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Lecture outline2

1. What is natural language processing? 
2. Why NLP is hard? 
3. History of NLP 
4. NLP techniques and resources 
5. Machine learning and deep learning 
6. Training deep neural networks by gradient descent 
7. Language modeling 
8. Neural language modeling and RNN 
9. RNN variants
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What is natural 
language processing?



NLP is everywhere: machine translation4



NLP is everywhere: search engines5



NLP is everywhere: smart speakers6



What is natural language processing?

๏ Language is a tool of human 
communication and a carrier of human 
thinking. 
• More than 1,900 languages in use all 

over the world. 
• Structures vary between different 

languages. 

๏ Natural language is a human language 
(e.g., English, French, Chinese) 
• As opposed to a constructed language 

(programming languages, language of 
formal logic, etc.).
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Image credit: https://www.vpr.org/post/why-are-there-so-many-different-languages#stream/0

https://www.vpr.org/post/why-are-there-so-many-different-languages#stream/0


What is natural language processing?

๏ Natural language processing (NLP) is a branch of artificial intelligence that helps computers 
understand, interpret and manipulate human language.
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NLP tasks9

More tasks can be found here: https://nlpprogress.com/

Lexical Analysis 
Word Segmentation 
Word Tokenization 
New Words Identification 
Morphological Analysis 
Part-of-speech Tagging 
Spelling Correction

Sentence Analysis 
Chunking 
Super Tagging 
Constituency Parsing 
Dependency Parsing 
Language Modeling 
Language Identification

Semantic Analysis 
Word Sense Disambiguation 
Semantic Role Labeling 
Abstract Meaning Representation Parsing 
Frame Semantic Parsing 
First Order Predicate Calculus 
Word/Sentence/Paragraph Vector

Information Extraction 
Named Entity Recognition/Disambiguation 
Terminology/Glossary Extraction 
Coreference Resolution 
Relationship Extraction 
Event Extraction 
Sentiment Analysis

High-level Tasks 
Machine Translation 
Text Summarization/Simplification 
Question Answering 
Dialogue System 
Reading Comprehension 
Automatic Essay Grading

https://nlpprogress.com/
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Why NLP is hard?



NLP is challenging

๏ Ambiguity 

๏ Knowledge 

๏ Scale 

๏ Sparsity 

๏ Variation 

๏ Expressivity 

๏ Unknown representations 
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NLP is challenging: ambiguity12

“At last, a computer that
understands you like your mother”

How shall we interpret this sentence?



NLP is challenging: ambiguity13

“At last, a computer that
understands you like your mother”

๏ It understands you as well as your mother understands you 
๏ It understands (that) you like your mother 
๏ It understands you as well as it understands your mother



NLP is challenging: knowledge

We need knowledge: 

๏ Knowledge about language 

๏ Knowledge about the world 

๏ Knowledge about common sense
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I dropped the glass on the floor and it 
broke

I dropped the hammer on the glass 
and it broke



Case study: GPT-315

Q: How many eyes does a giraffe have?
A: A giraffe has two eyes.

Q: How many eyes does my foot have?
A: Your foot has two eyes.

Q: How many eyes does a spider have?
A: A spider has eight eyes.

Q: How many eyes does the sun have?
A: The sun has one eye.

Q: How many eyes does a blade of grass have?
A: A blade of grass has one eye.

Reference: https://lacker.io/ai/2020/07/06/giving-gpt-3-a-turing-test.html

https://lacker.io/ai/2020/07/06/giving-gpt-3-a-turing-test.html


NLP is challenging: scale16



Sparsity17

๏ Sparse data due to Zipf’s law 
๏ Example: the frequency of different 

words in a large text corpus



NLP is challenging: sparsity18

Order words by frequency. What is the frequency of n-th ranked word?



NLP is challenging: variation19



NLP is challenging: expressivity20

Not only can one form has different meanings (ambiguity), but the same 
meaning can be expressed with different forms.

Please be quiet, the 
talk will begin shortly.

Shut up! The talk is 
starting!



NLP is challenging: unmodeled representations21

We don’t even know how to represent the knowledge a 
human has/needs:  
๏ What is the “meaning” of a word or sentence? 
๏ How to model context? 
๏ Other general knowledge?
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History of NLP



History of NLP23

Symbolic NLP

Understanding text by 
a collection of hand-

written rules

1950s - 1990s

Neural NLP

Representation 
learning and deep 
neural networks

2010s - present

?

Multi-model learning
World modeling

Interact with real world
…

future

Statistical NLP

Applying machine 
learning algorithms to 

NLP

1990s - 2010s



The confusion of tongues: Tower of Babel24

Gustave Doré: The Confusion of Tongues  (1865)

The confusion of tongues is the origin myth for the 
fragmentation of human languages described in Genesis. 

The Bible "Genesis" says that ancient humans originally 
spoke a unified language. They once wanted to build a 
tower called "Tower of Babel" as high as the heavens. 
This shocked God, and God let different people speak 
different languages so that it becomes impossible for 
people to coordinate their work. As a result, the Tower of 
Babel is not built, and the difference in language has 
become a great obstacle for people to communicate with 
each other.



Universal language25

In the 17th century, some insightful people put forward 
the idea of using machine dictionaries to overcome 
language barriers. Both Descartes and Leibniz tried to 
write dictionaries based on a unified digital code. In 
the mid-17th century, such dictionaries were published 
by Cave Beck, Athanasius Kircher, and Johann 
Joachim Becher. As a result, a movement about 
"universal language" was launched. Some people 
tried to create an unambiguous language based on 
logical principles and graphic symbols, so that people 
would no longer have to be confused in 
communication due to misunderstandings.



Language computing have a long history26

๏ In 1847, the Russian mathematician B. Buljakovski believed that 
probabilistic methods could be used to study grammar, etymology, 
and language history comparison. 

๏ In 1851, the British mathematician A. De Morgen used word 
length as a feature of writing style for statistical research. 

๏ In 1894, Swiss linguist De Saussure pointed out that in terms of 
basic properties, the relationship between quantity and quality in 
language can be expressed regularly by mathematical formulas. He 
published "General Linguistics Course" in 1916. It also pointed out 
that language is like a geometric system, which can be boiled down 
to some unproven theorems.



Language computing have a long history27

๏ In 1898, German scholar F.W. Kaeding calculated the frequency 
of German vocabulary in the text and compiled the world's first 
frequency dictionary "German Frequency Dictionary”. 

๏ In 1935, Canadian scholar E. Varder Beke proposed the concept 
of word distribution rate and used it as the main criterion for 
dictionary selection. 

๏ In 1944, the British mathematician G.U. Yule published the book 
"Statistical Analysis of Literary Words", using probabilistic and 
statistical methods to study vocabulary.



Four important milestones to NLP28

Andrey Markov
Research on Markov model

Claude Shannon
Research on probability and 
information theory

Alan Turing
Research on model of 

computation

Noam Chomsky
Research on formal language 

theory



Machine translation: early development 29

Machine Translation is the key application in the history of computational linguistics. 

๏ In 1933, the Soviet inventor Troyansky (П.П.ТРОЯНСКИЙ) designed a machine that 
mechanically translates one language into another, and registered his invention on 
September 5 of the same year. 

๏ In the early 1930s, the Armenian French engineer GB Artsouni proposed the idea of 
using machines for language translation, and on July 22, 1933, he obtained a patent 
for a "translator" called " Mechanical brain" (mechanical brain). The prototype of 
Artsouni was formally exhibited in 1937, which aroused the interest of the French postal 
and telecommunications departments. However, due to the outbreak of World War II 
soon, Artsouni's robotic brain could not be installed and used.



Machine translation: a decoding perspective 30

๏ British engineer Andrew Donald Booth and American 
Rockefeller Foundation (Rockefeller Foundation) 
Deputy President W. Weaver put forward the idea of 
machine translation. In 1949, Weaver published a 
memo titled "Translation", which formally raised the 
issue of machine translation. He said: "When I read an 
article written in Chinese, I can say that this article is 
actually written in English, but it is coded with another 
strange symbol. When I was reading, I was decoding. 
Weaver's excellent ideas became the theoretical basis of 
Statistic Machine Translation (SMT). 

๏ However, translation is more complex than decoding: the 
complexity of lexical analysis, syntactic analysis, 
semantic analysis, etc., was largely omitted.

Warren Weaver



Machine translation: the first MT system 31

๏ The academic community in the United States 
and the United Kingdom have developed a 
keen interest in machine translation and have 
received support from the industry. 

๏ In 1954, Georgetown University, with the 
assistance of IBM, used the IBM-701 computer 
to implement the world's first MT system, 
realizing Russian-English translation, and the 
system was publicly demonstrated in New York 
in January 1954 

๏ In the following 10 years, with the progress of 
machine translation research, various natural 
language processing technologies emerged 
and gradually developed, forming this 
emerging discipline combining linguistics and 
computer technology.

IBM-701



AI winter32

Rule-based dialogue system 
ELIZA

๏ In 1966, the rule-based dialogue robot ELIZA was 
born in the MIT Artificial Intelligence Laboratory 

๏ However, in the same year, ALPAC (Automatic 
Language Processing Advisory Committee) 
proposed in a report that the progress of machine 
translation research in the past ten years was 
slow and did not meet expectations. After the release 
of the report, research funding for machine 
translation and natural language has been greatly 
reduced, and research on natural language 
processing and artificial intelligence has entered a 
winter.



New era of NLP33

๏ Researchers from IBM's Watson Research Center and Baker from Carnegie Mellon 
University have achieved success in the development of statistical speech 
recognition algorithms: "Hidden Markov Model" and "Noisy Channel Model and 
Decoding Model”. 

๏ At the 4th MT Summit IV held in Kobe, Japan in July 1993, the famous British 
scholar J. Hutchins pointed out in his special report that the development of 
machine translation has entered a new era. With the beginning of a new era of 
machine translation, computational linguistics has entered its boom period.
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Deep Learning



The neural history of NLP35

https://ruder.io/a-review-of-the-recent-history-of-nlp/

Deep learning has brought great impacts to NLP

https://ruder.io/a-review-of-the-recent-history-of-nlp/


OpenAI GPT-336

 

GPT-3, an autoregressive language model 
with 175 billion parameters, 
can "generate news articles which human 
evaluators have difficulty distinguishing 
from articles written by humans"

https://deepmind.com/blog/article/muzero-mastering-go-chess-shogi-and-atari-without-rules


Pathways Language Model (PaLM)

๏ Last year Google Research announced Pathways, a single model that could generalize across 
domains and tasks while being highly efficient. 

๏ In “PaLM: Scaling Language Modeling with Pathways”, Google introduces the Pathways 
Language Model (PaLM), a 540-billion parameter, dense decoder-only Transformer model that 
achieves state-of-the-art few-shot performance across most tasks, by significant margins in 
many cases.trained with the Pathways system

37

https://ai.googleblog.com/2022/04/pathways-language-model-palm-scaling-to.html
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NLP techniques
and resources



NLP39

Math

Linguistics Computer 
Science

Domain 
Applications
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NLP
Building query

responseSummarization Question Answer

AI+X
Applications

Core Tasks

Basic
Techniques

Fundamental
Theory

Data

Machine Translation

IT

Information
Extraction Dialog SystemReading

Comprehension

Text Classification Text Matching

Finance Biology

Text Clustering

Education Law

Information
Retrieval

Lexical Analysis Pragmatic AnalysisSemantic Analysis Discourse AnalysisSyntactic Analysis

Formal Language
Automata

Logic

Machine Learning 
Optimization

Matrix Analysis
More math …

Probability
Statistics 

Information Theory

Neural Networks
Deep Learning
Graph Analysis

Rules Corpus Knowledge

…

…

…

…

…

…Datasets
More data,
modularity,

environment …



Different stages of NLP41

Symbolic NLP

Rules
+

Formal Language  
Automata  

Logic

1950s - 1990s

Neural NLP

Corpus, Datasets, 
Knowledge

+
Neural Networks
Deep Learning

2010s - present

?

Multi-model learning
World modeling

Interact with real world
…

future

Statistical NLP

Corpus
+

Probability
Statistics

Information Theory

1990s - 2010s



Grammatical hierarchy

๏ Sentence: a sentence may consists of one or multiple 
clauses. 

๏ Clause: a clause is a part of the sentence that contains 
a verb 

๏ Phrase: a phrase is a group of words that express a 
concept and is used as a unit within a sentence, e.g., 
"Who ate the last sandwich?” 

