
�������
���	��

��
��

����������� ���������  "!"#$#$�% '&%�(!"�

)+*-,�)/.1032547686:9
;=<?>A@CB7;=DFE7GIHKJMLFNOLFPQJARTS <UPWVYXIHMN	GZJ8[]\Q^_L`LaJbRWLc>ALedgf_LeHMdgf_Lc@=E3DFHgGZJ8[hXIP7LFihijL�BWijXWdFGIilknm�onp7q

fQJ8J8Esr3tItZu�u�uvq [hHMX7q ^_NOXIPQJ8HMLeGIiwq dFG-t
∼
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<8<£qaqeqaqFqFqFqaqeqFqaqeqaqFqaqeqaqFqFqFq <UPQJMDFxIHgGZJM[jX�P¤P-^_NODFHM[]\�^7LIq
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{�q��wk! E3XI[hPQJM¢#"%$�&('*)*+ �-,¥�W�/.10Z� '*' �32
@=P RWXIP7P_LCihLe¢»E3XI[hPQJM¢

A(1, 1)
B
B(2, 1)

B
C(3, 3)

Gn[hP7¢8[
\�^7LCi]G	VYX�P7d:JM[jX�P
Q(x)

RWD�47P7[jL E7GnH»ihLe¢»RWLF^�5 dF^_ _[]\Q^_Le¢
¢K^_[h¬ZGnPQJ8L|¢FB

Q1(x) = 0.5(x − 1)3 + b1(x − 1)2 + c1(x − 1) + 1,
¢8[

1 ≤ x ≤ 2.

Q2(x) = a2(x − 2)3 + b2(x − 2)2 + c2(x − 2) + 1,
¢8[

2 ≤ x ≤ 3.

;bDFJ8LFHMNO[jP7LFH¼ijL|¢¼¬ZGnihLF^_Hg¢(R_L
b1
B
c1
B
a2
B
b2
LaJ

c2
E¡X�^_H�\Q^_L

Q(x)
¢8XI[jJ¼^_P_L�¢KE7ij[hP_L�P7GZJM^_HMLFihijL�RWL�687-E3L={�q!9I^¡¢?JM[:47LeHeq

k_q��<;CE¡X�[jPQJg¢=">$�&?'<)*+ �¦�(�A@CBED ) �F0E2G XI[jJ�ijL|¢
2
¢KE_ih[hP_Le¢�RWL�H5DJIF[hLFH�da^_ 7[h\Q^_L|¢A¢K^7[j¬ZGnPQJMLe¢eB

K B1
daXIP¡¢?JMH8^_[jJ8LMLOE7GIHKJM[jH�RWL|¢�E3XI[hP�Jg¢FB

A(0, 0)
B
B(1, 2)

B
C(3, 3)

LaJ
D(x, y)

q
K B2

daXIP¡¢?JMH8^_[jJ8LMLOE7GIHKJM[jH�RWL|¢�E3XI[hP�Jg¢FB
D(x, y)

B
E(3,−1)

B
F (2,−2)

BWLFJ
G(0, 0)

q
;bX�P_P_LFH=iwS LFP¡¢KLeN  _ihLCRWL|¢»E¡XQ¢K[jJ8[hXIP7¢bE¡X�^_H»ijL E¡X�[jPQJ

D
BTGN47P \Q^_L

B1

⋃

B2
¢8XI[jJ»dFXIPQJ8[hP-^_L LFJ`\Q^_LCihG£RWDFHM[j¬�DFL R_L

B1

⋃

B2
¢KX�[�JAGn^¡¢8¢8[«daX�P�JM[jP-^_L�q

�PO�QMR8SUTFV
W 2G E_ih[hP_LcP7GnJ8^_HMLFihijLCRWXIP7d

s1 = s3 = 0
E7GnH»RWD�4¡P_[�JM[jX�PX�1daV?q3dgf7GIE«q7p¡B7E«q3pFYZ":q3;bLCE_ij^¡¢FB¡XIP¯G	[]da[

h = 1
q�@=P¯G R_XIP7d

ihLe¢�HMLFi]GZJ8[hXIP¡¢�¢K^_[h¬ZGnPQJ8L|¢M�1daV?q7dgf7GnElqWp Elq_pZ;F":B
a2 =

s3 − s2

6
= −s2

6
,

b2 =
s2

2
,

c2 = (y3 − y2) −
2s2 + s3

6
= 2 − s2

3
.

