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ghi j uk l mk no lp jq p jr q j ls m nk q jtk lu q p o rwv nr ns l p ju ljqi r r l dx × dy xrwv n jq j o jqy r l z j m o → ∞ {

• |r h ju l}~ q r l tk } i k } t r q p ju q p o rv nr ns l p j l p x

− z� h p u t } ji� i j n { z�i k l { z� k qu i l p j { = −k A
∂u

∂x

= −k (t dy)
∂u

∂x

• |r h ju l}~ q r l tk } i k } t r q p ju q p o rv nr ns l p j l p y

−k A
∂u

∂y
= −k (t dx)

∂u

∂y
�_ � [_ �^ a ^ e [� � e � fb Y e

|r h j}~ q r l tk l p jk q p ju q p o rwv nr ns l p j�|r h ju l} ~ q r l tk o h k jq p j � |r h ju l}~ q r l tk m lk u t� � � z� {
�



|r h ju l }~ q r l tk l p jk q p j zk lo m� o h k jq p j {u q p o rwv nr ns l p j�|r h ju l }~ q r l tk l p jk q p j zk lo m� o h k jq p j {u q p o r qu i k l} ji h p u lo�� |r h ju l }~ q r l tk l p jk q p j zk lo m� o h k jq p j {u q p o r qu i k l} ji h p u lo �
• |r h ju l}~ q r l tk o h k jq p ju lrwv nr ns lp j � m lk u t

−k (t dy)
[∂u

∂x
+

∂2u

∂x2
dx
]

− k (t dx)
[∂u

∂y
+

∂2u

∂y2
dy
]

+ Q(dx dy)

|i p q r ls l p j z� � t q ji h p z � { {

k t

(

∂2u

∂x2
+

∂2u

∂y2

)

(dx dy) = Q(dx dy)

h t

(

∂2u

∂x2
+

∂2u

∂y2

)

=
Q

k t

gi rwv h y � l j x } h p oi u nk lk lo j l p jk hi o u i s l p oi h p � t p u n� l��r h m m ls l p j oi s i r qi k l} h p u ti j x

(

∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2

)

=
Q

kt

?

(

∂2u

∂x2
+

∂2u

∂y2

)

=
Q

k t

∇
2u =

Q

k t
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• �� � � t q ji h p o q t� u i 	 nk l p } lo


 p q m mk h� i s l r l o u nk i� no o l} h p u lo m qk r q �h k s t r lu lou i 	 nk l p } lo } l p jk n lo z} �� }~ q m� � m q 
 l� { q� l} i } i h = ∆x

∂2u

∂x2
=

u L − 2u0 + u R

(∆x)2

h � u L l j u Ro h p jr lo j ls m nk q jtk lo x 
 q t } ~ l l j xu k hi j lu t p h l tu u h p jr q j ls m nk q jtk l lo j u0� � l s � s l

∂2u

∂y2
=

u A − 2u0 + u B

(∆y)2

h � u A l j u B o h p jr lo j ls m nk q jtk lo l p ~ q t j l j l p y q ou t p h l tu u h p jr q j l s m nk q jtk l lo j u0� � p mk l p q p j ∆x =
∆y = h

∇
2u =

uL + uR + uA + uB − 4u0

h2

�



ghi j t p l mr q � t lk l} jq p 
 t r qi k l z 20} s � 10} s {� � loy h k u o o t m nk i l tk o � 
 q t }~ lo �y q o o h p j s qi p j lp t o x 0o l jr ly h k u u k hi j lo j s qi p j l p t x 100o� ghi ju lo p h l tu o lo m q } nou l h = ∆x = ∆y = 2.5cm� ghi j ui �r q j ls m nk q jtk l q tp h l tu i�
gi Q = 0

(

∂2u

∂x2
+

∂2u

∂y2

)

= 0

�� l}

∂2u

∂x2
=

(uL − 2u0 + uR)

0.252

∂2u

∂y2
=

(uA − 2u0 + uB)