๏ Word: A word may consist of a root morpheme only, 
e.g. science, or a root morpheme plus other 
morphemes, e.g. “released = release + ed”, 
“motivation = motivate + ion” 

๏ Morpheme: morphemes are parts of words and are 
the smallest grammatical units, e.g., “ed”, “ion”, and 
simple words.

42



Lexical analysis43

Get tokens or words from sentences, and obtain linguistic information of the words, e.g., 
tokenization, word segmentation, Part-of-Speech (POS) tagging

POS tagging



Syntactic analysis44

Syntactic analysis, also referred to as syntax analysis or parsing, is the process of 
analyzing natural language with the rules of a formal grammar. Grammatical rules are 
applied to categories and groups of words, not individual words. Syntactic analysis 
basically assigns a semantic structure to text.

Dependency ParsingConstituency Parsing



Semantic analysis45

Abstract Meaning Representation (AMR)

Semantic analysis, simply put, is the process of drawing meaning from text. Including 
Word Sense Disambiguation, Semantic Role Labeling, Semantic Parsing, etc.

https://www.aclweb.org/anthology/W13-2322.pdf


Discourse analysis46

Discourse processing is a suite of Natural Language Processing (NLP) tasks to uncover 
linguistic structures from texts at several levels, which can support many downstream 
applications.

Discourse forms



Pragmatic analysis47

Pragmatic analysis deals with outside word knowledge, which means knowledge that is 
external to the documents and/or queries. Pragmatics analysis that focuses on what was 
described is reinterpreted by what it actually meant, deriving the various aspects of 
language that require real world knowledge.



Basic concepts in NLP48



49

NLP + X

Health

Finance

Law

Biology

Service

Education

IT



Academic Conferences50

๏ ACL (Association of Computational Linguistics)
๏ EMNLP ( Conference on Empirical Methods in Natural language Processing)
๏ NAACL (The North American Chapter of the Association for Computational Linguistics) 
๏ Coling ( International Conference on Computational Linguistics)
๏ EACL (European Chapter of ACL)
๏ IJCNLP (International Joint Conference on Natural language Processing)
๏ SIGIR (SIG Information Retrieval)
๏ TREC (Text REtrieval Conference)
๏ SIGKDD (ACM Special Interest Group on Knowledge Discovery in Data)
๏ WWW (The Web Conference)
๏ NeurIPS (Conference on Neural Information Processing Systems)
๏ AAAI (Association for the Advancement of Artificial Intelligence)
๏ ICML, CIKM, ICDM, etc. (See “AI Conference Deadlines”)

https://www.aclweb.org/portal/
https://www.aclweb.org/anthology/venues/emnlp/
https://www.aclweb.org/anthology/venues/naacl/
https://www.aclweb.org/anthology/venues/coling/
https://www.aclweb.org/anthology/venues/eacl/
https://www.aclweb.org/anthology/venues/ijcnlp/
https://sigir.org/
https://trec.nist.gov/
https://www.kdd.org/
https://www2021.thewebconf.org/
https://nips.cc/
https://www.aaai.org/
https://aideadlin.es/?sub=ML,CV,NLP,RO,SP,DM


Books51

๏ No textbook is required
๏ Check the class webpage for more information



Machine Learning and 
Deep Learning
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What is
Machine Learning



Machine Learning Framework54
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What is
Deep Learning



Stacked Functions Learned by Machine

๏ Production line

56

!"!#!$%&'!()*+!,-%./0(1!2   Simple
 Function f 1

  Simple
 Function f 2

  Simple
 Function f 3

Deep Learning Model

f : a very complex function

End-to-end training: what each function should do is learned automatically 
Deep learning usually refers to neural network based model



Stacked Functions Learned by Machine57

Pre-trained LMs

“I love this product”

 Input Layer 1 Layer 2 Layer L  Output

 x1

 x 2

 x N

 …
 …
 …
 …

 …

 y

 Input
 Layer  Hidden Layers

 …  Output
 Layer

 … … … …  … …  … …

  vector x  label y

Features / Representations

Representation Learning attempts to learn good features/representations 
 Deep Learning attempts to learn (multiple levels of) representations and an output



Deep v.s. Shallow: Image Recognition

๏ Shallow model

58

 :hand - crafted  :learned from data
  http://www.robots.ox.ac.uk/~vgg/research/encoding_eval/



Deep v.s. Shallow: Image Recognition

๏ Deep model

59

 Reference: Zeiler , M. D., & Fergus, R. (2014). Visualizing and understanding convolutional networks. In Computer Vision –ECCV 2014 (pp. 818- 833)

 All functions are learned from data

 f 1 f 2 f 3 f 4 “monkey”

 Features / Representations



Machine Learning v.s. Deep Learning60

 Machine Learning

 describing your data with
 features a computer can
 understand

 model learning
 algorithm

 hand-crafted domain-
 specific knowledge

 optimizing the weights
 on features



Machine Learning v.s. Deep Learning61

 Deep Learning

 representations
 learned by machine

 model learning
 algorithm

 automatically learned
 internal knowledge

 optimizing the weights
 on features

 Deep learning usually refers to neural network based model



Inspired by Human Brain62



A Single Neuron63

 Each neuron is a very simple function



Deep Neural Network

๏ Cascading the neurons to form a neural network

64

 A neural network is a complex 
 function:

 Input
  x1

  x 2

  x N

 Layer 1  Layer 2

 …
 …
 …
 …

 …

 Layer L  Output
  y1

  y 2

  y M

 … … … …  … …  … …

<latexit sha1_base64="DDkxEHgAtmULLibGmBZIcHxy8Ks=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAIrsqMKIqrohs3ShX7gHYsmTTThmYmQ5JRytiFv+LGhSJu/Q13/o1pOwttPXDh5Jx7yb3HjzlT2nG+rZnZufmFxdxSfnlldW3d3tisKpFIQitEcCHrPlaUs4hWNNOc1mNJcehzWvN750O/dk+lYiK61f2YeiHuRCxgBGsjtezt4BTd3F2hpmSdrsZSigfzvmzZBafojICmiZuRAmQot+yvZluQJKSRJhwr1XCdWHsplpoRTgf5ZqJojEkPd2jD0AiHVHnpaP8B2jNKGwVCmoo0Gqm/J1IcKtUPfdMZYt1Vk95Q/M9rJDo48VIWxYmmERl/FCQcaYGGYaA2k5Ro3jcEE8nMroh0scREm8jyJgR38uRpUj0oukdF5/qwUDrL4sjBDuzCPrhwDCW4gDJUgMAjPMMrvFlP1ov1bn2MW2esbGYL/sD6/AGOhJUr</latexit>

f : RN ! RM

 Each layer is a simple function in the production line



Why Deep Learning Works65

Big Data GPU



Universal Approximation Theorem

๏ Any continuous function f 

๏ can be realized by a network with one hidden layer

66

http://neuralnetworksanddeeplearning.com/chap4.html

<latexit sha1_base64="DDkxEHgAtmULLibGmBZIcHxy8Ks=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAIrsqMKIqrohs3ShX7gHYsmTTThmYmQ5JRytiFv+LGhSJu/Q13/o1pOwttPXDh5Jx7yb3HjzlT2nG+rZnZufmFxdxSfnlldW3d3tisKpFIQitEcCHrPlaUs4hWNNOc1mNJcehzWvN750O/dk+lYiK61f2YeiHuRCxgBGsjtezt4BTd3F2hpmSdrsZSigfzvmzZBafojICmiZuRAmQot+yvZluQJKSRJhwr1XCdWHsplpoRTgf5ZqJojEkPd2jD0AiHVHnpaP8B2jNKGwVCmoo0Gqm/J1IcKtUPfdMZYt1Vk95Q/M9rJDo48VIWxYmmERl/FCQcaYGGYaA2k5Ro3jcEE8nMroh0scREm8jyJgR38uRpUj0oukdF5/qwUDrL4sjBDuzCPrhwDCW4gDJUgMAjPMMrvFlP1ov1bn2MW2esbGYL/sD6/AGOhJUr</latexit>

f : RN ! RM

http://neuralnetworksanddeeplearning.com/chap4.html


How to Frame the Learning Problem

๏ The learning algorithm f is to map the input domain X to output domain Y 

๏ Input domain: word, word sequence, image, audio, video, click logs, brain signal … 

๏ Output domain: single label, tag sequence, tree structure, probabilistic distribution …

67



Training Deep Neural 
Networks by Gradient 

Descent



Machine Learning Framework69



Training Procedure

๏ Q1: What is the model? (function hypothesis set) 

๏ Q2: What does a good function mean? 

๏ Q3: How do we pick the “best” function?

70



71

What is the model?
Neural Networks



Neural Network Formulation72



Why Non-Linearity?73



74

What does the “good” 
function mean?
Loss Function



Function = Model Parameters75



Model Parameter Measurement76

 ◉ Define a function to measure the quality of a parameter set θ
 ○  Evaluating by a loss/cost/error function C(θ) → how bad θ is
 ○  Best model parameter set

 ○  Evaluating by an objective/reward function O(θ) → how good θ is
 ○  Best model parameter set



Loss Function Example77



Frequent Loss Functions

๏ Squared Error Loss 

๏ Hinge Loss 

๏ Binary Cross Entropy Loss 

๏ Multi-Class Cross Entropy Loss

78

https://www.analyticsvidhya.com/blog/2019/08/detailed-guide-7-loss-functions-machine-learning-python-code/

https://www.analyticsvidhya.com/blog/2019/08/detailed-guide-7-loss-functions-machine-learning-python-code/


79

How can we pick the 
“best” function? 

Optimization



Problem Statement80



Gradient Descent for Optimization81



Gradient Descent for Optimization82



Gradient Descent for Optimization83



Gradient Descent for Optimization84



Gradient Descent for Optimization85



86

How to efficiently 
compute the 
gradients? 

Backpropagation



Forward v.s. Backpropagation87

Why backward? 
Reduce the redundant computations 
(same computation repreated for 
different parameters. e.g., w, b)
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Chain Rule89



Gradient Descent for Neural Networks90



Concluding Remarks91



Language Modeling



You Use Language Models Everyday93



What is Language Modeling94

๏ Language Modeling is the task of predicting what word comes next.



What is Language Modeling95

๏ Language Model (LM) is a system that estimates the probability of a piece 
of text (a word sequence)

<latexit sha1_base64="Dd74tnGF6UaXtx3cChS0AZSQ6kc=">AAACB3icbVBNS8MwGE79nPOr6lGQ4BA2kNEORY9DLx4n7Au2OtI03cLStCSpOEpvXvwrXjwo4tW/4M1/Y9b1oJsPhPfJ87wvyfu4EaNSWda3sbS8srq2Xtgobm5t7+yae/ttGcYCkxYOWSi6LpKEUU5aiipGupEgKHAZ6bjj66nfuSdC0pA31SQiToCGnPoUI6WlgXn0cJeU7Up6Oq01XfvYC5XMrs1KOjBLVtXKABeJnZMSyNEYmF99L8RxQLjCDEnZs61IOQkSimJG0mI/liRCeIyGpKcpRwGRTpLtkcITrXjQD4U+XMFM/T2RoEDKSeDqzgCpkZz3puJ/Xi9W/qWTUB7FinA8e8iPGVQhnIYCPSoIVmyiCcKC6r9CPEICYaWjK+oQ7PmVF0m7VrXPq9btWal+lcdRAIfgGJSBDS5AHdyABmgBDB7BM3gFb8aT8WK8Gx+z1iUjnzkAf2B8/gCvGZfs</latexit>

x(1), x(2), · · · , x(T )

<latexit sha1_base64="Z822jTfYUaYkzF4Xo4IUGKwy5g8="></latexit>

P (x(1), x(2), · · · , x(T )) = P (x(1))⇥ P (x(2)|x(1))⇥ · · ·⇥ P (x(T )|x(T�1), · · · , x(1))

=
TY

t=1

P (x(t)|x(t�1), · · · , x(1))

Given a sequence of words:

Estimate the probability:

This is what a LM provides
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V = {w1, · · · , w|V |}
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x(i)where         can be any word in a vocabulary



Language Models are Changing Everything 96

Machine Learning Code
https://machinelearningtokyo.com/2020/07/26/10-cool-gpt-3-demos/

Design



How to Learn a 
Language Model?
N-gram Language 

Models



N-gram Language Models98

๏ A n-gram is a chunk of n consecutive words. 
Given a piece of text: “the students opened their …” 
• unigrams: “the”, “students”, “opened”, “their” 
• bigrams: “the students”, “students opened”, “opened their” 
• trigrams: “the students opened”, “students opened their” 
• 4-grams: “the students opened their” 

๏ Idea (before deep learning): Collect statistics about how frequent different n-
grams are, and use these to predict next word.



N-gram Language Models99

๏ First we make a Markov assumption:         depends only on the preceding 
(n-1) words: 

๏ We get these n-gram and (n-1)-gram probabilities by counting them in 
some large corpus of text!

<latexit sha1_base64="L3oIm+jfrBOvVT6kypNS8Eq3JS4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahIpRdUfRY9OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328ktLa+sruXXCxubW9s7xd29ho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8HriNx+p0iySd2YUU1/gvmQhI9hY6f7pIS2bE+943C2W3Io7BVokXkZKkKHWLX51ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n04DE6skoPhZGyJQ2aqr8nUiy0HonAdgpsBnrem4j/ee3EhJd+ymScGCrJbFGYcGQiNPke9ZiixPCRJZgoZm9FZIAVJsZmVLAhePMvL5LGacU7r7i3Z6XqVRZHHg7gEMrgwQVU4QZqUAcCAp7hFd4c5bw4787HrDXnZDP78AfO5w/YYo/H</latexit>

x(t+1)

<latexit sha1_base64="5/ZKO1Q3wtlZQ3hgz37ppSFZ4h4="></latexit>

P (x(t+1)|x(t), · · · , x(1)) = P (x(t+1)|x(t), · · · , x(t�n+2))

=
P (x(t+1), x(t), · · · , x(t�n+2))

P (x(t), · · · , x(t�n+2))

⇡ count(x(t+1), x(t), · · · , x(t�n+2))

count(x(t), · · · , x(t�n+2))

n-1 words
(assumption)

(conditional probability)

(statistical approximation)



N-gram Language Models: Example100

๏ Suppose we are learning a 4-gram Language Model 

๏ For example, suppose that in the corpus: 
• “students opened their” occurred 1000 times 
• If “students opened their books” occurred 400 times 

• “students opened their exams” occurred 100 times 

<latexit sha1_base64="v7G6eoA4SkB6PmeziAEGcy92lLs="></latexit>

P (w|students opened their) =
count(students opened their w)

count(students opened their)

<latexit sha1_base64="jT5YxK7gFBk41FVtbUEaaNveV5U=">AAACG3icbVDLSgMxFM34tr6qLt0Ei6CbMlMquhFENy4rWC20pWQyt21oJhmSO2IZ+x9u/BU3LhRxJbjwb0wfC7UeCJycc+9N7gkTKSz6/pc3Mzs3v7C4tJxbWV1b38hvbl1bnRoOVa6lNrWQWZBCQRUFSqglBlgcSrgJe+dD/+YWjBVaXWE/gWbMOkq0BWfopFa+VNlvINxhFmrds4P78cViGoFCS3UCCiKKXRBmcEBPqF8st/IFv+iPQKdJMCEFMkGllf9oRJqnsZvIJbO2HvgJNjNmUHAJg1wjtZAw3mMdqDuqWAy2mY12G9A9p0S0rY07CulI/dmRsdjafhy6yphh1/71huJ/Xj3F9nEzEypJERQfP9ROJUVNh0HRSBjgKPuOMG6E+yvlXWYYRxdnzoUQ/F15mlyXisFh0b8sF07PJnEskR2yS/ZJQI7IKbkgFVIlnDyQJ/JCXr1H79l7897HpTPepGeb/IL3+Q03N6Fw</latexit>

P (books|students opened their) = 0.4

<latexit sha1_base64="ojqWSGe1tvUD7Fckn7WJhAgqUGk=">AAACG3icbVDLSgMxFM34tr5GXboJFkE3ZUYU3QhFNy4rWFtoh5LJ3NpgJjMkd6Rl7H+48VfcuFDEleDCvzFtZ+HrQODknHuTe0+YSmHQ8z6dqemZ2bn5hcXS0vLK6pq7vnFlkkxzqPNEJroZMgNSKKijQAnNVAOLQwmN8OZs5DduQRuRqEscpBDE7FqJruAMrdRx92u7bYQ+5tBnsRneTS4GswgUGpqkoCCi2AOhh3v0hHoVv+OWvYo3Bv1L/IKUSYFax31vRwnPYvsil8yYlu+lGORMo+AShqV2ZiBl/IZdQ8tSxWIwQT7ebUh3rBLRbqLtUUjH6veO3I5tBnFoK2OGPfPbG4n/ea0Mu8dBLlSaISg++aibSYoJHQVFI6GBoxxYwrgWdlbKe0wzjjbOkg3B/73yX3K1X/EPK97FQbl6WsSxQLbINtklPjkiVXJOaqROOLknj+SZvDgPzpPz6rxNSqecomeT/IDz8QUyuKFt</latexit>

P (exams|students opened their) = 0.1

as the proctor started the clock, the students opened their ____

Shall we discard the 
context “proctor”?



N-gram Language Models in Practice101 n-gram Language Models in practice

• You can build a simple trigram Language Model over a 
1.7 million word corpus (Reuters) in a few seconds on your laptop*

today the _______

* Try for yourself: https://nlpforhackers.io/language-models/Otherwise, seems reasonable!

company 0.153
bank 0.153
price 0.077
italian 0.039
emirate 0.039

…

get probability 
distribution

Sparsity problem: 
not much granularity 

in the probability 
distribution

Business and financial news

24



Generating Text with a N-gram Language Model102 Generating text with a n-gram Language Model

• You can also use a Language Model to generate text.

today the _______

condition on this

company 0.153
bank 0.153
price 0.077
italian 0.039
emirate 0.039

…

get probability 
distribution

sample

25



Generating Text with a N-gram Language Model103 Generating text with a n-gram Language Model

• You can also use a Language Model to generate text.

today the price _______

condition on this

of 0.308
for 0.050
it 0.046
to 0.046
is 0.031

…

get probability 
distribution

sample

26



Generating Text with a N-gram Language Model104 Generating text with a n-gram Language Model

• You can also use a Language Model to generate text.

today the price of _______

condition on this

the 0.072
18 0.043
oil 0.043
its 0.036
gold 0.018

…

get probability 
distribution

sample

27



Generating Text with a N-gram Language Model105 Generating text with a n-gram Language Model

• You can also use a Language Model to generate text.

today the price of gold _______

28



Generating Text with a N-gram Language Model106 Generating text with a n-gram Language Model

• You can also use a Language Model to generate text.

today the price of gold per ton , while production of shoe 
lasts and shoe industry , the bank intervened just after it 
considered and rejected an imf demand to rebuild depleted 
european stocks , sept 30 end primary 76 cts a share .

Surprisingly grammatical!

…but incoherent. We need to consider more than 
three words at a time if we want to model language well.

But increasing n worsens sparsity problem, 
and increases model size…

29



Neural Language 
Modeling and RNN

the students opened their exam …
<latexit sha1_base64="1GUq3kV+kK1yNIdwybCGZTk3vJ8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pOXq+bRXLLkVdw6ySryMlCBDvVf86vYjloRcIZPUmI7nxuinVKNgkk8L3cTwmLIxHfKOpYqG3Pjp/NwpObNKnwwibUshmau/J1IaGjMJA9sZUhyZZW8m/ud1Ehxc+6lQcYJcscWiQSIJRmT2O+kLzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LiXVbcu2qpVs3iyMMJnEIZPLiCGtxCHRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPmI6PCQ==</latexit>

x(4)
<latexit sha1_base64="7WRA7Bp1ZZcsUJL9gMLP1zwOYe0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexqRI8BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLV2cTXqFolt2ZyDLxMtIETLUeoWvTj9iSYjSMEG1bntubLopVYYzgZN8J9EYUzaiA2xbKmmIupvOzp2QU6v0SRApW9KQmfp7IqWh1uPQt50hNUO96E3F/7x2YoLrbsplnBiUbL4oSAQxEZn+TvpcITNibAllittbCRtSRZmxCeVtCN7iy8ukcV72LsvuXaVYrWRx5OAYTqAEHlxBFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPlwiPCA==</latexit>

x(3)
<latexit sha1_base64="rIE+JjjFSX5nOyucDZs2lbaz+8k=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyGiB4DXjxGMA9I1jA76SRDZmeXmVkxLPkILx4U8er3ePNvnCR70MSChqKqm+6uIBZcG9f9dtbWNza3tnM7+d29/YPDwtFxU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjm5nfekSleSTvzSRGP6RDyQecUWOl1tNDWqpcTHuFolt25yCrxMtIETLUe4Wvbj9iSYjSMEG17nhubPyUKsOZwGm+m2iMKRvTIXYslTRE7afzc6fk3Cp9MoiULWnIXP09kdJQ60kY2M6QmpFe9mbif14nMYNrP+UyTgxKtlg0SAQxEZn9TvpcITNiYgllittbCRtRRZmxCeVtCN7yy6ukWSl7l2X3rlqsVbM4cnAKZ1ACD66gBrdQhwYwGMMzvMKbEzsvzrvzsWhdc7KZE/gD5/MHlYKPBw==</latexit>

x(2)
<latexit sha1_base64="Mu7SJEIdv9T4WVSfnNRt/fzA9l4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pGXvfNorltyKOwdZJV5GSpCh3it+dfsRS0KukElqTMdzY/RTqlEwyaeFbmJ4TNmYDnnHUkVDbvx0fu6UnFmlTwaRtqWQzNXfEykNjZmEge0MKY7MsjcT//M6CQ6u/VSoOEGu2GLRIJEEIzL7nfSF5gzlxBLKtLC3EjaimjK0CRVsCN7yy6ukeVHxLivuXbVUq2Zx5OEETqEMHlxBDW6hDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHk/yPBg==</latexit>

x(1)

<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E

<latexit sha1_base64="H1tgEPbSFxo+2gStagTlXxKYM3Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipjY9ZxbuY9ktlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB02Iv1ZhQNqZD7FoqaYTaz+bnTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCRRuCt/zyKmldVr2rqntfK9dreRwFOIUzqIAH11CHO2hAExiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QN2vo7z</latexit>

e(1)
<latexit sha1_base64="ZdMawaUIyMpizine7zxPtUiFb4A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3RPQY8OIxgnlAEsPspDcZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSHZ9qFFxi03AjsBMrpKEvsO1Pbud++wmV5pF8MNMY+yEdSR5wRo2V2viYlquXs0Gx5FbcBcg68TJSggyNQfGrN4xYEqI0TFCtu54bm35KleFM4KzQSzTGlE3oCLuWShqi7qeLc2fkwipDEkTKljRkof6eSGmo9TT0bWdIzVivenPxP6+bmOCmn3IZJwYlWy4KEkFMROa/kyFXyIyYWkKZ4vZWwsZUUWZsQgUbgrf68jppVSveVcW9r5XqtSyOPJzBOZTBg2uowx00oAkMJvAMr/DmxM6L8+58LFtzTjZzCn/gfP4AeESO9A==</latexit>

e(2)
<latexit sha1_base64="tIjSZOZh2iOR4NUeTxKMJu9UiIQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMePEYwTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz328mtrW9sbuW3Czu7e/sHxcOjpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGtzO/9YRK80g+mEmMfkiHkg84o8ZKLXxMy5fn016x5FbcOcgq8TJSggz1XvGr249YEqI0TFCtO54bGz+lynAmcFroJhpjysZ0iB1LJQ1R++n83Ck5s0qfDCJlSxoyV39PpDTUehIGtjOkZqSXvZn4n9dJzODGT7mME4OSLRYNEkFMRGa/kz5XyIyYWEKZ4vZWwkZUUWZsQgUbgrf88ippXlS8q4p7Xy3VqlkceTiBUyiDB9dQgzuoQwMYjOEZXuHNiZ0X5935WLTmnGzmGP7A+fwBecqO9Q==</latexit>

e(3)
<latexit sha1_base64="7IoqUNaRqHXYffxsju0jj8hSn1g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipjY9ZpXYx7ZfKbtWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n83PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiEijYEb/nlVdK6rHpXVfe+Vq7X8jgKcApnUAEPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wd7UI72</latexit>

e(4)

<latexit sha1_base64="uEXhnHCNL/hUULOysMRR4EP5LjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlevuve1SqOWx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHyVWjak=</latexit>

We
<latexit sha1_base64="uEXhnHCNL/hUULOysMRR4EP5LjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlevuve1SqOWx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHyVWjak=</latexit>

We
<latexit sha1_base64="uEXhnHCNL/hUULOysMRR4EP5LjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlevuve1SqOWx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHyVWjak=</latexit>

We
<latexit sha1_base64="uEXhnHCNL/hUULOysMRR4EP5LjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlevuve1SqOWx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHyVWjak=</latexit>

We

<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh

<latexit sha1_base64="vTJwjnoLsznN3oyGpisACvyrZnY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipPXrMKu7FtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0nrsupdVd37Wrley+MowCmcQQU8uIY63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx951o71</latexit>

h(0)
<latexit sha1_base64="kOU+Clw2rkiYf+UEgtdWmnlPGOE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipPXrMKt7FtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0nrsupdVd37Wrley+MowCmcQQU8uIY63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx97XI72</latexit>

h(1)
<latexit sha1_base64="hrW1dPXuDiU6wBajnIQkvpnKjPU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3RPQY8OIxgnlAsobZySQZMju7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSnYAaLoXiTRQoeSfWnIaB5O1gcjv3209cGxGpB5zG3A/pSImhYBSt1B4/puXq5axfLLkVdwGyTryMlCBDo1/86g0iloRcIZPUmK7nxuinVKNgks8KvcTwmLIJHfGupYqG3Pjp4twZubDKgAwjbUshWai/J1IaGjMNA9sZUhybVW8u/ud1Exze+KlQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1rxrirufa1Ur2Vx5OEMzqEMHlxDHe6gAU1gMIFneIU3J3ZenHfnY9mac7KZU/gD5/MHfOKO9w==</latexit>

h(2)
<latexit sha1_base64="1efMth+1yd+o8fNiuJfwDEzE378=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMePEYwTwgiWF2MpsMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7/FgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnptk8Nl0LxBgqUvB1rTkNf8pY/vp35rSeujYjUA05i3gvpUIlAMIpWao0e0/Ll+bRfLLkVdw6ySryMlCBDvV/86g4iloRcIZPUmI7nxthLqUbBJJ8WuonhMWVjOuQdSxUNueml83On5MwqAxJE2pZCMld/T6Q0NGYS+rYzpDgyy95M/M/rJBjc9FKh4gS5YotFQSIJRmT2OxkIzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LiXVXc+2qpVs3iyMMJnEIZPLiGGtxBHRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPfmiO+A==</latexit>

h(3)
<latexit sha1_base64="y4fs70LR1+0Nix0q0VE5DGnh7ks=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFK7dFjVqldTPulslt15yCrxMtJGXI0+qWv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/Nz52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLQheMsvr5LWZdW7qrr3tXK9lsdRgFM4gwp4cA11uIMGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz9/7o75</latexit>

h(4)

<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>

U
<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>

U
<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>

U
<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>

U

<latexit sha1_base64="j+9VE+xhHH+RqKh7HY5F8snBlz8=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI8BLx4jmAcka5idzCZDZh/O9AaWJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxVJotO1va219Y3Nru7BT3N3bPzgsHR23dJQoxpsskpHqeFRzKULeRIGSd2LFaeBJ3vbGtzO/PeFKiyh8wDTmbkCHofAFo2gktzeimKXTx6ziXEz7pbJdtecgq8TJSRlyNPqlr94gYknAQ2SSat117BjdjCoUTPJpsZdoHlM2pkPeNTSkAdduNj96Ss6NMiB+pEyFSObq74mMBlqngWc6A4ojvezNxP+8boL+jZuJME6Qh2yxyE8kwYjMEiADoThDmRpCmRLmVsJGVFGGJqeiCcFZfnmVtC6rzlXVvq+V67U8jgKcwhlUwIFrqMMdNKAJDJ7gGV7hzZpYL9a79bFoXbPymRP4A+vzB284kdQ=</latexit>

ŷ(1)
<latexit sha1_base64="gqtlIQRJNJaUtttQlu0wvORVxFQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkpSKnosePFYwX5AG8tmu2mXbjZxd1MIIb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8yLOlLbtb6uwsbm1vVPcLe3tHxwelY9POiqMJaFtEvJQ9jysKGeCtjXTnPYiSXHgcdr1prdzvzujUrFQPOgkom6Ax4L5jGBtJHcwwTpNsse0Wr/MhuWKXbMXQOvEyUkFcrSG5a/BKCRxQIUmHCvVd+xIuymWmhFOs9IgVjTCZIrHtG+owAFVbro4OkMXRhkhP5SmhEYL9fdEigOlksAznQHWE7XqzcX/vH6s/Rs3ZSKKNRVkuciPOdIhmieARkxSonliCCaSmVsRmWCJiTY5lUwIzurL66RTrzlXNfu+UWk28jiKcAbnUAUHrqEJd9CCNhB4gmd4hTdrZr1Y79bHsrVg5TOn8AfW5w9wvpHV</latexit>

ŷ(2)
<latexit sha1_base64="sRP6LXElsWUQh66FX4P2/Z3hc8M=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkqiFT0WvHisYD+gjWWz3bRLN5u4uymEkN/hxYMiXv0x3vw3btsctPXBwOO9GWbmeRFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k9uZ35lSqVgoHnQSUTfAI8F8RrA2ktsfY50m2WNavTzPBuWKXbPnQKvEyUkFcjQH5a/+MCRxQIUmHCvVc+xIuymWmhFOs1I/VjTCZIJHtGeowAFVbjo/OkNnRhkiP5SmhEZz9fdEigOlksAznQHWY7XszcT/vF6s/Rs3ZSKKNRVksciPOdIhmiWAhkxSonliCCaSmVsRGWOJiTY5lUwIzvLLq6R9UXOuavZ9vdKo53EU4QROoQoOXEMD7qAJLSDwBM/wCm/W1Hqx3q2PRWvBymeO4Q+szx9yRJHW</latexit>

ŷ(3)
<latexit sha1_base64="eUgxRriYzAoipcg/farZDNwqXGk=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI8BLx4jmAcka5idzCZDZh/O9AaWJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxVJotO1va219Y3Nru7BT3N3bPzgsHR23dJQoxpsskpHqeFRzKULeRIGSd2LFaeBJ3vbGtzO/PeFKiyh8wDTmbkCHofAFo2gktzeimKXTx6xSu5j2S2W7as9BVomTkzLkaPRLX71BxJKAh8gk1brr2DG6GVUomOTTYi/RPKZsTIe8a2hIA67dbH70lJwbZUD8SJkKkczV3xMZDbROA890BhRHetmbif953QT9GzcTYZwgD9likZ9IghGZJUAGQnGGMjWEMiXMrYSNqKIMTU5FE4Kz/PIqaV1WnauqfV8r12t5HAU4hTOogAPXUIc7aEATGDzBM7zCmzWxXqx362PRumblMyfwB9bnD3PKkdc=</latexit>

ŷ(4)

<latexit sha1_base64="HgPHBXc01hulgEDQseJQdrvtC0Q=">AAAB+HicbVBNS8NAEJ34WetHox69BIvQXkoiFT0WvIinCvYD2lg22227dLMJuxOhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL4gF1+i639ba+sbm1nZuJ7+7t39QsA+PmjpKFGUNGolItQOimeCSNZCjYO1YMRIGgrWC8fXMbz0ypXkk73ESMz8kQ8kHnBI0Us8u3D6kJa88LXVxxJCUe3bRrbhzOKvEy0gRMtR79le3H9EkZBKpIFp3PDdGPyUKORVsmu8mmsWEjsmQdQyVJGTaT+eHT50zo/SdQaRMSXTm6u+JlIRaT8LAdIYER3rZm4n/eZ0EB1d+ymWcIJN0sWiQCAcjZ5aC0+eKURQTQwhV3Nzq0BFRhKLJKm9C8JZfXiXN84p3UXHvqsVaNYsjBydwCiXw4BJqcAN1aACFBJ7hFd6sJ+vFerc+Fq1rVjZzDH9gff4ANy+SHA==</latexit>

J (1)(✓)
<latexit sha1_base64="WvKwNFRLdGFo2FyXRyDCH3Vepio=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI7aUkpaLHghfxVMF+QBvLZrtpl242YXci1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vmx4Boc59vKbWxube/kdwt7+weHRfvouK2jRFHWopGIVNcnmgkuWQs4CNaNFSOhL1jHn1zP/c4jU5pH8h6mMfNCMpI84JSAkQZ28fYhLdcqs3IfxgxIZWCXnKqzAF4nbkZKKENzYH/1hxFNQiaBCqJ1z3Vi8FKigFPBZoV+ollM6ISMWM9QSUKmvXRx+AyfG2WIg0iZkoAX6u+JlIRaT0PfdIYExnrVm4v/eb0Egisv5TJOgEm6XBQkAkOE5yngIVeMgpgaQqji5lZMx0QRCiarggnBXX15nbRrVfei6tzVS416FkcenaIzVEYuukQNdIOaqIUoStAzekVv1pP1Yr1bH8vWnJXNnKA/sD5/ADi9kh0=</latexit>

J (2)(✓)
<latexit sha1_base64="Ky4S4z9Q88gb38fpVoej1u0uTGY=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI7aUkWtFjwYt4qmA/oI1ls920SzebsDsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/xYcA2O823l1tY3Nrfy24Wd3b39on1w2NJRoihr0khEquMTzQSXrAkcBOvEipHQF6ztj69nfvuRKc0jeQ+TmHkhGUoecErASH27ePuQls8r03IPRgxIpW+XnKozB14lbkZKKEOjb3/1BhFNQiaBCqJ113Vi8FKigFPBpoVeollM6JgMWddQSUKmvXR++BSfGmWAg0iZkoDn6u+JlIRaT0LfdIYERnrZm4n/ed0Egisv5TJOgEm6WBQkAkOEZyngAVeMgpgYQqji5lZMR0QRCiarggnBXX55lbTOqu5F1bmrleq1LI48OkYnqIxcdInq6AY1UBNRlKBn9IrerCfrxXq3PhatOSubOUJ/YH3+ADpLkh4=</latexit>

J (3)(✓)
<latexit sha1_base64="d9tvgshuqYTvpW0i+Od9g07H7Wc=">AAAB+HicbVBNS8NAEJ34WetHox69BIvQXkoiFT0WvIinCvYD2lg22227dLMJuxOhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL4gF1+i639ba+sbm1nZuJ7+7t39QsA+PmjpKFGUNGolItQOimeCSNZCjYO1YMRIGgrWC8fXMbz0ypXkk73ESMz8kQ8kHnBI0Us8u3D6kpWp5WuriiCEp9+yiW3HncFaJl5EiZKj37K9uP6JJyCRSQbTueG6MfkoUcirYNN9NNIsJHZMh6xgqSci0n84PnzpnRuk7g0iZkujM1d8TKQm1noSB6QwJjvSyNxP/8zoJDq78lMs4QSbpYtEgEQ5GziwFp88VoygmhhCquLnVoSOiCEWTVd6E4C2/vEqa5xXvouLeVYu1ahZHDk7gFErgwSXU4Abq0AAKCTzDK7xZT9aL9W59LFrXrGzmGP7A+vwBO9mSHw==</latexit>

J (4)(✓)
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๏ Estimate                                    not from count, but from neural 
network prediction

<latexit sha1_base64="f3i3UXzF9qsejKUMJUqNvTygZkA=">AAACEnicbZDNSsNAFIUn9a/Wv6pLN4NFaFBLIoouRTcuK1grtLVMJhM7dDIJMzdiiXkGN76KGxeKuHXlzrdxmnah1QMDH+fey517vFhwDY7zZRWmpmdm54rzpYXFpeWV8urapY4SRVmDRiJSVx7RTHDJGsBBsKtYMRJ6gjW9/umw3rxlSvNIXsAgZp2Q3EgecErAWN2yXa/eXadV2Hbt7D4nO9vBbepHoHdwbuzK7T07s7vlilNzcuG/4I6hgsaqd8ufbT+iScgkUEG0brlODJ2UKOBUsKzUTjSLCe2TG9YyKEnIdCfNT8rwlnF8HETKPAk4d39OpCTUehB6pjMk0NOTtaH5X62VQHDUSbmME2CSjhYFicAQ4WE+2OeKURADA4Qqbv6KaY8oQsGkWDIhuJMn/4XLvZp7UHPO9yvHJ+M4imgDbaIqctEhOkZnqI4aiKIH9IRe0Kv1aD1bb9b7qLVgjWfW0S9ZH9+UnpuE</latexit>

P (x(t+1)|x(t), · · · , x(t�n+2))A fixed-window neural Language Model

the students opened their

books
laptops

concatenated word embeddings

words / one-hot vectors 

hidden layer

a zoo

output distribution 

32

the students opened their

books

<latexit sha1_base64="1GUq3kV+kK1yNIdwybCGZTk3vJ8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pOXq+bRXLLkVdw6ySryMlCBDvVf86vYjloRcIZPUmI7nxuinVKNgkk8L3cTwmLIxHfKOpYqG3Pjp/NwpObNKnwwibUshmau/J1IaGjMJA9sZUhyZZW8m/ud1Ehxc+6lQcYJcscWiQSIJRmT2O+kLzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LiXVbcu2qpVs3iyMMJnEIZPLiCGtxCHRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPmI6PCQ==</latexit>

x(4)
<latexit sha1_base64="7WRA7Bp1ZZcsUJL9gMLP1zwOYe0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexqRI8BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLV2cTXqFolt2ZyDLxMtIETLUeoWvTj9iSYjSMEG1bntubLopVYYzgZN8J9EYUzaiA2xbKmmIupvOzp2QU6v0SRApW9KQmfp7IqWh1uPQt50hNUO96E3F/7x2YoLrbsplnBiUbL4oSAQxEZn+TvpcITNibAllittbCRtSRZmxCeVtCN7iy8ukcV72LsvuXaVYrWRx5OAYTqAEHlxBFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPlwiPCA==</latexit>

x(3)
<latexit sha1_base64="rIE+JjjFSX5nOyucDZs2lbaz+8k=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyGiB4DXjxGMA9I1jA76SRDZmeXmVkxLPkILx4U8er3ePNvnCR70MSChqKqm+6uIBZcG9f9dtbWNza3tnM7+d29/YPDwtFxU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjm5nfekSleSTvzSRGP6RDyQecUWOl1tNDWqpcTHuFolt25yCrxMtIETLUe4Wvbj9iSYjSMEG17nhubPyUKsOZwGm+m2iMKRvTIXYslTRE7afzc6fk3Cp9MoiULWnIXP09kdJQ60kY2M6QmpFe9mbif14nMYNrP+UyTgxKtlg0SAQxEZn9TvpcITNiYgllittbCRtRRZmxCeVtCN7yy6ukWSl7l2X3rlqsVbM4cnAKZ1ACD66gBrdQhwYwGMMzvMKbEzsvzrvzsWhdc7KZE/gD5/MHlYKPBw==</latexit>

x(2)
<latexit sha1_base64="Mu7SJEIdv9T4WVSfnNRt/fzA9l4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pGXvfNorltyKOwdZJV5GSpCh3it+dfsRS0KukElqTMdzY/RTqlEwyaeFbmJ4TNmYDnnHUkVDbvx0fu6UnFmlTwaRtqWQzNXfEykNjZmEge0MKY7MsjcT//M6CQ6u/VSoOEGu2GLRIJEEIzL7nfSF5gzlxBLKtLC3EjaimjK0CRVsCN7yy6ukeVHxLivuXbVUq2Zx5OEETqEMHlxBDW6hDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHk/yPBg==</latexit>

x(1)

<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E

<latexit sha1_base64="H1tgEPbSFxo+2gStagTlXxKYM3Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipjY9ZxbuY9ktlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB02Iv1ZhQNqZD7FoqaYTaz+bnTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCRRuCt/zyKmldVr2rqntfK9dreRwFOIUzqIAH11CHO2hAExiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QN2vo7z</latexit>

e(1)
<latexit sha1_base64="ZdMawaUIyMpizine7zxPtUiFb4A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3RPQY8OIxgnlAEsPspDcZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSHZ9qFFxi03AjsBMrpKEvsO1Pbud++wmV5pF8MNMY+yEdSR5wRo2V2viYlquXs0Gx5FbcBcg68TJSggyNQfGrN4xYEqI0TFCtu54bm35KleFM4KzQSzTGlE3oCLuWShqi7qeLc2fkwipDEkTKljRkof6eSGmo9TT0bWdIzVivenPxP6+bmOCmn3IZJwYlWy4KEkFMROa/kyFXyIyYWkKZ4vZWwsZUUWZsQgUbgrf68jppVSveVcW9r5XqtSyOPJzBOZTBg2uowx00oAkMJvAMr/DmxM6L8+58LFtzTjZzCn/gfP4AeESO9A==</latexit>

e(2)
<latexit sha1_base64="tIjSZOZh2iOR4NUeTxKMJu9UiIQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMePEYwTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz328mtrW9sbuW3Czu7e/sHxcOjpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGtzO/9YRK80g+mEmMfkiHkg84o8ZKLXxMy5fn016x5FbcOcgq8TJSggz1XvGr249YEqI0TFCtO54bGz+lynAmcFroJhpjysZ0iB1LJQ1R++n83Ck5s0qfDCJlSxoyV39PpDTUehIGtjOkZqSXvZn4n9dJzODGT7mME4OSLRYNEkFMRGa/kz5XyIyYWEKZ4vZWwkZUUWZsQgUbgrf88ippXlS8q4p7Xy3VqlkceTiBUyiDB9dQgzuoQwMYjOEZXuHNiZ0X5935WLTmnGzmGP7A+fwBecqO9Q==</latexit>

e(3)
<latexit sha1_base64="7IoqUNaRqHXYffxsju0jj8hSn1g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipjY9ZpXYx7ZfKbtWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n83PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiEijYEb/nlVdK6rHpXVfe+Vq7X8jgKcApnUAEPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wd7UI72</latexit>

e(4)

<latexit sha1_base64="m32RULnCC1Fvwc9S5rz3zdAj6nw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp611W3WavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBsVGM0Q==</latexit>

W

<latexit sha1_base64="sLdQEzCgj86VscioSEOzr5Sx0Zg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp611W3WavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwByxWM4g==</latexit>

h

<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>

U

a zoo

laptops
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๏ Improvements to n-gram LM 
• No sparsity problem 
• Don’t need to store all observed n-grams 

๏ Remaining problems 
• Fixed window is too small 
• Enlarging window enlarges W 
• Words in different positions are 

multiplied by different W, no symmetry 
in how the inputs are processed. the students opened their

books

<latexit sha1_base64="1GUq3kV+kK1yNIdwybCGZTk3vJ8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pOXq+bRXLLkVdw6ySryMlCBDvVf86vYjloRcIZPUmI7nxuinVKNgkk8L3cTwmLIxHfKOpYqG3Pjp/NwpObNKnwwibUshmau/J1IaGjMJA9sZUhyZZW8m/ud1Ehxc+6lQcYJcscWiQSIJRmT2O+kLzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LiXVbcu2qpVs3iyMMJnEIZPLiCGtxCHRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPmI6PCQ==</latexit>

x(4)
<latexit sha1_base64="7WRA7Bp1ZZcsUJL9gMLP1zwOYe0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexqRI8BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLV2cTXqFolt2ZyDLxMtIETLUeoWvTj9iSYjSMEG1bntubLopVYYzgZN8J9EYUzaiA2xbKmmIupvOzp2QU6v0SRApW9KQmfp7IqWh1uPQt50hNUO96E3F/7x2YoLrbsplnBiUbL4oSAQxEZn+TvpcITNibAllittbCRtSRZmxCeVtCN7iy8ukcV72LsvuXaVYrWRx5OAYTqAEHlxBFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPlwiPCA==</latexit>

x(3)
<latexit sha1_base64="rIE+JjjFSX5nOyucDZs2lbaz+8k=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyGiB4DXjxGMA9I1jA76SRDZmeXmVkxLPkILx4U8er3ePNvnCR70MSChqKqm+6uIBZcG9f9dtbWNza3tnM7+d29/YPDwtFxU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjm5nfekSleSTvzSRGP6RDyQecUWOl1tNDWqpcTHuFolt25yCrxMtIETLUe4Wvbj9iSYjSMEG17nhubPyUKsOZwGm+m2iMKRvTIXYslTRE7afzc6fk3Cp9MoiULWnIXP09kdJQ60kY2M6QmpFe9mbif14nMYNrP+UyTgxKtlg0SAQxEZn9TvpcITNiYgllittbCRtRRZmxCeVtCN7yy6ukWSl7l2X3rlqsVbM4cnAKZ1ACD66gBrdQhwYwGMMzvMKbEzsvzrvzsWhdc7KZE/gD5/MHlYKPBw==</latexit>

x(2)
<latexit sha1_base64="Mu7SJEIdv9T4WVSfnNRt/fzA9l4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pGXvfNorltyKOwdZJV5GSpCh3it+dfsRS0KukElqTMdzY/RTqlEwyaeFbmJ4TNmYDnnHUkVDbvx0fu6UnFmlTwaRtqWQzNXfEykNjZmEge0MKY7MsjcT//M6CQ6u/VSoOEGu2GLRIJEEIzL7nfSF5gzlxBLKtLC3EjaimjK0CRVsCN7yy6ukeVHxLivuXbVUq2Zx5OEETqEMHlxBDW6hDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHk/yPBg==</latexit>

x(1)

<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E

<latexit sha1_base64="H1tgEPbSFxo+2gStagTlXxKYM3Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipjY9ZxbuY9ktlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB02Iv1ZhQNqZD7FoqaYTaz+bnTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCRRuCt/zyKmldVr2rqntfK9dreRwFOIUzqIAH11CHO2hAExiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QN2vo7z</latexit>

e(1)
<latexit sha1_base64="ZdMawaUIyMpizine7zxPtUiFb4A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3RPQY8OIxgnlAEsPspDcZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSHZ9qFFxi03AjsBMrpKEvsO1Pbud++wmV5pF8MNMY+yEdSR5wRo2V2viYlquXs0Gx5FbcBcg68TJSggyNQfGrN4xYEqI0TFCtu54bm35KleFM4KzQSzTGlE3oCLuWShqi7qeLc2fkwipDEkTKljRkof6eSGmo9TT0bWdIzVivenPxP6+bmOCmn3IZJwYlWy4KEkFMROa/kyFXyIyYWkKZ4vZWwsZUUWZsQgUbgrf68jppVSveVcW9r5XqtSyOPJzBOZTBg2uowx00oAkMJvAMr/DmxM6L8+58LFtzTjZzCn/gfP4AeESO9A==</latexit>

e(2)
<latexit sha1_base64="tIjSZOZh2iOR4NUeTxKMJu9UiIQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMePEYwTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz328mtrW9sbuW3Czu7e/sHxcOjpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGtzO/9YRK80g+mEmMfkiHkg84o8ZKLXxMy5fn016x5FbcOcgq8TJSggz1XvGr249YEqI0TFCtO54bGz+lynAmcFroJhpjysZ0iB1LJQ1R++n83Ck5s0qfDCJlSxoyV39PpDTUehIGtjOkZqSXvZn4n9dJzODGT7mME4OSLRYNEkFMRGa/kz5XyIyYWEKZ4vZWwkZUUWZsQgUbgrf88ippXlS8q4p7Xy3VqlkceTiBUyiDB9dQgzuoQwMYjOEZXuHNiZ0X5935WLTmnGzmGP7A+fwBecqO9Q==</latexit>

e(3)
<latexit sha1_base64="7IoqUNaRqHXYffxsju0jj8hSn1g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipjY9ZpXYx7ZfKbtWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n83PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiEijYEb/nlVdK6rHpXVfe+Vq7X8jgKcApnUAEPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wd7UI72</latexit>

e(4)

<latexit sha1_base64="m32RULnCC1Fvwc9S5rz3zdAj6nw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp611W3WavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBsVGM0Q==</latexit>

W

<latexit sha1_base64="sLdQEzCgj86VscioSEOzr5Sx0Zg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp611W3WavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwByxWM4g==</latexit>

h

<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>

U
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Recurrent Neural Networks (RNN)111

https://www.simplilearn.com/tutorials/deep-learning-tutorial/rnn?source=sl_frs_nav_playlist_video_clicked

https://www.simplilearn.com/tutorials/deep-learning-tutorial/rnn?source=sl_frs_nav_playlist_video_clicked


Recurrent Neural Networks (RNN)112

https://www.simplilearn.com/tutorials/deep-learning-tutorial/rnn?source=sl_frs_nav_playlist_video_clicked

https://www.simplilearn.com/tutorials/deep-learning-tutorial/rnn?source=sl_frs_nav_playlist_video_clicked