[
JbGI^7¢8¢8[�B
a1 =

s2 − s1

6
=

s2

6
,

b1 =
s1

2
= 0,

c1 = (y2 − y1) −
1

6
(2s1 + s2) = −s2

6
.

<?da[�B�XIP G¥E3X�¢8D
a1 = 1

2

RWX�P7d
s2 = 3

LaJ
a2
B
b2
B
c2
B
b1
B
c1
¢KL J8HMXI^_¬�LFPQJ [hN D|RW[]GZJ8LeNOLFPQJeB�[wq LIqhB

b1 = 0
B
c1 = − 1

2

B
a2 = − 1

2

B
b2 = 3

2

B
c2 = 1

q
\ 2
<Ui3V1Gn^WJb\Q^_L»ihLe¢�E3XI[hP�Jg¢

C(3, 3)
B
D(x, y)

LFJ
E(3,−1)

¢8XI[hLFPQJ�Gnih[jx�P_De¢5LFJ�\Q^_L
D(x, y)

¢8XI[jJ�dFXINOE_HM[h¢5LFPQJMH8L
C(3, 3)LaJ

E(3,−1)
q!] S LeP7¢KLeN  _ihL�RWLe¢¼E3X�¢8[jJ8[hXIP7¢
RW^OE3XI[hPQJ

D
L|¢?J RWX�P7d5ijL�¢8LFx�N LePQJ
R_LARWH8X�[�JML�RWDFih[jNO[jJ8D�E7GIH
ijL|¢¼E¡X�[jPQJg¢

C(3, 3)LaJ
E(3,−1)

BW[�q L�qjBWi�S LFP7¢8LFNC _ijLcR_Le¢�E3XI[hP�Jg¢A¢MGZJ8[]¢KV1Gn[]¢8GIP�J�ihLe¢AkCH8LeihGnJ8[hXIP7¢eB
x = 3

BWLaJ
y ∈ [−1, 3]

q
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G X�[�J�i�S [hPQJ8DFx�HMGIijL`¢8^_[j¬ZGIP�JMLIB

I =

∫ π

0

f(θ) dθ =

∫ π

0

dθ

2 + cos θ
.

{�q��<;CE¡X�[jPQJg¢="�� BQ��
��«���¦�(��� � 0Z� &�� D���� 2
;bX�P_P_LFHv^7P_L	GnE_E_HMX 5W[jN	GnJ8[hXIPÀR_^sdeGni]da^_i�R_L daLaJ8J8LO[hP�JMDFx�HMGIijL LFP�GnE7E_ij[]\Q^7GnPQJvi]G£NODFJ8f_XWRWL RWL|¢»J8HgGnE�� IeLe¢`LaJcLeP
^WJ8[hij[]¢MGnPQJ»p£[jPQJMLFHM¬yGIijihLe¢eB��Y[�q L�qjB�E3XI^_H`ihLe¢»E3XI[hP�Jg¢`RWL ¢8^_ �RW[h¬Q[]¢8[jX�PÀRWLOi�S [hPQJ8LFHM¬ZGnihijL

[0, π]
B�GI^WJ8HMLe¢`\Q^_L ijL|¢» ¡X�H8P_L|¢FB

LFP
π/4

B
π/2

LFJ
3π/4

":q
k_q��<;	E3XI[hPQJM¢#"=<UP7RW[]\�^7LFH»ijLCJ8LeH8NOLORTS LeH8HMLF^7H=x�ijX� 7Gni�\�^7LCi�S X�P¯V1GI[�J`E7GnH`daLFJKJML NODFJ8f_XWRWL P-^_NODFHM[h\Q^_L RTS [hPQJ8DexIHgGZJ8[hXIPlq6�f_DFX�H8[]\Q^_LFNOLFPQJ|B«RWL¤daX�N  _[hLFP�RWLe¬-HMGI[�JcX�PsR_[jNO[hPQ^7LFH ihL E7G�¢cRTS [jPQJMDFxIHgGZJM[jX�P �1[wq LIqhBli]G¦i]GnHMxILF^7HcRWLe¢ [jPQJ8LeH8¬ZGIijihLe¢#"
E¡X�^_H�V1Gn[hH8L`^_P7LvLFHMH8Le^_H�RTS GIE_E_HMX 5W[jN	GZJM[jX�P pOVYXI[]¢�NOXI[hP7¢�xIHgGnP¡RWL�� 9�^7¢?JM[:4¡LFH�¬IXIJ8HML`H8DeE¡X�P7¢KL�q

m7q��<;CE¡X�[jPQJg¢="���+ �/B�� 0Z�W� ) � + �(��������� �Z0 �12
;bX�P_P_LFH ^_P_L¦GnE7H8X 5W[hNOGnJ8[hXIP�RW^ dFGni]da^7i5RWL¦daLFJKJML£[hPQJ8DFx�HMGIijL¤LFP�GIE_E_ih[h\Q^7GIPQJCi]G¯NODaJMf_XWRWL§R_Le¢ J8HgGnE�� IFL|¢ LFJ LeP
^WJ8[hij[]¢MGnPQJ�kcVYXI[]¢ NOX�[jP7¢5RTS [jPQJMLFHM¬yGIijihLe¢eq�!�J8[hih[h¢8LFH�i�S L 5QJMHMGIE¡X�ihGnJ8[hXIP RWL`>�[]dgf7GnHgR_¢8XIP	LFJ5i�S GIE_E_HMX 5W[jN	GZJM[jX�P	XI WJMLFP-^_L L
ihGO\Q^_Le¢KJ8[hXIP {IqWE3XI^7H�XI WJMLFP_[hH��zJMf_DFX�H8[]\Q^_LFNOLFPQJ "5^_P_LvLe¢KJ8[hNODFL`E_ih^7¢�E_HMDedF[h¢8LvRWLvdaLFJKJ8Lv[hPQJ8DexIHgGZJ8[hXIPlq

p¡q��1mvE3XI[hPQJM¢#" ]lG NODaJ8f7X-R_L=RWL=ihGC\�^¡GIRWHgGZJM^_H8L�xQGn^7¢M¢8[jLeP_P_LbGy¬�Led�RWLe^�5OJ8LFHMNOLe¢5RWXIP7P_LFHgGn[jJ LFihihLbi]Gv¬ZGnihLF^_H5L�5_GIdaJ8LbR_L
daLaJ8J8L`[hP�JMDFx�HMGIijL���9I^7¢KJ8[ 47LeH�¬IXnJMH8L»HMDFE3XIP7¢8LIq

;_q��#" E¡X�[jPQJg¢="$!�JM[jih[]¢KLeH ihG NODaJMf_XWRWL¥RWL¥i]G \Q^7G�RWHgGZJ8^7H8L§x�GI^7¢8¢8[hLFP_P_L¦Gy¬IL|d
2
JMLFHMN L|¢OE¡X�^_H dFGIihdF^_ihLFHO^_P_L¥¬ZGnihLF^7H

GnE_E_HMXWdgf_DFL`RWL
I
q

�PO�QMR8SUTFV
W 2
@=P§XI WJM[jLeP�J|B_E7GIH5i]GONODaJMf_XWRWLvRWLe¢�JMHMGIE��JIFL|¢FB

I1,4 = (π/8)
(

f(0) + 2f(π/4) + 2f(π/2) + 2f(3π/4) + f(π)
)

,

I1,4 = (π/8)
(

[1/3] + 2[2/(4 +
√

2)] + 2[1/2] + 2[2/(4−
√

2)] + [1]
)

,

I1,4 ≈ 1.813896.

\ 26(LFHMN L R«S LeH8HMLF^_H xIihXI 7GIi
O(h2)

q�%¼X�^_H RW[hNO[jP-^_LeHcJ8f7DFXIHM[]\�^7LFNOLFPQJ i�S LeH8HMLF^7H RTS GnE_E_HMX 5W[jN	GnJ8[hXIP E7GnH
4
Bl[hi V1GI^7RWHgGn[jJ

RW[hNO[jP-^_LeH�ijLvE7G�¢�RTS [jPQJ8DexIHgGZJM[jX�P¤E7GIH
2
�wdFGIH

22 = 4
":q

& 2
I1,2 = (π/4)

(

f(0) + 2f(π/2) + f(π)
)

,

I1,2 = (π/4)
(

[1/3] + 2[1/2] + [1]
)

,

I1,2 ≈ 1.832595.

%
GnH�L�5-JMHMGIE¡X�ihGnJ8[hXIP£R_Lc>�[hdgf¡GnHgR_¢KX�P«B-XIP¦G_B
I2,2 = I1,4 +

1

22 − 1
(I1,4 − I1,2),

I2,2 = 1.813896 + (1/3)(1.813896− 1.832595),

I2,2 ≈ 1.807663.



� 2
�AX�P deGnH

f(θ)
PlS L|¢?JvE7G�¢`^_PsE¡X�i 7-P���N L	RWL	RWLexIHMDO[jPWVYDeH8[hLF^7H»X�^ÀDex�GIijL L

3
q�]«LOHMDe¢8^_ijJMGZJvX� WJ8LePQ^s¢8LFHgG£RWX�P7d ^_P_L

GnE7E_H8X 5W[hN	GZJ8[hXIPlq
� 2[�P§V1Gn[]¢MGnPQJ�ijLvdgf7GIP_xILeN LePQJ�R_Lv¬yGIH8[]Gn 7ijL

θ = πt+π
2

I =

∫ π

0

dθ

2 + cos θ
,

I = (π/2)

∫ 1

−1

dt

2 + cos(πt+π
2 )

,

I = (π/2)

∫ 1

−1

dt

2 − sin(πt
2 )

,

I ≈ (π/2)

(

1

2 − sin(π(−
√

3/3)
2 )

+
1

2 − sin(π(
√

3/3)
2 )

)

,

I ≈ 1.85974.
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{�q��<;¦E3XI[hPQJM¢#"
�¥XIPQJMH8LeH \Q^_L i]G¦N DFJ8f_XWRWL§RTS [�^_ihLFH NOXWRW[ 47DFL£Le¢KJ ^_P deGI¢vE7GIHKJM[hdF^_ih[jLeHCRWL i]G¥NODaJMf_XWRWL¤RWL£>�^_P_x�L
�`^WJKJgG_q

k_q��?{/;CE3XI[hPQJM¢#"�>ADe¢8XI^7RWHML`iwS De\Q^7GnJ8[hXIP¦RW[j¨3DeH8LeP�JM[jLeijihLv¢K^7[j¬ZGnPQJMLIB
y′(t) = y(t) − ty2(t),

�?{/"
Gy¬ILed�i]G»dFXIP7R_[�JM[jX�PC[hP_[jJMGnihL

y(0) = 1
q !AJ8[hij[]¢KLeH
ihG»NODaJMf_XWRWLARTS [�^_ihLFH�NOXWRW[ 47DFLAGy¬�Led�^_POE7GI¢
R_L

h = 0.2
q��5GIihdF^_ijLeH

¢KLe^_ijLeNOLFPQJ
y(0.2)

B
y(0.4)

LFJ
y(0.6)

q
m7q��<; E3XI[hP�Jg¢="��¡Gn[jJ8L|¢	ijL¯dgf¡GnP_x�LFNOLFPQJ RWL¯¬ZGnHM[]Gn _ihL

z(t) = (1/y(t))
LFJ N X�PQJ8HMLFH \Q^_L¥i�S X�P�JMH8X�^_¬IL¦i]GsH8LeihGnJ8[hXIP

z′(t) + z(t) = t
q ]lG	¢8XIih^WJ8[hXIP§xIDeP_DFHgGnihLvRWL dFLaJKJMLvDe\Q^7GnJ8[hXIP¥RW[j¨3DeH8LeP�JM[jLeijihLvLe¢KJ

z(t)= t− 1 + K exp(−t)
B3Gy¬ILed

K
^7P_L daX�P7¢KJMGnPQJMLIq !�JM[jih[]¢KLeHbdaLFJKJ8L [jPWVYX�H8N	GnJ8[hXIP¦LaJAi]G	daX�P7RW[jJ8[hXIP¦[jP7[�JM[hGIijLvE3XI^_H=RWDaJMLFHMN [hP_LeHAihG	¢8XIih^WJM[jX�P§L 5_GId:JML

RWL`iwS De\Q^7GnJ8[hXIP¦RW[�¨�DFHMLFPQJM[jLeijihL �?{ ":q

�PO�QMR8SUTFV
W 2]«L|¢�H8LeihGnJ8[hXIP7¢�RWLc>A^_P_xIL
�`^WJ8JMGO¢8XIPQJ�ijL|¢A¢K^7[j¬ZGnPQJMLe¢eB

k1 = hf(tn, yn),

k2 = hf(tn + αh, yn + βk1),

yn+1 = yn + ak1 + bk2.

%¼XI^_H
a = b = 1

2

LFJ
α = β = 1

B(X�P G
yn+1 = yn + h

2

(

f(tn, yn) + f
(

tn + h, yn + hf(tn, yn)
)

) q?[ P E3X�¢MGnPQJ
ỹn+1 =yn +hf(tn, yn)

BQ\Q^_[¡dFXIHMH8L|¢KE3XIP7R Lv^7P_LAE_HMDeRW[]d:JM[jX�P RWXIP7P_DFLAE¡GnH�i]GvNODaJMf_XWRWL=RTS [�^_ihLFH|BIX�POJ8HMXI^_¬�L%47P7GIijLeN LePQJ



ihLe¢�HMLFi]GZJ8[hXIP¡¢�RTS [ ^_ijLeHANOXWRW[:4¡DFLIB
ỹn+1 = yn + hf(tn, yn),

yn+1 = yn +
h

2

(

f(tn, yn) + f(tn+1, ỹn+1)
)

.

\ 2
@=P¦GCihLe¢�HMLFi]GZJM[jX�P7¢�¢8^_[j¬ZGIP�JMLe¢eB

ỹn+1 = yn + 0.2(yn − tny2
n),

yn+1 = yn +
0.2

2

(

(yn − tny2
n) + (ỹn+1 − tn+1ỹ

2
n+1)

)

.

[
JAihL`JMGI _ijL|Gn^¦¢K^7[j¬ZGnPQJ|B
tn yn ỹn+1 yn+1 7q  {Iq  {Iq k {Iqh{��_{yk 7q k {�qj{��_{yk {Iq m "nk " {Iq mnpIpQm 7q p {�q mIpIpQm {Iq pFYIoFY {Iq pQknm�� 7q Y {�q p-knm��

& 2
@=P�G

y(t) = 1
z(t)

BlLFJCRWXIP¡d
y2(t) = 1

z2(t)

LFJ
y′(t) = −z′(t)

z2(t)

q�[�P�HMLFNOE_i]GIdFGIPQJ R_GnP7¢ciwS De\Q^7GnJ8[hXIP�RW[j¨3DeH8LeP�JM[jLeijihLIB
XIPsJMH8X�^_¬IL	i]G¦HMLFi]GZJ8[hXIP

z′(t) + z(t) = t
B(RWX�P�JCihG¥¢8XIih^WJ8[hXIP�x�DFP_DeHMGIijLOL|¢?J

z(t) = t − 1 + K exp(−t)
B¼Gy¬IL|d

K
^_P_L

daX�P7¢KJMGnPQJMLIq3@=P¯G	RWX�P7d
y(t) = 1

t−1+K exp(−t)

q3[�P¯^WJM[jih[h¢MGnPQJbi]G dFXIP7RW[jJ8[hXIP¦[hP_[jJ8[]GnihL
y(0) = 1

B7X�P£JMH8X�^_¬IL 4¡P7GnihLFNOLFPQJ
i]G ¢8XIih^WJM[jX�P£x�DFP_DeHMGIijL»L�5_GIdaJ8L�B

y(t) =
1

t − 1 + 2 exp(−t)
.

��� �s ����� ��� ��		� ��� 	�� �(� 	 �
��	��8��	�� �(� ���(�M���(	������ � �
��������� �
G X�[�J

A
i]GCN	GnJ8HM[hdFL`¢8^_[h¬ZGnPQJ8L�B

A =





4 0 1
−2 1 0
−2 0 1



 ,

{�q��<;CE¡X�[jPQJg¢="%6(HMG�daLeH5ihLe¢bRW[h¢M\Q^_Le¢�R_L
�»LFHg¢Kf_x�XIHM[jP£LaJbRWDFJ8LeH8NO[hP_LFH�E7GIHAdaLFJKJ8LvNODFJ8f_XWRWLvihLe¢�[hPQJ8LeH8¬ZGnihihLe¢5X��¥RWX�[j¬�LFPQJ
¢KL§J8HMXI^7¬ILFHOihLe¢	¬ZGIijLe^_HM¢ E_HMXIE7H8L|¢	RWL¥daLaJ8J8L¯N	GnJ8HM[hdFLIq�[�P�¢8^_E_E3X�¢MGnPQJ \�^lS [hiAP«S L�5W[]¢?JML¥E7GI¢	RWL¥¬ZGIijLe^_HM¢OE7H8X�E_H8L|¢
daXINOE_ihL�5WL|¢FBWRWX�P_P_LFH�i�S [jPQJ8LeH8¬ZGIijihL`X��¥RWXI[h¬ILePQJ�¢8L`J8HMXI^_¬�LFH�daL|¢�¬ZGnihLF^_Hg¢5E_H8X�E_HMLe¢eq

k_q��<;CE¡X�[jPQJg¢=" [ dFH8[h¬ILeH�iwS De\Q^7GnJ8[hXIP¦dFGnHgGIdaJ8DeH8[]¢?JM[h\Q^_L»RWL
A
LaJAdeGni]da^_ihLFHAGIP7Gni 7QJ8[]\�^7LFNOLFPQJ�ijL|¢�¬ZGnihLF^_Hg¢5E_H8X�E_HMLe¢�RWL

A
q

;bX�P_P_LFH�ihL`¬IL|d:J8Le^_H�E_HMXIE_HML`GI¢M¢KXWda[hDML ihG E_ih^7¢�x�HMGIP7RWL»¬yGIijLe^_H�E_HMXIE_HMLIq
m7q��?{/;§E3XI[hPQJM¢#" ]lG¦E_ih^7¢ E¡LFJ8[jJ8L¤¬ZGIijLe^_HcE_HMXIE_HML	RWL

A
L|¢?J {�q��5Gni]da^7ijLeHcijL|¢cGn^_J8HMLe¢v¬ZGnihLF^7HM¢vE7H8X�E_H8L|¢vRWL

A
E7GIHvihG

N DFJ8f_XWRWLcR_Le¢AE7^_[h¢M¢MGnP7dFLe¢�LaJ»RWD��¡GnJ8[hXIP �zV1GI[�JMLe¢=¢KLe^_ijLeNOLFPQJbm	[jJ8DFHgGZJM[jX�P7¢#":q %¼XI^_HbihG	E7ij^7¢AxIHgGnP7RWL`¬ZGnihLF^7HAE_HMXIE_HML
RWL

A
B_^WJM[jih[]¢KLeHAihG NODaJMf_XWRWLcRWL|¢�E_^_[]¢8¢MGnP7dFLe¢�LFJAijL`¬IL|d:JMLF^_H�[hP_[jJ8[]Gnil¢8^_[h¬yGIPQJ`r

x[0] = (1.1,−1.2,−0.8)t q
%�X�^_H=dFLFihijLCRW^¯NO[jih[hLF^«B3^WJ8[hih[h¢8LFH=ihG	NODFJ8f_XWRWL RWLCRWD��¡GZJM[jX�P¥LaJ»ijLC¬ILedaJ8Le^_HA[hP_[�JM[hGIi�¢8^_[h¬ZGnPQJ

x[0] = (1, 1, 1)t LFJbi]G¬yGIijLe^_H�GnP7GIi 7QJM[h\Q^_LvRWLvi]G E_ij^¡¢�xIHgGnP7R_L=¬ZGnihLF^7H�E_H8X�E_HMLbJMH8X�^_¬IDeL L i]GO\�^7Le¢KJ8[hXIP¥kWq



�PO�QMR8SUTFV
W 2 [ P	^WJ8[hij[]¢MGnPQJ
ijL|¢
¬ZGnihLF^_Hg¢
RWLAdgf7G�\�^7L5ih[hxIP_LARWL�i]G`N	GZJMH8[]daL

A
B�XIPCJ8HMXI^_¬�L�mvRW[h¢M\Q^_Le¢eBZ[�q L�qjB C1(centre = 4, r = 1)

B
C2(centre = 1, r = 2)

B C3(centre = 1, r = 2)
q�]«L|¢»¬yGIijLe^_Hg¢=E7H8X�E_H8L|¢=R_LOdFLaJ8J8LON	GZJ8HM[]daLO¢KX�P�J|BTE_^_[]¢8\Q^_L

C2 = C3
B

DFihDFNOLeP�Jg¢�RWLvi�S ^_P7[jX�P¦R_Le¢�RW[]¢8\Q^_L|¢
S = C1

⋃

C2
q

[�P§^WJ8[hih[h¢MGnPQJAihLe¢�¬ZGnihLF^_Hg¢�RWLvdgf7GI\Q^_L`ih[jx�P_LvRWL`ihG N	GZJMH8[]daL
At BWX�P¤JMH8X�^_¬IL`mORW[]¢8\Q^_L|¢FBW[�q L�qjB C′

1(centre = 4, r = 4)
B

C′
2(centre = 1, r = 0)

B C ′
3(centre = 1, r = 1)

q %�^7[h¢M\Q^_L C ′
2

LFJ C′
3

¢8XIPQJAdaX�PQJ8LFP-^7¢�R7GnP7¢ C′
1

B ]lLe¢�¬ZGnihLF^7HM¢�E_HMXIE7H8L|¢5R_L
daLFJKJMLvNOGnJ8HM[hdFLv¢KX�P�JAGI^7¢8¢8[TDFihDFNOLeP�JARWL

St = C′
1

q
��[jP¡GnihLFNOLFPQJeB ]«L|¢b¬ZGIijLe^_HM¢=E_HMXIE_HMLe¢bRWL dFLaJ8J8L NOGnJ8HM[hdFL ¢8XIPQJ=DeijDeN LePQJM¢»RWL

S ∩ St q�;»GnP¡¢bi�S fE7-E3XnJ8f �e¢8L XI^ [ji¼P«S 7¥GE7G�¢�RWLv¬ZGnihLF^_Hg¢5E_H8X�E_HMLe¢�daX�N E7ijL 5-L|¢FB_dFLFihijL|¢��Uda[«¢8XIPQJARWX�P7d`daXINOE_HM[]¢KL|¢�R_GnP7¢�i�S [jPQJ8LeH8¬ZGIijihL
J = [0; 5]

q
\ 2 [ \Q^7GnJ8[hXIP¥dFGIHMG�d:JMDFHM[h¢KJ8[]\Q^_LCr_R_LaJ

(A − λI) �
 7q3@=P£J8HMXI^_¬�L`R_XIP7d»ihLe¢�DFxQGnih[�JMDe¢�¢8^_[h¬yGIPQJ8Le¢eB

(4 − λ)(1 − λ)2 + 2(1 − λ) = 0,

(1 − λ)((4 − λ)(1 − λ) + 2)) = 0,

(1 − λ)(λ − 3)(λ − 2) = 0.

;=XIP7d=J8HMXI[]¢�¬ZGnihLF^_Hg¢5E_HMXIE_HMLe¢eB
λ1 = 1

B
λ2 = 2

B
λ3 = 3

@=P£¬�DFHM[:4¡L»\Q^_L
(λ1, λ2, λ3) ∈ J

q3]«L`¬IL|d:J8Le^_H�E_H8X�E_HML»G�¢8¢8XWda[hDL ihG E_ih^7¢�x�HMGIP7RWL»¬ZGnihLF^_H�E_HMXIE7H8Lv¢8L=JMH8X�^_¬IL=V1GIdF[jihLFNOLeP�JALFJAXIP£J8HMXI^_¬�L
vλ3

= (1,−1,−1)t q
& 2 ]«Le¢ daXINOE3X�¢MGnPQJ8L|¢vRWLe¢ ¬IL|d:J8Le^_Hg¢

x[p] LaJCihG¥E7ij^7¢ xIHgGnP7R_L ¬ZGIijLe^_HcE_HMXIE_HML	RWL A
B
λmax

B(¢8XIPQJ RWX�P_P_DeLe¢cE¡GnHvi]G
NODaJMf_XWRWLcRWLvi]GCE7^_[h¢M¢MGnP7dFLIB_R_GIP7¢�ijL»JgGn _ihLeGI^¦dF[«RWLe¢M¢8XI^7¢eq

E ��X�N E3X�¢MGnPQJMLe¢�RWL
y[p] λmax{ {�q  F �  _q �np �  _q oIm m_q Y

k {�q  F �  _q �Im_{ "Zo �  7q o��F;F; " m7qj{/Y
m {�q  F �  _q �npZ; " �  _q �Imnp m7qj{/ 

� E7H �|¢�J8HMXI[]¢�[�JMDFHgGZJM[jX�P7¢FB7XIP§J8HMXI^_¬�L
λmax = 3.1

B1�Yi]GOE_HMXWdaDeR_^_H8Lc¢8LFNC _ihLcdaXIP-¬�LFHMxILFH5¬ILeHM¢
λ3 = λmax = 3.0

LFJbijL
¬IL|d:JMLF^_H�E_HMXIE7H8L`GI¢M¢KXWdF[jD LOdaLaJ8J8Lv¬ZGnihLF^7H�NOG!5W[jN	GnihLv¢KLeN  _ihLvdaX�PQ¬�LFHMxILeH�¬�LFHg¢

vλmax
= vλ3

= (1,−1,−1)t q
@=P¦RWXI[jJAdaXIP¡¢K[]RWDFHMLFH�i]GOP_XI^7¬ILFihihL=N	GZJMH8[]daL�B

B = A − λmax
x1x

t
1

xt
1x1

=





4 0 1
−2 1 0
−2 0 1



− 3.(1/3)





1
−1
−1





(

1 −1 −1
)

=





4 0 1
−2 1 0
−2 0 1



−





1 −1 −1
−1 1 1
−1 1 1



 ,

B =





3 1 2
−1 0 −1
−1 −1 0



 .

]«L|¢�daX�N E3X�¢MGnPQJMLe¢�RWL|¢�¬IL|d:J8Le^_Hg¢
x[p] LaJAi]GO¬ZGnihLF^_H�E7H8X�E_H8Lv\Q^_Lvi�S X�P¥dgf_LFHgdgf_LIB λ2

B7¢KX�PQJbRWXIP_P7DFLe¢AE7GnH�i]GONODaJ8f7X-R_L
RWLvi]G E_^_[]¢8¢MGnP7dFLIB_R_GIP7¢�ihL`JMGn 7ijL|Gn^¦da[«RWL|¢8¢8XI^7¢eq

E ��X�N E3X�¢MGnPQJMLe¢�RWL
y[p] λ2{ {Iq   � �?{ZtZmZ" �#�K{ytnmF" Y

k {Iq   � �?{ZtZmZ" �#�K{ytnmF" k
m {Iq   � �?{ZtZmZ" �#�K{ytnmF" k

]lGOdFXIP-¬ILeH8x�LFP7dFLbLe¢KJA¬-[�JMLvGI¢M¢K^_HMDFL»LaJAX�P§J8HMXI^_¬�L
λ2 = 2

q