0.252

@

(uL + uR + uA + uB − 4u0)

0.125
= 0

∇
2u =

1

h2

{

1
1 −4 1

1

}

u0 = 0


 p h y ji l p j 21 n � t q ji h p o mh tk r q k no h r t ji h p u l } l mk h �y r �s l l p l� mk i s q p jr l �qi j � t lr lr q mr q } i l p mh tk }~ q � t lp h l tu lo j p t r r l z ∇2u = 0, ∀u {
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�h tk r l p h l tu 1 −4u1 + u2 + u8 = 0

�h tk r l p h l tu 7 u6 − 4u7 + u14 = −100

�h tk r l p h l tu 9 u2 + u8 − 4u9 + u10 + u16 = 0

�h tk r l p h l tu 14 u7 + u13 − 4u14 + u21 = −100

�h tk r l p h l tu 18 u11 + u17 − 4u18 + u19 = 0

ghi j 21 � � t q ji h p o q� l} 21i p } h p p t o� � l o � o j �s l lo jo h r� qy r l m qk nr i s i p q ji h p � q t o oi l p p l z m qk l� l s mr l { � l jh p jk h t� l
� h r h p p l �i 
 p l � �i 
 p l� �i 
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I � h � j} q r } t r q jhi k l nr l� nr h k o � t l~ lo j �qi y r l

I � h � ju l o jh } � q 
 l s n s hi k l nr l� nr h k o � t l~ lo j �qi y r l

•� � � n j~ h u li j nk q ji� lo

u0 =
1

4

{

1
1 0 1

1

}


 t

ui,j =
(ui−1,j + ui+1,j + ui,j−1 + ui,j+1)

4

u[n+1]
i,j =

(u[n]
i,j−1 + u[n]

i,j+1 + u[n]
i−1,j + u[n]

i+1,j)

4

�

� d �a � `\ � e ` a � � d

• � q r l tk o ui,ji p j nk i l tk o i pi ji q r i o n lo x � nk h

• � q r l tk o ui,ji p j nk i l tk o i pi ji q r i o no m qk r q s h � l p p lu lo� q r l tk o �k h p ji �k lo
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I � n j~ h u lu l o tk �k lr q� q ji h p o t } } lo oi� l

u[n+1]
i,j = u[n]

i,j + w
(u[n]

i,j−1 + u[n]
i,j+1 + u[n]

i−1,j + u[n]
i+1,j − 4u[n]

i,j )

4q� l} i = 1, . . . ,3 j = 1, . . . ,7

� l j lk s l w l o jr l �q } j l tk u l o tk �k lr q� q ji h p

w 
y � u v i j nk ��� � � 
�� � � ��� � � ��� � � ��� � � ��� � � �

� ls qk � t l � � q� q r l tk h m ji s t s u l wpv lo j m q o jh t �h tk olo ji s qy r l � s qi o mh tk t p lk n 
i h p k l} jq p 
 t r qi k l �} h s s lr q mr q � t l} h p oi u nk n l

w 0 $ '1) % 8 � mr t o m l ji j lk q } i p lu lrwv n � t q ji h p

[

cos

(

π

p

)

+ cos

(

π

q

)

]

w2
− 16w + 16






•� � � n j~ h u li s mr i } i j lu lu i k l} ji h p q r j lk p n l z�� �� � {

� q s n j~ h u l �� z � � t q ji h p o q t� u i 	 nk l p } lo {u ls q p u lr qk no h r t ji h p u v t p l s q jk i } l} k l t o l zi � l� �y } mu l 0 {u h p jr lo� q r l tk o p h p p t r o o h p j} h p } l p jk n lo o tk t p ly q p u lu i q 
h �p q r lu lr q s q jk i } l

H

�h k o � t lr q s q jk i } l l o j jk i �u i q 
h p q r l �r lo s n j~ h u lo u lk n��o h r t ji h p u l} l j � m lu l s q jk i } l o h p ju i k l} j lo l j l � } q } lo