Recurrent Neural Networks (RNN)113

Recurrent Neural Networks (RNN)

hidden states 

input sequence 
(any length)

…

…

…

Core idea: Apply the 
same weights 
repeatedlyA family of neural architectures

34

outputs 
(optional) Core idea: Apply 

the same weights 
W repeatedly

<latexit sha1_base64="1GUq3kV+kK1yNIdwybCGZTk3vJ8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pOXq+bRXLLkVdw6ySryMlCBDvVf86vYjloRcIZPUmI7nxuinVKNgkk8L3cTwmLIxHfKOpYqG3Pjp/NwpObNKnwwibUshmau/J1IaGjMJA9sZUhyZZW8m/ud1Ehxc+6lQcYJcscWiQSIJRmT2O+kLzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LiXVbcu2qpVs3iyMMJnEIZPLiCGtxCHRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPmI6PCQ==</latexit>

x(4)
<latexit sha1_base64="7WRA7Bp1ZZcsUJL9gMLP1zwOYe0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexqRI8BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLV2cTXqFolt2ZyDLxMtIETLUeoWvTj9iSYjSMEG1bntubLopVYYzgZN8J9EYUzaiA2xbKmmIupvOzp2QU6v0SRApW9KQmfp7IqWh1uPQt50hNUO96E3F/7x2YoLrbsplnBiUbL4oSAQxEZn+TvpcITNibAllittbCRtSRZmxCeVtCN7iy8ukcV72LsvuXaVYrWRx5OAYTqAEHlxBFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPlwiPCA==</latexit>

x(3)
<latexit sha1_base64="rIE+JjjFSX5nOyucDZs2lbaz+8k=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyGiB4DXjxGMA9I1jA76SRDZmeXmVkxLPkILx4U8er3ePNvnCR70MSChqKqm+6uIBZcG9f9dtbWNza3tnM7+d29/YPDwtFxU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjm5nfekSleSTvzSRGP6RDyQecUWOl1tNDWqpcTHuFolt25yCrxMtIETLUe4Wvbj9iSYjSMEG17nhubPyUKsOZwGm+m2iMKRvTIXYslTRE7afzc6fk3Cp9MoiULWnIXP09kdJQ60kY2M6QmpFe9mbif14nMYNrP+UyTgxKtlg0SAQxEZn9TvpcITNiYgllittbCRtRRZmxCeVtCN7yy6ukWSl7l2X3rlqsVbM4cnAKZ1ACD66gBrdQhwYwGMMzvMKbEzsvzrvzsWhdc7KZE/gD5/MHlYKPBw==</latexit>

x(2)
<latexit sha1_base64="Mu7SJEIdv9T4WVSfnNRt/fzA9l4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pGXvfNorltyKOwdZJV5GSpCh3it+dfsRS0KukElqTMdzY/RTqlEwyaeFbmJ4TNmYDnnHUkVDbvx0fu6UnFmlTwaRtqWQzNXfEykNjZmEge0MKY7MsjcT//M6CQ6u/VSoOEGu2GLRIJEEIzL7nfSF5gzlxBLKtLC3EjaimjK0CRVsCN7yy6ukeVHxLivuXbVUq2Zx5OEETqEMHlxBDW6hDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHk/yPBg==</latexit>

x(1)

<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh

<latexit sha1_base64="kOU+Clw2rkiYf+UEgtdWmnlPGOE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipPXrMKt7FtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0nrsupdVd37Wrley+MowCmcQQU8uIY63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx97XI72</latexit>

h(1)
<latexit sha1_base64="hrW1dPXuDiU6wBajnIQkvpnKjPU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3RPQY8OIxgnlAsobZySQZMju7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSnYAaLoXiTRQoeSfWnIaB5O1gcjv3209cGxGpB5zG3A/pSImhYBSt1B4/puXq5axfLLkVdwGyTryMlCBDo1/86g0iloRcIZPUmK7nxuinVKNgks8KvcTwmLIJHfGupYqG3Pjp4twZubDKgAwjbUshWai/J1IaGjMNA9sZUhybVW8u/ud1Exze+KlQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1rxrirufa1Ur2Vx5OEMzqEMHlxDHe6gAU1gMIFneIU3J3ZenHfnY9mac7KZU/gD5/MHfOKO9w==</latexit>

h(2)
<latexit sha1_base64="1efMth+1yd+o8fNiuJfwDEzE378=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMePEYwTwgiWF2MpsMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7/FgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnptk8Nl0LxBgqUvB1rTkNf8pY/vp35rSeujYjUA05i3gvpUIlAMIpWao0e0/Ll+bRfLLkVdw6ySryMlCBDvV/86g4iloRcIZPUmI7nxthLqUbBJJ8WuonhMWVjOuQdSxUNueml83On5MwqAxJE2pZCMld/T6Q0NGYS+rYzpDgyy95M/M/rJBjc9FKh4gS5YotFQSIJRmT2OxkIzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LiXVXc+2qpVs3iyMMJnEIZPLiGGtxBHRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPfmiO+A==</latexit>

h(3)
<latexit sha1_base64="y4fs70LR1+0Nix0q0VE5DGnh7ks=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFK7dFjVqldTPulslt15yCrxMtJGXI0+qWv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/Nz52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLQheMsvr5LWZdW7qrr3tXK9lsdRgFM4gwp4cA11uIMGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz9/7o75</latexit>

h(4)

<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>

U
<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>

U
<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>

U
<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>

U

<latexit sha1_base64="j+9VE+xhHH+RqKh7HY5F8snBlz8=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI8BLx4jmAcka5idzCZDZh/O9AaWJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxVJotO1va219Y3Nru7BT3N3bPzgsHR23dJQoxpsskpHqeFRzKULeRIGSd2LFaeBJ3vbGtzO/PeFKiyh8wDTmbkCHofAFo2gktzeimKXTx6ziXEz7pbJdtecgq8TJSRlyNPqlr94gYknAQ2SSat117BjdjCoUTPJpsZdoHlM2pkPeNTSkAdduNj96Ss6NMiB+pEyFSObq74mMBlqngWc6A4ojvezNxP+8boL+jZuJME6Qh2yxyE8kwYjMEiADoThDmRpCmRLmVsJGVFGGJqeiCcFZfnmVtC6rzlXVvq+V67U8jgKcwhlUwIFrqMMdNKAJDJ7gGV7hzZpYL9a79bFoXbPymRP4A+vzB284kdQ=</latexit>

ŷ(1)
<latexit sha1_base64="gqtlIQRJNJaUtttQlu0wvORVxFQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkpSKnosePFYwX5AG8tmu2mXbjZxd1MIIb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8yLOlLbtb6uwsbm1vVPcLe3tHxwelY9POiqMJaFtEvJQ9jysKGeCtjXTnPYiSXHgcdr1prdzvzujUrFQPOgkom6Ax4L5jGBtJHcwwTpNsse0Wr/MhuWKXbMXQOvEyUkFcrSG5a/BKCRxQIUmHCvVd+xIuymWmhFOs9IgVjTCZIrHtG+owAFVbro4OkMXRhkhP5SmhEYL9fdEigOlksAznQHWE7XqzcX/vH6s/Rs3ZSKKNRVkuciPOdIhmieARkxSonliCCaSmVsRmWCJiTY5lUwIzurL66RTrzlXNfu+UWk28jiKcAbnUAUHrqEJd9CCNhB4gmd4hTdrZr1Y79bHsrVg5TOn8AfW5w9wvpHV</latexit>

ŷ(2)
<latexit sha1_base64="sRP6LXElsWUQh66FX4P2/Z3hc8M=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkqiFT0WvHisYD+gjWWz3bRLN5u4uymEkN/hxYMiXv0x3vw3btsctPXBwOO9GWbmeRFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k9uZ35lSqVgoHnQSUTfAI8F8RrA2ktsfY50m2WNavTzPBuWKXbPnQKvEyUkFcjQH5a/+MCRxQIUmHCvVc+xIuymWmhFOs1I/VjTCZIJHtGeowAFVbjo/OkNnRhkiP5SmhEZz9fdEigOlksAznQHWY7XszcT/vF6s/Rs3ZSKKNRVksciPOdIhmiWAhkxSonliCCaSmVsRGWOJiTY5lUwIzvLLq6R9UXOuavZ9vdKo53EU4QROoQoOXEMD7qAJLSDwBM/wCm/W1Hqx3q2PRWvBymeO4Q+szx9yRJHW</latexit>

ŷ(3)
<latexit sha1_base64="eUgxRriYzAoipcg/farZDNwqXGk=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI8BLx4jmAcka5idzCZDZh/O9AaWJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxVJotO1va219Y3Nru7BT3N3bPzgsHR23dJQoxpsskpHqeFRzKULeRIGSd2LFaeBJ3vbGtzO/PeFKiyh8wDTmbkCHofAFo2gktzeimKXTx6xSu5j2S2W7as9BVomTkzLkaPRLX71BxJKAh8gk1brr2DG6GVUomOTTYi/RPKZsTIe8a2hIA67dbH70lJwbZUD8SJkKkczV3xMZDbROA890BhRHetmbif953QT9GzcTYZwgD9likZ9IghGZJUAGQnGGMjWEMiXMrYSNqKIMTU5FE4Kz/PIqaV1WnauqfV8r12t5HAU4hTOogAPXUIc7aEATGDzBM7zCmzWxXqx362PRumblMyfwB9bnD3PKkdc=</latexit>

ŷ(4)

๏ RNN is a family of neural architectures

Recurrent Neural Networks (RNN)

hidden states 

input sequence 
(any length)

…

…

…

Core idea: Apply the 
same weights 
repeatedlyA family of neural architectures
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the students opened theirwords / one-hot vectors 

books
laptops

word embeddings

a zoo

output distribution 

Note: this input sequence could be much 
longer, but this slide doesn’t have space!

hidden states 

is the initial hidden state
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the students opened their
<latexit sha1_base64="1GUq3kV+kK1yNIdwybCGZTk3vJ8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pOXq+bRXLLkVdw6ySryMlCBDvVf86vYjloRcIZPUmI7nxuinVKNgkk8L3cTwmLIxHfKOpYqG3Pjp/NwpObNKnwwibUshmau/J1IaGjMJA9sZUhyZZW8m/ud1Ehxc+6lQcYJcscWiQSIJRmT2O+kLzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LiXVbcu2qpVs3iyMMJnEIZPLiCGtxCHRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPmI6PCQ==</latexit>

x(4)
<latexit sha1_base64="7WRA7Bp1ZZcsUJL9gMLP1zwOYe0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexqRI8BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLV2cTXqFolt2ZyDLxMtIETLUeoWvTj9iSYjSMEG1bntubLopVYYzgZN8J9EYUzaiA2xbKmmIupvOzp2QU6v0SRApW9KQmfp7IqWh1uPQt50hNUO96E3F/7x2YoLrbsplnBiUbL4oSAQxEZn+TvpcITNibAllittbCRtSRZmxCeVtCN7iy8ukcV72LsvuXaVYrWRx5OAYTqAEHlxBFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPlwiPCA==</latexit>

x(3)
<latexit sha1_base64="rIE+JjjFSX5nOyucDZs2lbaz+8k=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyGiB4DXjxGMA9I1jA76SRDZmeXmVkxLPkILx4U8er3ePNvnCR70MSChqKqm+6uIBZcG9f9dtbWNza3tnM7+d29/YPDwtFxU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjm5nfekSleSTvzSRGP6RDyQecUWOl1tNDWqpcTHuFolt25yCrxMtIETLUe4Wvbj9iSYjSMEG17nhubPyUKsOZwGm+m2iMKRvTIXYslTRE7afzc6fk3Cp9MoiULWnIXP09kdJQ60kY2M6QmpFe9mbif14nMYNrP+UyTgxKtlg0SAQxEZn9TvpcITNiYgllittbCRtRRZmxCeVtCN7yy6ukWSl7l2X3rlqsVbM4cnAKZ1ACD66gBrdQhwYwGMMzvMKbEzsvzrvzsWhdc7KZE/gD5/MHlYKPBw==</latexit>

x(2)
<latexit sha1_base64="Mu7SJEIdv9T4WVSfnNRt/fzA9l4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pGXvfNorltyKOwdZJV5GSpCh3it+dfsRS0KukElqTMdzY/RTqlEwyaeFbmJ4TNmYDnnHUkVDbvx0fu6UnFmlTwaRtqWQzNXfEykNjZmEge0MKY7MsjcT//M6CQ6u/VSoOEGu2GLRIJEEIzL7nfSF5gzlxBLKtLC3EjaimjK0CRVsCN7yy6ukeVHxLivuXbVUq2Zx5OEETqEMHlxBDW6hDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHk/yPBg==</latexit>

x(1)

<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E

<latexit sha1_base64="H1tgEPbSFxo+2gStagTlXxKYM3Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipjY9ZxbuY9ktlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB02Iv1ZhQNqZD7FoqaYTaz+bnTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCRRuCt/zyKmldVr2rqntfK9dreRwFOIUzqIAH11CHO2hAExiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QN2vo7z</latexit>

e(1)
<latexit sha1_base64="ZdMawaUIyMpizine7zxPtUiFb4A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3RPQY8OIxgnlAEsPspDcZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSHZ9qFFxi03AjsBMrpKEvsO1Pbud++wmV5pF8MNMY+yEdSR5wRo2V2viYlquXs0Gx5FbcBcg68TJSggyNQfGrN4xYEqI0TFCtu54bm35KleFM4KzQSzTGlE3oCLuWShqi7qeLc2fkwipDEkTKljRkof6eSGmo9TT0bWdIzVivenPxP6+bmOCmn3IZJwYlWy4KEkFMROa/kyFXyIyYWkKZ4vZWwsZUUWZsQgUbgrf68jppVSveVcW9r5XqtSyOPJzBOZTBg2uowx00oAkMJvAMr/DmxM6L8+58LFtzTjZzCn/gfP4AeESO9A==</latexit>

e(2)
<latexit sha1_base64="tIjSZOZh2iOR4NUeTxKMJu9UiIQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMePEYwTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz328mtrW9sbuW3Czu7e/sHxcOjpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGtzO/9YRK80g+mEmMfkiHkg84o8ZKLXxMy5fn016x5FbcOcgq8TJSggz1XvGr249YEqI0TFCtO54bGz+lynAmcFroJhpjysZ0iB1LJQ1R++n83Ck5s0qfDCJlSxoyV39PpDTUehIGtjOkZqSXvZn4n9dJzODGT7mME4OSLRYNEkFMRGa/kz5XyIyYWEKZ4vZWwkZUUWZsQgUbgrf88ippXlS8q4p7Xy3VqlkceTiBUyiDB9dQgzuoQwMYjOEZXuHNiZ0X5935WLTmnGzmGP7A+fwBecqO9Q==</latexit>

e(3)
<latexit sha1_base64="7IoqUNaRqHXYffxsju0jj8hSn1g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipjY9ZpXYx7ZfKbtWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n83PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiEijYEb/nlVdK6rHpXVfe+Vq7X8jgKcApnUAEPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wd7UI72</latexit>

e(4)

<latexit sha1_base64="m32RULnCC1Fvwc9S5rz3zdAj6nw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp611W3WavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBsVGM0Q==</latexit>

W
<latexit sha1_base64="uEXhnHCNL/hUULOysMRR4EP5LjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlevuve1SqOWx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHyVWjak=</latexit>

We
<latexit sha1_base64="uEXhnHCNL/hUULOysMRR4EP5LjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlevuve1SqOWx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHyVWjak=</latexit>

We
<latexit sha1_base64="uEXhnHCNL/hUULOysMRR4EP5LjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlevuve1SqOWx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHyVWjak=</latexit>

We

<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh

<latexit sha1_base64="vTJwjnoLsznN3oyGpisACvyrZnY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipPXrMKu7FtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0nrsupdVd37Wrley+MowCmcQQU8uIY63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx951o71</latexit>

h(0)
<latexit sha1_base64="kOU+Clw2rkiYf+UEgtdWmnlPGOE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipPXrMKt7FtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0nrsupdVd37Wrley+MowCmcQQU8uIY63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx97XI72</latexit>

h(1)
<latexit sha1_base64="hrW1dPXuDiU6wBajnIQkvpnKjPU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3RPQY8OIxgnlAsobZySQZMju7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSnYAaLoXiTRQoeSfWnIaB5O1gcjv3209cGxGpB5zG3A/pSImhYBSt1B4/puXq5axfLLkVdwGyTryMlCBDo1/86g0iloRcIZPUmK7nxuinVKNgks8KvcTwmLIJHfGupYqG3Pjp4twZubDKgAwjbUshWai/J1IaGjMNA9sZUhybVW8u/ud1Exze+KlQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1rxrirufa1Ur2Vx5OEMzqEMHlxDHe6gAU1gMIFneIU3J3ZenHfnY9mac7KZU/gD5/MHfOKO9w==</latexit>

h(2)
<latexit sha1_base64="1efMth+1yd+o8fNiuJfwDEzE378=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMePEYwTwgiWF2MpsMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7/FgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnptk8Nl0LxBgqUvB1rTkNf8pY/vp35rSeujYjUA05i3gvpUIlAMIpWao0e0/Ll+bRfLLkVdw6ySryMlCBDvV/86g4iloRcIZPUmI7nxthLqUbBJJ8WuonhMWVjOuQdSxUNueml83On5MwqAxJE2pZCMld/T6Q0NGYS+rYzpDgyy95M/M/rJBjc9FKh4gS5YotFQSIJRmT2OxkIzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LiXVXc+2qpVs3iyMMJnEIZPLiGGtxBHRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPfmiO+A==</latexit>

h(3)
<latexit sha1_base64="y4fs70LR1+0Nix0q0VE5DGnh7ks=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFK7dFjVqldTPulslt15yCrxMtJGXI0+qWv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/Nz52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLQheMsvr5LWZdW7qrr3tXK9lsdRgFM4gwp4cA11uIMGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz9/7o75</latexit>

h(4)

<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>

U

books

a zoo

laptops

<latexit sha1_base64="ZruCkTJw8KlRgcQAzYtkt/OBTjY="></latexit>

ŷ(4) = P (x(5)|the students opened their)

The input sequence 
can be any length

A Simple RNN Language Model

the students opened theirwords / one-hot vectors 

books
laptops

word embeddings

a zoo

output distribution 

Note: this input sequence could be much 
longer, but this slide doesn’t have space!
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the students opened their
<latexit sha1_base64="1GUq3kV+kK1yNIdwybCGZTk3vJ8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pOXq+bRXLLkVdw6ySryMlCBDvVf86vYjloRcIZPUmI7nxuinVKNgkk8L3cTwmLIxHfKOpYqG3Pjp/NwpObNKnwwibUshmau/J1IaGjMJA9sZUhyZZW8m/ud1Ehxc+6lQcYJcscWiQSIJRmT2O+kLzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LiXVbcu2qpVs3iyMMJnEIZPLiCGtxCHRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPmI6PCQ==</latexit>

x(4)
<latexit sha1_base64="7WRA7Bp1ZZcsUJL9gMLP1zwOYe0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexqRI8BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLV2cTXqFolt2ZyDLxMtIETLUeoWvTj9iSYjSMEG1bntubLopVYYzgZN8J9EYUzaiA2xbKmmIupvOzp2QU6v0SRApW9KQmfp7IqWh1uPQt50hNUO96E3F/7x2YoLrbsplnBiUbL4oSAQxEZn+TvpcITNibAllittbCRtSRZmxCeVtCN7iy8ukcV72LsvuXaVYrWRx5OAYTqAEHlxBFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPlwiPCA==</latexit>

x(3)
<latexit sha1_base64="rIE+JjjFSX5nOyucDZs2lbaz+8k=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyGiB4DXjxGMA9I1jA76SRDZmeXmVkxLPkILx4U8er3ePNvnCR70MSChqKqm+6uIBZcG9f9dtbWNza3tnM7+d29/YPDwtFxU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjm5nfekSleSTvzSRGP6RDyQecUWOl1tNDWqpcTHuFolt25yCrxMtIETLUe4Wvbj9iSYjSMEG17nhubPyUKsOZwGm+m2iMKRvTIXYslTRE7afzc6fk3Cp9MoiULWnIXP09kdJQ60kY2M6QmpFe9mbif14nMYNrP+UyTgxKtlg0SAQxEZn9TvpcITNiYgllittbCRtRRZmxCeVtCN7yy6ukWSl7l2X3rlqsVbM4cnAKZ1ACD66gBrdQhwYwGMMzvMKbEzsvzrvzsWhdc7KZE/gD5/MHlYKPBw==</latexit>

x(2)
<latexit sha1_base64="Mu7SJEIdv9T4WVSfnNRt/fzA9l4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwgWcPsZJIMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWaj09pGXvfNorltyKOwdZJV5GSpCh3it+dfsRS0KukElqTMdzY/RTqlEwyaeFbmJ4TNmYDnnHUkVDbvx0fu6UnFmlTwaRtqWQzNXfEykNjZmEge0MKY7MsjcT//M6CQ6u/VSoOEGu2GLRIJEEIzL7nfSF5gzlxBLKtLC3EjaimjK0CRVsCN7yy6ukeVHxLivuXbVUq2Zx5OEETqEMHlxBDW6hDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHk/yPBg==</latexit>

x(1)

<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E
<latexit sha1_base64="SHwlEBCDGsdTN+F3tWNJ/l4m+S4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzdt+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1l1m7VKvZbHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flgmMvw==</latexit>

E

<latexit sha1_base64="H1tgEPbSFxo+2gStagTlXxKYM3Q=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipjY9ZxbuY9ktlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB02Iv1ZhQNqZD7FoqaYTaz+bnTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCRRuCt/zyKmldVr2rqntfK9dreRwFOIUzqIAH11CHO2hAExiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QN2vo7z</latexit>

e(1)
<latexit sha1_base64="ZdMawaUIyMpizine7zxPtUiFb4A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3RPQY8OIxgnlAEsPspDcZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSHZ9qFFxi03AjsBMrpKEvsO1Pbud++wmV5pF8MNMY+yEdSR5wRo2V2viYlquXs0Gx5FbcBcg68TJSggyNQfGrN4xYEqI0TFCtu54bm35KleFM4KzQSzTGlE3oCLuWShqi7qeLc2fkwipDEkTKljRkof6eSGmo9TT0bWdIzVivenPxP6+bmOCmn3IZJwYlWy4KEkFMROa/kyFXyIyYWkKZ4vZWwsZUUWZsQgUbgrf68jppVSveVcW9r5XqtSyOPJzBOZTBg2uowx00oAkMJvAMr/DmxM6L8+58LFtzTjZzCn/gfP4AeESO9A==</latexit>

e(2)
<latexit sha1_base64="tIjSZOZh2iOR4NUeTxKMJu9UiIQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMePEYwTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz328mtrW9sbuW3Czu7e/sHxcOjpo4SxbDBIhGpdkA1Ci6xYbgR2I4V0jAQ2ArGtzO/9YRK80g+mEmMfkiHkg84o8ZKLXxMy5fn016x5FbcOcgq8TJSggz1XvGr249YEqI0TFCtO54bGz+lynAmcFroJhpjysZ0iB1LJQ1R++n83Ck5s0qfDCJlSxoyV39PpDTUehIGtjOkZqSXvZn4n9dJzODGT7mME4OSLRYNEkFMRGa/kz5XyIyYWEKZ4vZWwkZUUWZsQgUbgrf88ippXlS8q4p7Xy3VqlkceTiBUyiDB9dQgzuoQwMYjOEZXuHNiZ0X5935WLTmnGzmGP7A+fwBecqO9Q==</latexit>

e(3)
<latexit sha1_base64="7IoqUNaRqHXYffxsju0jj8hSn1g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipjY9ZpXYx7ZfKbtWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n83PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiEijYEb/nlVdK6rHpXVfe+Vq7X8jgKcApnUAEPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wd7UI72</latexit>

e(4)

<latexit sha1_base64="m32RULnCC1Fvwc9S5rz3zdAj6nw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp611W3WavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBsVGM0Q==</latexit>

W
<latexit sha1_base64="uEXhnHCNL/hUULOysMRR4EP5LjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlevuve1SqOWx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHyVWjak=</latexit>

We
<latexit sha1_base64="uEXhnHCNL/hUULOysMRR4EP5LjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlevuve1SqOWx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHyVWjak=</latexit>

We
<latexit sha1_base64="uEXhnHCNL/hUULOysMRR4EP5LjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTPAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlevuve1SqOWx1GEMziHS/DgGhpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHyVWjak=</latexit>

