]] + Egxt[Vargxt[Xs | X1, Ta]]
= Vargy [1(Xy, Ty)L(X,t, X1, Ty)]

+ Egxt[L2(X,t, Xq, To)V(Xe, Tr)]
= Egxt[1%(Xa, T)L2(%,t, X1, T1)]
H2(%,t) + Eguxe[L2(xt, Xe, To)V(Xa, Ta)]

(

= Egxt[12(X1, T) +V(Xe, Tr))L2 (X, t, X1, T1)] — p2(x1).

Suppose now tha is the densitygy defined by

a8
gO(th 6|X7t) - IJ(X,t) T[(X,7t 6|X7t)
_ ”(X/7t — 6) _
= Porhexri-A)

for X € 2 and 0< d <t, and O elsewhere, ifi(x,t) > 0.

By integrating with respect td and summing ovex, we

easily see that thegp(- | x,t) are probability densities (they

integrate to 1). Under this density, the time until the next

jumpis nolonger exponential, sowe nolonger have aCTMC.

This time is nonzero only over the interv,t), and it is

not a truncated exponential either; in fact, sipge/,t — J)

is decreasing i, the right “tail” of the new distribution of

the time to the next jump (before truncation) decreasesifast

than for the exponential distribution.  Wheiix,t) =0, the

density is unchangedyo(X,t — d | x,t) = i(X,t — & | x,t).
With this choice ofg, whenevergy(X',t —d | x,t) >0,

we have

L(xt,X,t—9)

_ { [il(X,t)/[,l(X/,t - 5)

if u(xt)>0,
o0 @

if u(xt)
For state pairgx,t,x,t — 9) for whichgo(X,t — 3| x,t) =0,
the definition ofL(x,t,x,t — d) does not matter, because

this quantity will then never occur in the estimator. Since
(4) holds forgg, we have

]E907X7t [I'lz(xlle)Lz(thv X1, Tl)] = HZ(XJ)

and we have the simplification:

V(6t) = Bgyxt[(H3(X, T1)
V(X1 Ta) )L (X, 8, X, Th)]

- EQOAX,I [V(XlaTl) (Xat7X17Tl)]'

- HZ(Xat)

Applying induction, we obtain
T
V(Xat) = ]Eg(),X,t lV(XT7TT) I_|L2()(i—la-|—i—l7>(|‘;-l—i)‘| = 0
i=

becausev(X;,T;) = 0. Thus, a change of measure that
satisfies 4) gives a zero-variance estimator gfxt) for
any (x,t) € £ x [0, ).

3 ASYMPTOTIC ANALYSIS

3.1 Rarity Parameterization

We define an asymptotic rare-event setting by introducing
a parametee < 1 that characterizes rarity. We shall inves-
tigate what happens when— 0. We assume that all jump
rates of our CTMC have the form

Ax.x’ = Vx,x’ gkx’xl

for some nonnegative constantg, and k,, which are
bounded uniformly in(x,x').



De Boer, L'Ecuyer, Rubino, and Tuffin

Observe that in our setting, dividing the time horizon
t. and all the timed; by a factork, and multiplying all the
jump rates by the same factor, gives an equivalent model.
Therefore, without loss of generality, we can assume that
t. = 1. We do so for the remainder of this article.

A different way of doing the parameterization would
be to assume that the ratégs, are fixed and that the time
horizon has the forn, = veX for some positive constants
v and k. This parameterization is equivalent to a special
case of our setting, witlk, , =k for all x,X, so it offers
less flexibility. In the next subsection, we start our anialys
with this special case, witk = 1.

3.2 Simplest Case: All Rates Proportional to €

We start with the simplified case whekg, =1 for all
XX € 2, 80y = Vxxe. Note that the probability that
i or more transitions occur before the time limitd4e").
Consider the states for which vym > 0 for at least
onemée A. For such states, the recurren@ ifnplies that

p(x,t) = Vymét + O(€2).