I � q s n j~ h u l �� �� � m lk s l ju l o lk q s l p lk x t p mk h �y r �s lu lk no h r t ji h p u l s q jk i } l jk i �u i q 
h p q r l

WX YZ [\ Y

∇
2u =

u L − 2u0 + u R

(∆x)2
+

u A − 2u0 + u B

(∆y)2
= 0

�h k o � t l ∆x = ∆y = 1

(u L − 2u0 + u R)[k+1] = −(u A − 2u0 + u B)[k]

(u A − 2u0 + u B)[k+2] = −(u L − 2u0 + u R)[k+1]

� p k l�� qk k q p 
 l q p j �h p h y ji l p jr l o � o j �s l jk i �u i q 
h p q r
�

−u L[k+1] + 2u0[k+1]
− u R[k+1] =

[

u A − 2u0 + u B
][k]

−u A[k+2] + 2u0[k+2]
− u B[k+2] =

[

u L − 2u0 + u R
][k+1]
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gi r q 
k i r r l pv lo j m q o k l} jq p 
 t r qi k l l j � t l r lo ui,j p lm l t� l p j m q o � jk lk n 
 t r i �k ls l p j lo m q } no �i r l� i o j l jk hi os n j~ h u lo mh o oi y r lo

• �� �r q } ls l p ju lo p h l tu o o tk r q �k h p ji �k l

�
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(∂u

∂x

)

L,0
=

(u0 − uL)

hL

(∂u

∂x

)

0,R
=

(uR − u0)

hR

∂2u

∂x2
=

[

(

∂u
∂x

)

0,R
−

(

∂u
∂x

)

L,0

]

(hL+hR)
2

=
2

(hL + hR)

[

uL

hL
−

(hL + hR)

(hL × hR) × u0
+

uR

hR

]

•� � �i o jh k oi h p u lr q �k h p ji �k l

� �

•� � � ji r i o q ji h p u l o } h h k u h p p n lo mh r qi k lo

∇
2u =

∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2

∂2u

∂θ2


 p jk h t� l �

∇
2u =

(uL − 2u0 + uR)

(∆r)2
+
(1

r

)

×

[(uR − uL)

(2∆r)

]

+
1

r2
×

[(uA − 2u0 + uB)

(∆θ)2

]

� �



� �V � fb ` a � � d e � �� ^_ Yd a � Y\ e � `_ `� � \ � fb Y e �� � [ Y_ � � \ � fb Y e

A
∂2u

∂x2
+ B

∂2u

∂x∂t
+ C

∂2u

∂t2
+ f

(

x, t, u,
∂u

∂x
,
∂u

∂t

)

= 0

∆ = B2
− 4AC

• gi ∆ < 0 �v n � t q ji h p u i 	 nk l p ji lr r l lo j lr r i m ji � t l

• gi ∆ = 0 �v n � t q ji h p u i 	 nk l p ji lr r l lo j m qk qy h r i � t l

• gi ∆ > 0 �v n � t q ji h p u i 	 nk l p ji lr r l lo j~ � m lk y h r i � t l

� � t q ji h p u lr q �~ q r l tk

k∇2u = cρ
∂u

∂t

� � t q ji h p u lr q } h k u l� i y k q p j l

∂2u

∂t2
=
(Tg

w

)

∇
2u

� ?
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• �� � n j~ h u l �� mr i } i j l

I} h p oi o j l xk ls mr q } lk r lo u nk i� no mk ls i �k lo l j o l} h p u lom qk r l tk q m mk h� i s q ji h p

∂u

∂t
=

u[j+1]
i − u[j]

i

∆t

z m jo xi l j j m o tj {

∂2u

∂x2
=

u[j]
i+1 − 2u[j]

i + u[j]
i−1

(∆x)2

� p t ji r i o q p j} lo q m mk h� i s q ji h p o

k

(

∂2u

∂x2

)