We

<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh

<latexit sha1_base64="vTJwjnoLsznN3oyGpisACvyrZnY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipPXrMKu7FtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0nrsupdVd37Wrley+MowCmcQQU8uIY63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx951o71</latexit>

h(0)
<latexit sha1_base64="kOU+Clw2rkiYf+UEgtdWmnlPGOE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipPXrMKt7FtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0nrsupdVd37Wrley+MowCmcQQU8uIY63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx97XI72</latexit>

h(1)
<latexit sha1_base64="hrW1dPXuDiU6wBajnIQkvpnKjPU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3RPQY8OIxgnlAsobZySQZMju7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbEUBl3328ltbG5t7+R3C3v7B4dHxeOTlokSzXiTRTLSnYAaLoXiTRQoeSfWnIaB5O1gcjv3209cGxGpB5zG3A/pSImhYBSt1B4/puXq5axfLLkVdwGyTryMlCBDo1/86g0iloRcIZPUmK7nxuinVKNgks8KvcTwmLIJHfGupYqG3Pjp4twZubDKgAwjbUshWai/J1IaGjMNA9sZUhybVW8u/ud1Exze+KlQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1rxrirufa1Ur2Vx5OEMzqEMHlxDHe6gAU1gMIFneIU3J3ZenHfnY9mac7KZU/gD5/MHfOKO9w==</latexit>
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<latexit sha1_base64="1efMth+1yd+o8fNiuJfwDEzE378=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMePEYwTwgiWF2MpsMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7/FgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnptk8Nl0LxBgqUvB1rTkNf8pY/vp35rSeujYjUA05i3gvpUIlAMIpWao0e0/Ll+bRfLLkVdw6ySryMlCBDvV/86g4iloRcIZPUmI7nxthLqUbBJJ8WuonhMWVjOuQdSxUNueml83On5MwqAxJE2pZCMld/T6Q0NGYS+rYzpDgyy95M/M/rJBjc9FKh4gS5YotFQSIJRmT2OxkIzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LiXVXc+2qpVs3iyMMJnEIZPLiGGtxBHRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPfmiO+A==</latexit>

h(3)
<latexit sha1_base64="y4fs70LR1+0Nix0q0VE5DGnh7ks=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFK7dFjVqldTPulslt15yCrxMtJGXI0+qWv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/Nz52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLQheMsvr5LWZdW7qrr3tXK9lsdRgFM4gwp4cA11uIMGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz9/7o75</latexit>

h(4)

<latexit sha1_base64="V2+H3Mmi3DX3kabD9l3IAGDw5iU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48tmLbQhrLZTtq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsgHM0kxiOlQ8ogzaqzU9Pvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpguDp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/mgy4QmbExBLKFLe3EjaiijJjsynZELzVl9dJ66rqXVfdZq1Sr+VxFOEMzuESPLiBOtxDA3xggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDrkmMzw==</latexit>
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<latexit sha1_base64="ZruCkTJw8KlRgcQAzYtkt/OBTjY="></latexit>

ŷ(4) = P (x(5)|the students opened their)
๏ RNN advantages 

• Can process any length input 
• Computation in step t can (in theory) use 

information from many steps back 
• Model size doesn’t increase for longer inputs 
• Same weights applied on each time step, so 

there is symmetry on how inputs are 
processed 

๏ RNN problems 
• RNN computations are slow 
• In practice, it is difficult to access information 

from many steps back



RNN Applications



Generating Text with a RNN Language Model117

Generating text with a RNN Language Model

Let’s have some fun!
• You can train a RNN-LM on any kind of text, then generate text 

in that style.
• RNN-LM trained on Harry Potter:

Source: https://medium.com/deep-writing/harry-potter-written-by-artificial-intelligence-8a9431803da6
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Generating Text with a RNN Language Model118

Generating text with a RNN Language Model

Let’s have some fun!
• You can train a RNN-LM on any kind of text, then generate text 

in that style.
• RNN-LM trained on recipes:

Source: https://gist.github.com/nylki/1efbaa36635956d35bcc

51



Evaluating Language Models119

Evaluating Language Models

• The standard evaluation metric for Language Models is perplexity.

• This is equal to the exponential of the cross-entropy loss          :

53

Inverse probability of corpus, according to Language Model

Normalized by 
number of words

Lower perplexity is better!



Why Should We Care about Language Modeling120 Why should we care about Language Modeling?

• Language Modeling is a benchmark task that helps us 
measure our progress on understanding language

• Language Modeling is a subcomponent of many NLP tasks, 
especially those involving generating text or 
estimating the probability of text:

55

• Predictive typing
• Speech recognition
• Handwriting recognition
• Spelling/grammar correction
• Authorship identification
• Machine translation
• Summarization
• Dialogue
• etc.



RNNs Can Be Used for Tagging121

the startled cat knocked over the vase

DT JJ NN VBN IN DT NN



RNNs Can Be Used as an Encoder Module122

the startled cat knocked over the vase



RNN Variants



Problems with RNNs: 
Vanishing Gradient 

and Exploding 
Gradient Problem



Vanishing Gradient Intuition125
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Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
<latexit sha1_base64="5Sg3ijQ6tEkxGG/SIhvYCWSNJFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTMYD8oVt+ouQNaJl5MK5GgOyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVb161b2vVRq1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gAp4o2s</latexit>

Wh
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@h(1)
=
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@h(2)

@h(1)
⇥ @J (4)

@h(2)

What happens if these are small?
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@h(3)

@h(2)
⇥ @J (4)

@h(3)

<latexit sha1_base64="gD9wXQi+O7APb2Pjl2eOJHg54sA=">AAACRXicbZA7T8MwFIWd8irhFWBksaiQylIlUARjJRgQU5HoQ2pC5bhOa9VxIttBqqL+ORZ2Nv4BCwMIsYLTZqCPK1k6+u499vXxY0alsu03o7Cyura+Udw0t7Z3dves/YOmjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzhddZvPREhacQf1CgmXoj6nAYUI6VR13LdQCCcujESiiIGB49puXo6Hs+Sc00gdBUNiTTnHHdLHRmBXatkV+xJwUXh5KIE8qp3rVe3F+EkJFxhhqTsOHasvDS7FzMyNt1EkhjhIeqTjpYc6X28dJLCGJ5o0oNBJPThCk7of0eKQilHoa8nQ6QGcr6XwWW9TqKCKy+lPE4U4Xj6UJAwqCKYRQp7VBCs2EgLhAXVu0I8QDokpYM3dQjO/JcXRfOs4lxU7PtqqXaTx1EER+AYlIEDLkEN3II6aAAMnsE7+ARfxovxYXwbP9PRgpF7DsFMGb9/bx2xkg==</latexit>

@h(4)

@h(3)
⇥ @J (4)

@h(4)

Vanishing gradient problem: 
the gradient signal gets 

smaller and smaller 
as it backpropagates further



Long Short-Term Memory (LSTM)126 Long Short-Term Memory (LSTM)

• A type of RNN proposed by Hochreiter and Schmidhuber in 1997 as a 
solution to the vanishing gradients problem. 

• On step t, there is a hidden state and a cell state 
• Both are vectors length n
• The cell stores long-term information
• The LSTM can erase, write and read information from the cell

• The selection of which information is erased/written/read is controlled by 
three corresponding gates
• The gates are also vectors length n
• On each timestep, each element of the gates can be open (1), closed (0), 

or somewhere in-between.
• The gates are dynamic: their value is computed based on the current 

context 

22 “Long short-term memory”, Hochreiter and Schmidhuber, 1997. https://www.bioinf.jku.at/publications/older/2604.pdf



Long Short-Term Memory (LSTM)127

We have a sequence of inputs !(#), and we will compute a sequence of hidden states ℎ(#)
and cell states &(#).  On timestep t:

Long Short-Term Memory (LSTM)
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Forget gate: controls what is kept vs 
forgotten, from previous cell state

Input gate: controls what parts of the 
new cell content are written to cell

Output gate: controls what parts of 
cell are output to hidden state

New cell content: this is the new 
content to be written to the cell

Cell state: erase (“forget”) some 
content from last cell state, and write 
(“input”) some new cell content

Hidden state: read (“output”) some 
content from the cell

Sigmoid function: all gate 
values are between 0 and 1

23
Gates are applied using 
element-wise product



Long Short-Term Memory (LSTM)128 Long Short-Term Memory (LSTM)

Source: http://colah.github.io/posts/2015-08-Understanding-LSTMs/

You can think of the LSTM equations visually like this:
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You can think of the LSTM equations visually like this:



Long Short-Term Memory (LSTM)129
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Long Short-Term Memory (LSTM)

Source: http://colah.github.io/posts/2015-08-Understanding-LSTMs/

You can think of the LSTM equations visually like this:

Compute the 
forget gate

Forget some 
cell content

Compute the 
input gate

Compute the 
new cell content

Compute the 
output gate

Write some new cell content

Output some cell content 
to the hidden state
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Gated Recurrent Unites (GRU)130

Gated Recurrent Units (GRU)

• Proposed by Cho et al. in 2014 as a simpler alternative to the LSTM.

• On each timestep t we have input         and hidden state         (no cell state).

28 "Learning Phrase Representations using RNN Encoder–Decoder for Statistical Machine Translation", Cho et al. 2014, https://arxiv.org/pdf/1406.1078v3.pdf

Update gate: controls what parts of 
hidden state are updated vs preserved

Reset gate: controls what parts of 
previous hidden state are used to 
compute new content

Hidden state: update gate 
simultaneously controls what is kept 
from previous hidden state, and what 
is updated to new hidden state content 

New hidden state content: reset gate 
selects useful parts of prev hidden 
state. Use this and current input to 
compute new hidden content.

How does this solve vanishing gradient?
Like LSTM, GRU makes it easier to retain info 
long-term (e.g. by setting update gate to 0)



LSTM v.s. GRU131

LSTM vs GRU

• Researchers have proposed many gated RNN variants, but LSTM 
and GRU are the most widely-used

• Rule of thumb: LSTM is a good default choice (especially if your 
data has particularly long dependencies, or you have lots of 
training data); Switch to GRUs for speed and fewer parameters.

• Note: LSTMs can store unboundedly* large values in memory 
cell dimensions, and relatively easily learn to count. (Unlike GRUs.)

29

LSTM GRU 

Source: “On the Practical Computational Power of Finite Precision RNNs for Language Recognition”, Weiss et al., 2018. https://arxiv.org/pdf/1805.04908.pdf

Single dimension 
used as counter

???

*bounded if assuming finite precision, but still, >>1



Bi-RNN



Bidirectional RNNs: Motivation133

the movie was terribly exciting !

Element-wise
mean/max

Sentence
encoding

PositiveBidirectional RNNs: motivation

36

terribly exciting !the movie was

positive

Sentence encoding

element-wise mean/max element-wise mean/max

We can regard this hidden state as a 
representation of the word “terribly” in the 
context of this sentence. We call this a 
contextual representation.

These contextual 
representations only 
contain information 
about the left context 
(e.g. “the movie 
was”). 

What about right
context?

In this example, 
“exciting” is in the 
right context and this 
modifies the meaning 
of “terribly” (from 
negative to positive)

Task: Sentiment Classification

Task: sentiment classification
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Bidirectional RNNs
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Forward RNN

Backward RNN

Concatenated 
hidden states

This contextual representation of “terribly” 
has both left and right context!
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Bidirectional RNNs

38

Forward RNN

Backward RNN

Concatenated hidden states

This is a general notation to mean “compute 

one forward step of the RNN” – it could be a 

vanilla, LSTM or GRU computation.

We regard this as “the hidden 

state” of a bidirectional RNN. 

This is what we pass on to the 

next parts of the network.

Generally, these 

two RNNs have 

separate weights

On timestep t:



Deep-RNN
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• RNNs are already “deep” on one dimension (they unroll over 
many timesteps)

• We can also make them “deep” in another dimension by 
applying multiple RNNs – this is a multi-layer RNN.

• This allows the network to compute more complex 
representations
• The lower RNNs should compute lower-level features and the 

higher RNNs should compute higher-level features. 

• Multi-layer RNNs are also called stacked RNNs.

41
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Multi-layer RNNs

42 terribly exciting !the movie was

RNN layer 1

RNN layer 2

RNN layer 3

The hidden states from RNN layer i
are the inputs to RNN layer i+1



Thanks! Q&A
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