{meA:vy m>0}

Next, consider the statesfor which vy m =0 for all me A
but for which there is anx’' € " and me A such that
Vyx' Vx.m > 0O; for those, we find

px.t) = Vxx Vx’,m£2t2/2+ o).

{meAX €2 v, vy >0}

This can be easily generalized: for a statehich is exactly
Ly transitions away frond\, we have

A it
Ex!

Hxt) = +0(),
whereAy is the sum, over allx-step paths from stateto
A, of the products of the coefficientg , of the transitions
x— X on that path.

Using only the leading terms of the above expressions
for u(x,t), we obtain the following approximation to the
zero-variance density:

go(X,t— 9| xt)

AX/{;'KX’ (t — 5)1&' /€X/!
Al /]

l+éx/7€>< AX’KX! (t - 5)&(/
Axgx/! tfx

= Vxx EEXP—EVy x J] (1+0(¢))

= Vyx'€ + 02,

We shall approximate the zero-variance density by con-
sidering only the (normalized) leading term of the above
expansion. For transitions that go towakdwe have that

1+ ¢y — ¢x =0 by construction. For all other transitions,
this exponent of is positive, so their densities vanish as
€ —0.

Computing this approximation requires determining,
for each transitionx,x'), the values ofA; and ¢y for the
states on both sides of the transition. These values can be
computed efficiently using a variant of Dijkstra’s algonth
to find all shortest paths of the chain from stat® the set
A, where the length of a path is measured by the number of
steps. Thé\’s are then computed by adding up the relevant
products of coefficients. For very large state spaces, this
can become cumbersome and further heuristics could be
developed. In certain situations, e.g., for birth-andtidea
processes, this computation is almost trivial.

Let g denote the resulting approximating density. To
compute the normalization factor and generate random vari-
ates fromg; we can proceed as follows. We integrate the
leading term with respect td, over the interval0,t], for
eachx for which this term is nonzero. The sum of these
integrals gives the normalization factor. The relative-con
tribution of each integral to the sum gives the probability
that the next state; is X' under the new density, so we
can easily generate the next state first. Then, knowing that
(Xj—1,Tj—1,Xj) = (x,t,X), we can generaf§ by inversion,
exploiting the fact that its conditional density atis a
monomial ind. This conditional density is uniform over
the interval[0,t] when/, = 0 (i.e., for direct transitions to
A), linearly decreasing over the same interval,if= 1
(i.e., for transitions that bring us only one step away from
A), and so on.

3.3 Generalizing to Mixed Powers of ¢

We now generalize the preceding development to the case
wherek, , is allowed to differ from 1. For the moment,
we will assume that ak, ,, > 0; later on, we will relax this
to allow somek, , = 0. Definelx as the smallest sum of
exponentk, , of transition rates, the minimum being taken
over all paths fronx to A; all paths attaining this minimum
are henceforth referred to deminant pathsbecause they
are the most probable paths fosufficiently small. Define
alsoly r as the set of path&Xo, ..., X;) going fromXg = x

to X; € A in exactly T steps, and for which the sum of
exponents idy. Fori=1,2,..., let

i
Agi =

I_l Vi1 -
(X0, %) €My J=1

Under appropriate conditions, it can be shown that for all
X ¢ A,

Ax/|£[Xt|

“(X’t):i; |

+o(e"),

®)
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that is, the probability of all non-dominant paths is negli-
gible with respect to dominant ones. For this to hold, we
need to make sure that the sum over all other paths, which
have exponent larger thafy, induces a probability with
exponent larger theiy too. This is not trivially satisfied
because there is generally an infinite number of such paths.
Nakayama and Shahabuddin (20@fpvide a set of suffi-
cient conditions under which they prove a version By (
for a specific model of HRMS system. Their results could
be generalized.

Our approximationfi(x,t) of p(x,t) will be the domi-
nant terms (the sum of terms with the smallest poweg)of
in the expansions). There may be multiple such terms
with different powers ot, if there are distinct values of
for which 'y # 0, i.e., if there are dominant paths fram
to A with different numbers of transitions. In the following
calculations, we will include all such terms for complete-
ness. However, in the numerical illustrations of Sect#on
we will only retain the term with the lowest power bf
(This makes sense because we know timegver exceeds 1.)
This means that in the following expressions, summations
overi are replaced by a single term with the lowegor
which the summand is non-zero. This simplifies the expres-

sions significantly, and makes sampling easier because thefor a sample patliXo, To, .. .,

resulting densities are monomial. For our examples, this
simplification hardly affected the results; the differerice
the density plots was almost invisible.

Computing the approximatiofi(x,t) could be compli-
cated in general, but there are many nontrivial situations
where this is rather easy. For example, for HRMS models
where the component failure rates do no depend on the
current state (the most typical case), the computations can
be quite simple, depending on the general form\of

Keeping only the leading powers af leads to the
following approximation for the zero-variance density:

go(X,t—9|xt)

ZizlAX’Jelx/ (t — 6)'/“
2|21A)(|€[th/||

~ vxirxlskx‘x/ exp—Ax9]

As a further approximation, we replace the exponential by
1, to obtaing®

gxX,t—9a|xt)
= Vypy Kyt s — ZXZ|>1AX’ (t— )i/“
= Yox® Z|>1A><|t /il ©
o , kx.x’j%x’*lx [:l(X 3t - 5)
= Y e v

As in Section3.2, this function must be multiplied by
a normalization constant(x,t), which can be calculated

straightforwardly:

5 [ o
gkxx/wx/ Iy Z|>1Ax’ t|+l/( +1)
z|>1AX|t /il

—o|x,t)d
Xt x’e/

x’e,l

Since the terms containing the lowest powee afre already
normalized,p(x,t) is of order 14 O(¢).

So far, we have assumed that &l > 0. This as-
sumption is needed fob), and sincel, = &/(e™" k) it
also justifies replacing the exponential term by 1 in approx-
imation ©). In many practical problems howevdg,,, = 0
for some transitions which are not on a dominant path; for
example, repair transitions in HRMS models. One may still
apply the change of measu® @nd (7) to this case, and in
fact the resulting simulation turns out to be asymptotjcall
efficient, as will be seen in the sequel.

3.4 Robustness of the Estimatorsas € — 0
Using a change of measure with the dengitlefined in 6),

Xr, Tr) with X € AandT; >0
(so u(X¢, Tr) = 1), the IS estimatoKs in (3) becomes

T X T)
S 1 o A
~ (%0, To) I'[e’““”i‘“*”<1+ o(e)),

where we have used) and (7). The fact that we have a
random variable evem the leading ternof the expansion
in g, instead of just a constant as expected for zero variance,
is due to the approximatior®), where the exponential term
was removed for ease of implementation. As we are going
to see, this results in a relative error that does not deereas
to zero whens — 0, but remains bounded.

This estimator can be bounded as follows, Xar= x
andTp =t:

exp—t maxAy|f1(x
XeZ

1) < Xis < (%)

With the proposed change of measure, we have
U(Xr, Tr) = 1 and X;s takes the above form with proba-
bility 1. Thus, the relative variance (or squared relative
error) of Xis when Xy =x and Tp =t can be bounded as
follows:

Varg x[Xis]

_ Egxt[XE] 1< SupX$
HZ(x,1)

]Eéxt[xis] = (infXs)2

< exp2t ma}}(/\xl] -1
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Thus, the estimator’s relative error remains bounded
when € — 0. Moreover, in the case where all the rates
are 0(g) or smaller, i.e., ifkgy > 1 for all x,x, then
maxec o Ay = O'(€) and the relative error is then at most
O(y/€). Including the normalization factor -t &'(¢) that
we have neglected here does not affect these conclusions.

As noted earlier, models with constant rates and a time
horizon of ordere can be studied by applying a simple
change of variables, which results in all rates being of
order g; the previous result implies that in this case, the
relative error is bounded a8(/€). Experimental results in
Sectiond.1show arelative error proportional & indicating
that the bound may actually be pessimistic.

4 NUMERICAL ILLUSTRATION

We illustrate the use of our approximation of the zero-
variance estimator with two toy examples representing
HRMS models in 1 and 2 dimensions. The dimension
represents the number of component types in the system
and the state is the number of components of each type
that are down. Each transition represents the failure or the
repair of one component. For the one-dimensional example,
we consider two variants, one with all transition rates of
ordere and one having a transition rate (corresponding to a
repair) equal to 1. For both examplésjs the set of states
where all components of any given type are down, and we
taket, = 1.

We compare three simulation approaches: standard
simulation (i.e., no importance sampling), forcing+BFB,
and our method which uses an approximation to the zero-
variance densities. Forcing+BFB (Balanced Failure Bi-
asing) is the classical importance sampling simulation
method for the types of HRMS examples we consider; see
(Shahabuddin 1994aNakayama and Shahabuddin 2p04
Briefly, forcing means that the probability distributionr fo
the time until the first failure is replaced by the distribu-
tion conditional on that failure happening before the time
horizon; and balanced failure biasing means that in any
state, all failure transitions are made equally likely afid o
order 1 rather than order. We varye from 1 to 104, All
our simulation results are obtained using® 18dependent
replications.

4.1 Example 1: A Simple Mode With a One
Dimensional State Space

We consider a system with 2 components of a single type,
with A containing the state where both components have
failed. Each component has failure rate In variant (a),

we assume that the repair rate is aksahis allows us to
look at the case where all transition rates are small and have
the same order, as in Secti@m®2, or equivalently the case

where the rates are fixed and the time horizon gets small.
In variant (b), the repair rate is 1.

Tables1 and 2 present the simulation results for the
three methods, for variants (a) and (b), respectively. For
variant (a), the relative error for our method seems to
decrease proportionally tg, which is better than the
0(y/€) bound obtained theoretically. For variant (a),
comparing our method with forcing+BFB might be unfair,
because the latter method was designed for models where
the repair rates were not small, as in variant (b). For
this second variant, the results agree very well with the
bounded relative error property for our method, as predicte
theoretically in Sectior8.4, and also for forcing+BFB, as
proved in Nakayama and Shahabuddin 2D04However,
the relative error is about 10 times smaller with our method
than with forcing+BFB.

Table 1: Simulation Results for Variant (a) of Example 1.

£ Method H(0,t,) Relative Error

1 Standard 0.3356 0.0045

1 Forcing+BFB | 0.3348 0.0039

1 Our method | 0.3356 0.0019

0.1 Standard 0.00851 0.034

0.1 Forcing+BFB | 0.00871 0.014

0.1 Our method | 0.0087754 | 0.0001527

0.01 Standard 1l.1le-4 0.30

0.01 Forcing+BFB | 1.04e-4 0.044

0.01 Our method | 0.986779e-4 0.00001495

0.0001 | Standard 0 N/A

0.0001| Forcing+BFB | 1.2e-8 0.41

0.0001 | Our method | 0.999867e-8 0.0000001491
Table 2: Simulation Results for Variant (b) of Example 1.

€ Method u(0,t,) Relative Error

1 Standard 0.3356 0.0045

1 Forcing+BFB | 0.3348 0.0039

1 Our method | 0.3355 0.0019

0.1 Standard 0.0066 0.039

0.1 Forcing+BFB | 0.00680 | 0.0062

0.1 Our method | 0.006762 | 0.000707

0.01 Standard 1.0e-4 0.32

0.01 Forcing+BFB | 0.734e-4 | 0.0066

0.01 Our method | 0.7292e-4| 0.000696

0.0001 | Standard 0 N/A

0.0001 | Forcing+BFB | 7.40e-9 0.0066

0.0001| Our method | 7.353e-9 | 0.000697

4.2 Example2: An HRM SM odel with Two-Dimensional
State Space

We consider now a system with 2 types of components and
2 components of each type. The different rates are shown in
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Figure 1: Markov chain transition graph for Example 2. Figure 4: Transition probability densities in Example 2.
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Figure 2: Transition probability densities in Example 2e€Th  Figure 5: Transition probability densities in Example 2.
solid line is for the zero-variance density, the dashed line

for our approximation, and the dotted line for forcing+BFB.
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Figure 3: Transition probability densities in Example 2.
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Figurel, where (absorbing) states where the system is failed
are in grey. Simulation results are given in TaBleAs in

the previous example, both forcing+BFB and our method
turn out to have bounded relative error, in accordance with
theory, and our method wins by a factor of about 30 for
the small values ot.

For this example, we also show graphs of the (partial)
probability densities. Figure2 through 6 show (1) the
density go of the zero-variance change of measure (solid
line), (2) our approximate density (dashed line), and (3)
the density effectively being used by forcing+BFB (dotted
line), for some selected transition types (i.e., p&is); the
densities for the other transition types have a similar eha
ior. Each density is shown as a function®for t =1 and
€ =0.1. The zero-variance densities have been calculated
by computing the time-dependent state probabilities tirec
by numerical evaluation of the exponential of the transi-
tion rate matrix, seeKulkarni 1995 pages 266-269) or
(de Souza e Silva and Gail 2000f A is the infinitesimal
generator of the CTMGX;, j > 0}, the transition probabil-
ity matrix P(t) = (B x (t))xxec.2"» With B x (t) the probability
of being inX' at timet given that we were ix at time 0,
is such thatP(t) = €. If states inA are absorbing states,
u(x,t) can then be computed @agXx,t) = $yeaPox (1).

Figures2, 3, and4 show the (partial) densities of the
transition times on the path that dominates in the limit when
€ — 0. These figures clearly demonstrate the fact that the
densities in our approach (dashed) are monomial, with the
direct transition to the failure state having a uniform den-
sity, the one before that having a linear density, and the one
before that a quadratic density. With the exception of the
last (uniform) density, our approximate densities arearas
ably similar to the zero-variance densities (solid), whsre
the forcing+BFB densities (dotted) are quite differentd an
typically much lower. This means that forcing+BFB tends
to put too little probability mass on the dominant path.
Again, the larger difference for the density corresponding
to direct transitions to failures stems from the absence of
the exponential term in approximatio)(

Figure 5 shows the densities for a transition toward
failure but on a non-dominant path, and Figérgives the
densities for a repair transition. One sees that forcind3-BF
tends to put too much probability on these transitions.

5 CONCLUSION

Inthis article, we have presented a framework for importanc
sampling and calculation of the zero variance change of
measure in Markov chains, and shown how different HRMS
examples fit this framework. For this case, we have
shown that a first-order approximation to the zero-variance
distribution can easily be obtained and is effective.

This work needs to be pushed forward. First of all,

we need to relax as much as possible the conditions used

Table 3: Simulation results for the two-dimensional exampl

£ Method u1((0,0),t.) | Relative Error
1 Standard 0.1839 0.0067
1 Forcing+BFB | 0.1835 0.0072
1 Our method | 0.1845 0.0036
0.1 Standard 0.00012 0.29
0.1 Forcing+BFB| 0.000111 | 0.028
0.1 Our method | 0.0001123 | 0.0028
0.01 Standard 0 N/A
0.01 Forcing+BFB | 8.7e-8 0.041
0.01 Our method | 8.693e-8 0.00158
0.0001| Standard 0 N/A
0.0001 | Forcing+BFB | 8.4e-14 0.043
0.0001| Our method | 8.402e-14 | 0.00121

in our results. Second, the HRMS examples in the present
paper have very small state spaces for sake of illustrative-
ness, in order to get the explicit value of the zero variance
change of measure. We plan look at practical problems
with very large state spaces, such as for instance that in
(Nakayama and Shahabuddin 2D0®ther applications in
insurance risk and queuing networks are also of interest.
Last but not least, we plan to investigate the case where
the exponential term is not skipped in Equati@). (Sam-
pling the approximate density will then be a litttle more
complicated, but significantly better results can be exqubct
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