= cρ
∂u

∂t

H

u[j+1]
i = r × (u[j]

i+1 + u[j]
i−1) + (1 − 2r) × u[j]

i

q� l} r =
k∆t

cρ(∆x)2

� YZ `_ fb Y
∂u
∂t

l o ju v h k u k l o(∆t) l j ∂2u
∂x2 lo ju v h k u k l o(∆x)2

Io h tk } lu v lk k l tk u v lo ji s q ji h p

� �



•� � � n j~ h u lu l �k q p �� 
i }~ h r o h p

I 
 p t ji r i o lr lo s �s lo h k u k lo u v q m mk h� i s q ji h p mh tklo ji s lk ∂u
∂t

l j ∂2u
∂x2

k

(

∂2u

∂x2

)

= cρ
∂u

∂t

H

u[j+1]
i − u[j]

i

∆t
=

1

2

k

cρ

[u[j]
i+1 − 2u[j]

i + u[j]
i−1

(∆x)2
+

u[j+1]
i+1 − 2u[j+1]

i + u[j+1]
i−1

(∆x)2

]

� l � ti u h p p l � q mk �o k n�� qk k q p 
 ls l p j

−ru[j+1]
i+1 + (2 + r)u[j+1]

i − ru[j+1]
i−1 = ru[j]

i+1 + (2 − r)u[j]
i + ru[j]

i−1

q� l} r =
k∆t

cρ(∆x)2

� YZ `_ fb Y


 l m l t j � jk lk no h r t i j nk q ji � l s l p j I 
 n} lo oi j lr qk no h r t ji h p u v t p o � o j �s l jk i �u i q 
h p q r
�@

� � t q ji h p u lr q } h k u l� i y k q p j l

∂2u

∂t2
=
(Tg

w

)

∇
2u =

(Tg

w

)∂2u

∂x2

I � p k ls mr q � q p jr lo u nk i� no m qk r l tk q m mk h� i s q ji h p p t �s nk i � t l �h p jk h t� l

u[j]
i+1 − 2u[j]

i + u[j]
i−1

(∆x)2
=

w

Tg

u[j+1]
i − 2u[j]

i + u[j−1]
i

(∆t)2

h �rwv i p u i } lu noi 
 p lr lo� q r l tk o u l x l jrv l� mh o q p jr lo� q �r l tk o u l t� � p k n�� qk k q p 
 l q p j �h p jk h t� l

u[j+1]
i =

Tg (∆t)2

w (∆x)2
(u[j]

[i+1]
+ u[j]

i−1) − u[j−1]
i + 2

(

1 −
Tg (∆t)2

w (∆x)2

)

u[j]
i

gi h p k l p u Tg (∆t)2/w(∆x)2 n 
 q r x 1 �r l mk h y r �s l o loi s mr i � l} h p oi u nk qy r ls l p j

u[j+1]
i = u[j]

i+1 + u[j]
i−1 − u[j−1]

i ∆t =
∆x

√

(Tg/w)

z� {

� YZ `_ fb Y

�v n � t q ji h p m l t j o lk no h tu k li j nk q ji � ls l p j oi h p jk h t� lt p l q o jt } l mh tk lo ji s lk u[−1]
i �� q r l tk o u l ui � t p li j nk q ji h p q� q p jr lu n m qk j �

� A



I �v h o } i r r q ji h p u lr q } h k u l� i y k q p j l lo j m nk i h u i � t l� � pt ji r i o q p jrwv q m mk h� i s q ji h p u lo u i 	 nk l p } lo } l p jk n lo

u[1]
i − u[−1]

i

2∆t
=

∂u

∂t

l p xi l j t = 0

(∂u/∂t) = 0 lo j} h p p t z} h p u i ji h p i pi ji q r l {�ghi j g(x) = (∂u/∂t) x t = 0 � h p m l t j n} k i k l
u[−1]

i = u[1]
i − 2g(x)∆t

� j l p o t y o ji jt q p ju q p o rwv n � t q ji h p z� { � h p jk h t� l mh tk

t = 1

u[1]
i =

1

2
(u[0]

i+1 + u[0]
i−1) + g(x)∆t

� �


