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0 P�UwE]fWBcOQP�I0^3ESUgP�I��mX=U21rBDIJE1F�;

f(x, y, z) = α
xp y√

z
4¹BDI0�.fWBRVJX=FbfefeF

α = 2
FZE

p = 10
^ZP�I=I%X¦FZª=BR^ZE1FAGHFAIJE��SBDI0��FbCSCSFbX=C_;

x = 2.000
B¡E1P�X0���1FA��^a`=U�3�C1F_���1Ugu�I=Ug�d^bBDE1UgO*�ÇFbª[B�^3Ea�

 *^A�mFv£.FZE
y = 3.000

;
z = 4.000

�1PRIJE:^ZPRI0IJX¨B(1RF_^
0.2%

FZE
0.3%

KÃL FAC1CSFbX=C]CSFbfWBrESU�1�F6CSFA�1@,FA^3ESU�1�FbGTFbIJE_s
°�s:4?P�I=I=FbC]ftL BD@=@=CSPvª[UgG	BDE1UePRI K[F

f(x, y, z)
 QUts F�sg;

f∗(x, y, z))
s

4 +5������6
h=s:4?P�I=I=FbC�fWB87,PRCSI=FY�mX0@d>AC1UeFbX=CSFYK[FYf�L FbCSC1FAX=C�B970�1PRfeX=F< *U�s FRse;[UeI0^ZFACmESUwESX0K[F¹E1PRESBDfeFYK[F

f(x, y, z)
PRX

∆f(x, y, z)
£�@0BRC

feB¬GT>ZES`=P[K[F´K[F¨@=CSPR@0BRu�BrESUgP�I&KML FbCSCSFbX=C� QX=E1UefgUW�1BRIJE¦f�L BD@=@0C1Pvª[UeGTBDE1UePRI K[F�±©B(:%fePRC	K[F�fWB OQP�I0^3ESUgP�I�BDX @=C1FAGTUgFAC
PRCaK[C1Fv£3s
4<; ������6

j0s 0 PRX=feUeuRI=FAC´fgF_� ^a`0U=3�C1F_� �1Ugu�I=Ug�d^bBDE1UgO*�?>mFZª=BR^ZES�A@� �^b�1F_£ K[F&^bF¸CS>A�1X=fwEaBrE_s¹�?C1CSPRI0K=UgC ^bFZE1E1F�BD@=@=CSPvª[UgG	BDE1UePRI#BDX[ª
I=PRGB7=C1F_��K[F¡^b�1F\BRK[>_V�XdBrEAs
4<C ������6

ydsEDiBRVJX=FAfgfeFYK[FA�F1rBRC1UWB97=feFA�
(x, y, z)

^ZP�I�ESC1U27=X=FYfeF\@=feX0�EGHf�L FbCSCSFbX=CIH
4 +5������6

z=s:�:X=CaBDUgEKJ PRI @0X&X[ESUgfeUW�mFAC	feB GT>ZE1`0P%K=F¨K=F�fWB OQPRX=Ca^a`=FZE1E1F�@dP�X=CTE1CSPRX.1RFbCHfWB57,PRCSI=F¨�mX=@,>bCSUeFbX=CSF�K=F�ftL UgI0^bFbC1E1UgE1X0K=F
E1PDEaBDfeF¹K=F

f(x, y, z)
H 0 UMPRX=UÃK[UgE1F\^bPRGTGTFbIJE]FZE�O*B(LWE1F_��fgF	 QFbE?K[PRI0I=FbC]^ZFbEmESFM7dP�C1I=FY�1X=@d>AC1UeFbX0C1F\K[FYftL UeI0^ZFACmESUwESX0K[F

E1PDEaBDfeF\K[F
f(x, y, z)

£3;0�1UMI=PRION8X0�mE1Ug�0FACF7=UgFAIP1RPDESC1FYCS>b@,PRI0�1FRs
4�Q ������6

RTS��U"$���A�
V �
96I¨B<@,PRX0CF1vBRfgFAX=C:BD@0@=C1P[^a`=>AFR;

f∗(x, y, z) = f(x∗, y∗, z∗) = 2 × 210 × 3.0√
4.0

= 3072 < 2 pts >

+W�
§�PRX=C\^ABDfW^ZX=feFbC¹f�L UeI0^ZFACmESUwESX0K[F´ QP�X fWB?7dP�C1I=FT�1X=@d>AC1UeFbX0C1FTK[FTf�L FbCSCSFbX=CYB970�1PRfeX=Fv£?K[F

f(x, y, z)
;�PRI K[P�UwE¡^bBRfe^bX=feFbC¹feB

K[U�3,>AC1FAIJE1UeFbfefgF
∆f(x, y, z)

;[Uts F�sg;

∆f(x, y, z) =
∣
∣
∣
α p y√

z
xp−1

∣
∣
∣∆x +

∣
∣
∣
α xp

√
z

∣
∣
∣∆y +

∣
∣
∣−αxp y

2 z3/2

∣
∣
∣∆z < 2 pts >

�
1RFA^R;

∆x = 0.5 × 10−3 4 V ����6
∆y = 6 × 10−3 4 V ����6
∆z = 12 × 10−3 4 V ����6

0 P�UwE]I%X=GT>bCSUeVJX=FAGTFbIJEA;

∆f(x = 2.0, y = 3.0, z = 4.0) =
∣
∣
∣
2 × 10 × 3√

4
29
∣
∣
∣∆x +

∣
∣
∣
2 × 210

√
4

∣
∣
∣∆y +

∣
∣
∣−2 × 210 × 3

2 × 43/2

∣
∣
∣∆z

= 15360 ∆x + 1024 ∆y + 384 ∆z

= (15360× 0.5 × 10−3) + (1024× 6 × 10−3) + (384× 12× 10−3)

= 7.68 + 6.144 + 4.608

= 18.432 < 3 pts >



C �
96IHP 7[ESUgFAI�EÇK=PRI0^

f(.) ≈ 3072±18.432
s � PRGTGTF

18.432 < 0.5×102 ;DfgF]CaBDI0uYK=XTK=FbCSI=UgFAC�^a`=U�3,CSF]�mUeuRI=Ug�d^ABrE1UgO�FA�mE
2
FZE:P�I @,FbX=E?>A^bC1UeC1F

f(.) ≈ 3072± 18.432
4 V � Q �©��6�s 0 UÃP�I¨BRC1CSPRIdK[U,�0I0BDfeFbGTFAI�E?^bFZE1E1F\FA�mE1UeG	BrESUgP�I¨BRX[ª I=P�G87=CSFA�

K[F¡^A�mF\BRK=>AVJX0BrE_;[PRI�P 7[ESUgFAIJEA;

f(.) ≈ 30 × 102 ± 50 (
P�X ± 18.5) < 1.5 pt >

� �
DÃF¹CS>A�1X=fwEaBrE]K[F¹feBTVJX=FA�mE1UePRI @=CS>A^Z>_K[FbIJESF6I=P�X0�.GTPRIJE1CSF6VJX=F\^DL FA�mE�feBB1rBDCSUeB 7=fgF

x
VJX=UM^ZPRIJESC1U27=X=F¹fgFY@=feX0� G<f�L FbCSC1FAX=C_s

4 +*�©����6

Q �
96X=UdPRI	@,FbX[E.X[E1UefgUW�1FbCÇfWB\GT>ZES`=P[K[F6K=F:feB\OQPRX=Ca^a`=FZE1E1F�����I¦X[ESUgfeUW�1BRI�E.fgF_� 1rBDfeFbX0CS�
G	BDª%UeG	BDfeFA�Ç@dP�X=C

x, y
FbE�fWBM1rBDfeFbX=C

GTUgI0UgG	BDfeF\@,PRX=C
z
;[PRI�@dFAX[E6K[>bE1FAC1GTUeI=FbC]fWBO7dP�C1I=FYG	Brª[UeG	BDfeFYK=F6O�FZE:UeI 1RFACS�1FbGTFbIJE]�1BO7,PRCSI=FYGTUgI=UeG	BDfeFRs

96I¨BHK=PRI0^R;

f∗ − ∆f = f(x ��� � , y �	� � , z ��
�� )
FbE

f∗ + ∆f = f(x �	

� , y �	

� , z �	� � )

�
E?K[P�I0^D;

2∆f = f(x �	

� , y �	

� , z ��� � ) − f(x ��� � , y ��� � , z ��
�� )

= f(2 + 0.5 × 10−3, 3 + 6 × 10−3, 4 − 12 × 10−3) − f(2− 0.5 × 10−3, 3 − 6 × 10−3, 4 + 12× 10−3)

≈ 3090.487236− 3053.622973

≈ 36.864263

46PRI0^
∆f ≈ 18.4321315

4 Q �©����6

«:PRESBHnJ96IT@,FbX[EÇ^bPRGT@0BDCSFbC
^bFZEmESFF1rBDfeFbX=C: *FZª=BR^ZE1F_£�B(1�FA^.^ZFAfgfeF:BD@=@0C1P[^a`=>AF.P�7[E1FAI%X=F]B(1RFA^�fWBYGH>bE1`=P[K[F:K=U=3�>bCSFbIJE1UeFbfefeF
FZE:^bPRI0�mESBDE1FbC]VJXÃL FbfefgF_�]�mP�IJE�ESPRX[ESF¹feFA�]K=FbX[ª¦ESC��_��@=CSP%^a`0FA��� DÃF_�]K[FbX=ª GT>ZE1`0P%K=FA��I=P�X0�]K[PRI0I=FbIJE]fgFYG��bGTFYI=P�G87=CSF¹K=F
^b�1FY@dP�X=C�fgF\CS>A�1X=fgESBDE��0IdBDfMG��bGTF\�mUMfWBHGT>ZE1`0P%K=F¡K[U=3�>bCSFbIJESUgFAfgfeFYIÃL X=E1UefgUW�mF\VJXÃL X=I=F¡BR@=@=CSPvª%UeG	BrESUgP�I K[X�@=C1FAGTUgFAC.P�CSK=C1F�s

�(����&'	(	v� �
	 � � � 	��Q���
� SJ�����W�����F��"0�A�A� ���_��) + - ������/

°�s]�
ª[@=fgUWVJX=FbC]@,PRX0CSVJX=P�UMfgF\^bBRfe^bX=fÃI%X=GT>bCSUWV�X0FYK=FY^bFA��Fbª%@0C1F_�1�1UgP�I0�A;
 *B�£ √

1+x2−1
x2

VJX0BRI0K
x → 0  7d£

(ln x) − 1
VJX0BDIdK

x → e
 �^A£ sin(x)

x−
√

x2−1

VJX0BRI0K
x →?

@dFAX 1RFAI�E	^ZP�I0K[X=UeCSF�G¬K[FA�<@=CSP 7=f��bGTFA�TKML FbCSCSFbX=Ca�¡I%X=GT>bCSUWV�X0FA�As©�
ª[@=feUWV�X0FbCT@dP�X=CaV�X0PRU\ QUts F�sg;�UWK[FbIJESUw�0FACTFZE	^ZUgE1FbC
fgF<@=C1P�7=f��bGTFcI%X=GT>bCSUWV�X0F<BR�S�1P%^bUg>v£�FZEY@=CSPR@,P��1FbC:X0I=FcOQP�C1G<X=feFc>AVJX=U21rBDfeFbIJE1F<V�X0U�@,FbCSGTFZE1E1CaBDUgE¹KML >�1%UgE1FbCY^ZF_�?@0C1P J
7=f��AGTFA��I%X=GT>bCSUeVJX=F_��FZE?VJX=UM@,FbCSGTFZEmESCSBRUwE?KÃL BRX=uRGTFbIJESFbC�feBH@=CS>A^bUe�1UePRI¨K[FA�]^ABDfW^ZX=fW�]K[F¡^ZF_�.E1CSPRUW��FZª[@=CSFA�S�mUePRId�bs
4�� ������6

h=s:±iCSPRX 1�FbC.feBHfeUgGTUgE1FcK=F¹ftL FZª[@=CSFA�S�mUePRI¬ *B�£�VJX0BRI0K
x → 0

s
4 +5������6�s
� @0BDC1E1UeC:K[FcVJX=FAf

n
1�PDESC1F\^bBRfe^bX=fWBrE1CSUW^ZF 1RPRXd�:K[PRI0I=F¡K[PRId^D;[@,PRX=C

x = 10−n ;dX=I�^bBRfe^bX=fÃFbCSCSPRI=>\K=BRI0��fgF¡^ABDfW^ZX=f
K[FYf�L FZª[@=CSFA�S�mUePRI¬ *BJ£Y  √1+x2−1

x2

£ H
4<C ������6



j0s]§�P�X=C�E1P�X[E
x0 >−1

;[feBT�1>AVJX=FbId^ZF\K[>Z�dI=UgF\CS>A^bX=Ca�mU21RFAGHFAIJE.@0BRC

xn+1 = 2n+2
(√

1 + 2−(n+1) xn − 1
)

(n ≥ 0)

^ZPRI 1�FbCSuRF 1�FbCa� ≈ 0.810930
@dP�X=C

x0 = 1
s

 *B�£ 58K[FAI�ESUw�dF��\feF6EA:%@,F¡K[F\@=CSP 7=f��bGTFYI%X=GT>bCSUeVJX=F\BRX0VJX=FbfÃ�1FbCaB<^bPRI[OQCSPRIJES>Y^bFZE1E1FYOQPRCSGcX0fgFYUgE1>bCaBrESU�1�FRs
4 +*�©����6

  7d£��:CSCaBDI=u�F�� ^bFZE1E1F¨OQPRCSGcX0fgF¨K[F�E1FAfgfeF�O*B��ZP�I&VJXÃL FbfefgF¨>�1JUgE1F�K[P�I0^�fgF¨G	Brª[UeGcX=G K=F�@,FbC1E1F�K[F¨@=CS>A^bUe�1UePRI¸FAI
BDCSUgE1`=GT>ZESUeVJX=F��dPDEmEaBDIJE1F�s
4 � �©����6

RTS��U"$���A�
V �
4¹BDI0�	feFA�	E1CSPRUW�	^bBR�A;�P�I�BRX=CaB X0I @0C1P�7=f��AGTF´KML BRI=I%X=fWBrE1UePRI�K[F ^A�mF´K=X=F G feBo�1PRXd�8ESCSB�^3E1UePRI�K[F´K[FAX[ª&I0PRG870C1F_�

BD@0@=C1Pvª[UeGT>A�¹V�XdBR�1U
>bu�BRX[ª 4 V �©��6�sÃ§�PRX=C\>�1JUgE1FAC\^ZFT@=CSP 7=f��bGTFR;MP�I @,FbX=E¡>A^ZCSUeC1FT^ZF_�YC1FAfeBDE1UePRI0�YK[FHE1FAfgfeFTO*B��bPRI¬V�X0F
@=feX0�:BRX0^ZX=I0FY�1PRXd�8ESCSB�^3E1UePRI�K[F¡K[FAX[ª I=P�G87=CSFA��UeI0^ZFACmEaBDUeI0�Y QUts F�sg;0UgGT@=CS>A^bUe�a£�VJX0BR�1UM>buJBDX[ª BR@=@0BDCaBDUW�S�mFAI�E_s
96I�X[E1UefgUW�1F¹feF¡^ZP�I�N8X=u�X=>\K[FYf�L FZª[@=CSFA�S�mUePRI √

1 + x2 − 1
VJX=FYf�L PRI¨G<X=fwESUg@0fgUeF¡BDX�I%X=GT>bCaBrE1FAX=C�FZE?BRX�K[>AI=PRGTUeI0BrESFbX=C

K=BRI0�¹feB�@=CSFbGTU��bCSF<Fbª%@0C1F_�1�1UgP�IÃ;,PRI X=E1UefgUW�mFTfeFA�Y@=CSPR@0C1Ue>ZES>A�¹K[X fePRuJBDCSUwES`=GTF� 
ln(a) − ln(b) = ln(a/b)

£:FbE\fgFHO*BDUgE¡VJX=F
ln(
F
) = 1

K=BDI0��fWB?�1FA^bPRI0K[F.FZª[@=CSFA�S�1UgP�I\FZE��0I0BDfeFbGTFAI�E�FbIHGcX0fwESUg@=feUWBDIJE
x+

√
1 + x2

BDX<IJX0GH>ACSBDE1FAX=CiFbE
K=>bI=P�GHUeI0BDE1FbX0C
@,PRX=C]fWBTK[FbCSI=U��bCSF¹Fbª[@=C1F_�1�1UePRIÃ;%PRI�P 7=E1UeFbIJE:fgF_�.E1CSPRUW��FZª[@=CSFA�S�mUePRId��>_VJX=U�1rBRfgFAI�ESFA�]�1X=U21vBRIJE1FA�

√
1 + x2 − 1

x2
=

1√
1 + x2 + 1

< 3 pts >

ln(x) − 1 = ln
(xF
)

< 3 pts >

sin(x)

x −
√

x2 − 1
=

(
x +

√

x2 − 1
)

sin(x) (x → ∞) < 3 pts >

«:PRESB�n=4<L BRX[E1CSFA�]@,P��S�1U�7=UefeUwES>A�]K[FYOQP�C1G<X=feBDE1UePRI��mP�I�E]@,P��S�mU27=feFA�
+W�
96I	X[ESUgfeUe�1FYK[PRI0^?fgF?O*BDUgE.VJX=F √

1+x2−1
x2 = 1√

1+x2+1

@,PRX=C�E1CSPRX 1�FbC
O*B�^ZUefgFAGTFbIJE�VJX=F6feB¡fgUeGTUwESFR;[K[F6^bFZE1E1F¹FZª[@=CSFA�S�mUePRI
VJX0BDIdK

x → 0
F_�8E

0.5
s 4 +*�©����6

��I�@0BDC1ESBRIJE�K[FYftL Fbª[@=C1F_�1�1UePRI √
1+x2−1

x2 �
;[G	B<^ABDfW^ZX=fWBrESC1UW^ZF¹GTFYK=PRI=I=F¹X=I¨^bBRfe^bX=fÃ^ZP�GH@0f��bE1FbGTFAI�E�FbCSCSPRI=> Gc@dBDC1E1UeC

K[F
x = 10−5 s 4 +5�©����6

C �
§�PRX=C	K[F�u�CSBRI0K

n
;
2−(n+1) K[>_^ZCSP�LWE1CaB´ESC��_�<1JUgE1F�1�FbCa�

0
s
Uef:FbI��1FbCaB K[F�G��AGHF¨@,PRX=C

2−(n+1)xn
s�46F´^ZF¨O*BDUgEA;

ftL Fbª%@0C1F_�1�1UgP�I √
1 + 2−(n+1) xn − 1

OQFbCaB�BD@=@0BRCSB�LeESC1FcfeB��mP�X0�mE1CaBR^3ESUgP�I K[F	K[FAX[ª´I=PRGB7=CSFA�¹BD@=@=CSPvª[UgGT>_�6VJX0B��mU�>buJBDX[ª
B(1RF_^	X=I=F @dFACmESF K[F @=CS>A^ZUW�1UgP�I V�X0U�FAI C1>_�mX0fwESFbCaB=s 4 V �©��6 96I¸B K[P�I0^TESPRX[ETUgIJES>bC �ZE  *IJX0GH>AC1UWVJX=F_£8G´>_^ZCSUgCSF ^ZFbEmESF
CSFbfWBrE1UePRI¨K[U�3,>AC1FAGTGHFAIJEAs=4¹BDI0�]I0PDE1CSF\^bB��b;=^RL F_�8E]@,P��S�mU27=feF¹FbE

xn+1 = 2n+2
(√

1 + 2−(n+1) xn − 1
)

= 2n+2

( (
2−(n+1) xn

)

√

1 + 2−(n+1) xn + 1

)

=
2 xn

√

1 + 2−(n+1) xn + 1
4�C �©����6

«:PRESB�n 0 X=C GTP�I P�CSK=UgI0BDE1FAX=CA;Çf�L X[E1UefeUe�SBrESUgP�I�K[F�feB C1FAfeBDE1UePRI�C1>_^ZX=Ca�1U�1�F?70C1X[ESF�@dPJ�mF @=C1P�7=f��bGTF´K �A� feB
50
U��AGHF

UgE1>bCaBrESUgP�I\ESBRI0K[UW�©VJX=F.fWB:CSFbfWBrE1UePRI\UgE1>ACSBDE1U21RF�I=FÇO*BRUe�SBDIJE�@0BR��BD@=@dBDCaB(LWE1CSF
feB6�mP�X0�8ESCSB�^3ESUgP�I¡K[F.K=FbX[ª¡I=P�G87=CSFA�©BD@=@0C1Pvª[UeGH>_�
VJX0BR�1UM>buJBDX[ª¦I0F\@dPJ�mF\BDXd^ZX=I¨@=CSP 7=f��bGTF�s



�(�(����� S����
" �©�P����� "$�#��� �F���Ã�´�J�<�©�������T��" � ) C$C ������/
96I¨�mFY@=CSPR@,P��1F\K[F¹E1CSPRX 1�FbC�I%X=GT>bCSUeVJX=FAGHFAIJE�X0I=FM1rBDfeFbX=C:BR@=@=CSP%^a`0>bFYK[F\feBHCaBR^bUgI=F\K[FYfWBHOQPRI0^ZE1UePRIÃ;

f(x) = 4 ex/4 − 6
 8°_£

°�sE� SJ� ��" �©�P��� �U"$�#���O���Ã�
 *B�£ ��P�I�ESC1FAC?VJXÃL UgfÃFbª[Ue�mE1F¡X0I=F¡CaBR^ZUeI=F\X=I0UeVJX=F

r
@,PRX=C?^bFZE1E1F¡�ÇV,s� 8°v£]K=BDId�]f�L UeI�ESFbC,1rBDfefgF

J = [0, 2]
FbE:E1CSPRX.1RF��

^ZFbEmESF\CSB�^ZUeI=F\BDI0BRf�:JE1UWVJX=FbGTFAI�E_s
4 Q �©����6

  7d£ §�PRX=C<E1CSPRX.1RFbCcIJX0GH>AC1UWVJX=FbGTFAI�ET^ZFbEmE1F CSB�^ZUeI=FR;�PRI �1F @0C1P�@dPJ�mF KÃL >bE1X0K[UeFbCHfeFA�cE1CSPRUW�c�1X=UwESFA�<UwES>bCaBrESU�1�FA�¡P�X
GT>ZES`=P[K[FA�:K=F\@dP�UgIJE��=ª[FA�]�1X=U21vBRIJE �

xn+1 = Υi(xn)
@dP�X=C

i = 1, 2, 3
;

U�s
Υ1(x) = x + 4ex/4 − 6UeU�s
Υ2(x) = x − 4 + 6e−x/4

UeUeU�s
Υ3(x) = x − ex/4

16 + 3
32��I 1RP�X0�	BDUWK=BRI�E¦BRX0�1�1U:K[F¨fWB CSB�^ZUeI=F�BRI0BDf2:JE1UWVJX=FbGTFbIJETE1CSPRX.1R>bFPG fWB¬VJX=F_�8ESUgP�I&@0C1>_^Z>AK=FbIJE1F�;
>ZESB 7=feUe�S�mF �

fWBRVJX=FbfefeF¡PRX�feFA�SVJX=FbfefgF_�?K[FH^ZF_�?�1X=UwESFA�6UwES>bCaBrESU�1�FA�:�1PRIJE6^bPRI 1RFAC1u�FbIJE1F_�]�mU©PRI´@=CSFbIdK
x0
K0BDI0�

J
FbEA;�K=BDId�:feF

^bB��]B
		CSGTBDE1UgO8;=K[PRI0I=FbC:�1PRI�PRCaK[CSF¹K[F¡^bPRI 1RFAC1u�FbI0^bFRs
4 V � ������6

 �^A£ ��I¨X[ESUgfeUe�SBDIJE:fWBT�mX=UgE1F\UgE1>ACSBDE1U21RF
xn+1 = Υ3(xn)

;0K[>bE1FAC1GTUeI=FbC:BRI0BDf2:JE1UWV�X0FbGTFbIJEA;[u�C���^ZFYBDX E1`=>APRC �bGTF\K[FA�
BR^A^ZCSPRUW�1�1FbGTFAI�Ea���0I=UW�H QPRX¬K[FcfWB 1rBRfgFAX=C6GTP�:�FbI=I=Fv£3;dX=I=FHGTB9N8PRCaBrESUgP�I¨K=X´EA:%@dF |rn − r| ≤ K

;0P�X
rn
K[> J

�1Ugu�I=F6fWBO1rBDfeFbX=C]BD@0@=C1P[^a`=>AFR; GcfWB<I JtU��bGTFYUgE1>bCaBrESUgP�IÃ;[K[F\^ZFbEmE1F¹CaBR^ZUeI=F¹@0BDC�fWBcGT>bE1`=P[K[FYUgE1>bCaBrESU�1�F¹K=X @,PRUeIJE
�=ª[FRs[�ÇI�K[>_K[X=UeC1FYfeFYI=PRGB7=C1FYKML UwES>bCaBrESUgP�I0�

n∗
I=>A^bFA�S�1BRUgCSF?@,PRX=C�P�7[E1FAI=UgC_;%@0BDC]^bFZEmESF\GT>ZE1`0P%K=FR;[X=I=F 1rBDfeFbX0C

BD@0@=C1P[^a`=>AF G
10−1 @=C �A�]K=F¡^ZFZE1E1F\CaBR^bUgI=F�s

4�; �©����6
�:X0CSBRUwE JtP�I�@=XÃ;M�1BRI0�:X=E1UefgUW�mFAC¹^bF¡ES`=>bP�C��AGHF<K[FA�¹BR^A^ZCSPRUW�1�1FbGTFbIJE]�0I0Ue�A;d@0C1>�1RPRUeC?VJX=F<feBT1JUgE1F_�1�1FcK[FH^ZP�I�1�FbC J
uRFAI0^ZF\K[F¡^bFZE1E1F\GT>ZES`=P[K[F¡K[X¨@dP�UgIJE��=ª[F¡�1PRUgE]�1UMfeFbIJE1F
H � PRGTGTFbIJE$H�
RX0�mE1Ug�0FACF1RPDESC1F¹CS>b@,PRI0�1FRs
4 +*�©����6

h=sE� SJ� ��" �©�P���������T��"$�
 *B�£ 0 P�UwE

Υ4(x)
;0fWBHOQPRI0^ZE1UePRI¨UgIJESFbC,1RFbIdBDIJE�K0BDI0�]fWBTGT>ZES`=P[K[F\UwES>bCaBrESU�1�FYK=F¡«:Fbq�ESPRI¨@,PRX=C:fWBTCS>A�1PRfeX[E1UePRI�K[F\feB

CaBR^ZUeI=F
r
K[F¦ftL >AVJX0BrESUgP�I� 8°v£\K=BDId�

J
s©46PRI=I=FAC

Υ4(x)
BDUeI0�mU.VJX=F	feB´C1FAfeBDE1UePRI UwES>bCaBrESU�1�F

rn+1 = Υ4(rn)
s

� EaB97=feUe�S�1F��¡�1UÃ^ZFZE1E1F\GT>ZES`=P[K[F\UgE1>bCaBrESU�1�F\�mFACSBH^ZP�I�1�FbCSuRFAI�ESF6�1UMPRI¨@=CSFbI0K
x0
K0BDI0�

J
s

4 � �©����6

RTS��U"$���A�
V �W�

D�L >ZESX0K[F?K=FA��1vBRC1UWBrESUgP�I0��K[F6feB\OQPRI0^ZE1UePRI
f
�1X=C

J = [0, 2]
GTPRIJE1CSF?VJX=F?fWBYOQP�I0^3ESUgP�I	FA�mE.^ZP�IJE1UeIJX0F:FZE�^ZCSPRUW�1�SBDIJE1F:�1X=C

^ZFbE:UgIJESFbC,1vBRfgfeF	 *K[P�I0^¹GTPRI=PRE1PRI0F_£¹ 
f ′(x) = ex/4 FbE f ′(x) > 0 ∀ x ∈ [0, 2])

s 4 V �©��6
46F¡@=feX0�b;dPRI´B

f(0) = −2 < 0
FZE

f(2) = 4e1/2 − 6 ≈ 0.59488 > 0
 �K[PRId^

f(0)f(2) < 0
£3;dUgf©FZª[Ue�mE1F<K[PRI0^¡X=I=F

CaBR^ZUeI=F
r
X0I=UeVJX=F¡K0BDI0�]^bFZE:UeI�ESFbC,1rBDfefgF�s 4 +5�©����6

�:IdBDf2:�ESUeVJX=FAGTFbIJEA;[P�I ESC1P�X 1RF6O*BR^bUgfeFbGTFAI�E
r = 4 ln 3

2

s 4 +*������6

V�� �
96I�1rB¨E1P�X[E<KML B97,PRCaKo^bBRfe^bX=feFbC¡feFA�<K[>bCSU�1�>bF_�

Υ′
1(x)
;
Υ′

2(x)
FZE

Υ′
3(x)
@,PRX=CB1R>bCSUg�0FbCcVJX=FAfgfeFA�<�mP�IJE¡feB�1rBRfgFAX=C<K[F

feFbX=C\K[>AC1U21R>HBDX @,PRUeIJEY^bPRCSC1F_�m@,PRIdK=BDIJE'G feB CSB�^ZUeI=F  QE1CSPRX 1�>bFTBDI0BRf�:JESUeVJX=FAGHFAIJE6Uts F�sg;�FbI
x = r = 4 ln 3

2

£3sÃ�1U |Υ′
i(x =

4 ln 3
2 )| > 1

BDfePRCa��^bFbfWBcI0PRX0��K[UeCSB¡E1P�X[E:K[F¹�1X=UgE1F\VJX=F¹feB<GT>ZE1`0P%K=FYK=U�1�FbCSuRFc *@=X=UW�1VJXÃL PRI¨K[PRUgE.E1CSPRX 1�FbC.X=I UeIJE1FbC,1rBDfefgF
JK=BRI0��fgF_VJX=Fbf

r
FZE

x0
�mP�I�E:^bPRIJE1FAIJX�FZE:@,PRX0C]fgF_V�X0Fbf ∀x ∈ J, |Υ′

i(x)| < 1
£Zs,96I E1CSPRX 1�FR;



°�s
Υ′

1(x) = 1 + ex/4 4 V ����6
FZE]PRI�B

Υ′
1(r) = 1 + eln 3

2 = 1 + 3
2 = 5

2 > 1
K[P�I0^¹feBT�1X=UgE1F¡K[U21RFAC1u�FRs

4<C ������6
h=s

Υ′
2(x) = 1 − 3

2 e−x/4 4 V ����6
FZE]PRI�B

Υ′
2(r) = 1 − 3

2 e− ln 3

2 = 1 − 12
12 = 0 < 1

s DiB	�1X=UgE1FY@dP�X=CSCSBRUwE:^ZP�I 1RFbCSuRFAC?sesgs 1R>AC1Ug�0P�I0�Yn
0 X=C

J = [0, 2]
;
Υ′

2

FA�mE�^bC1P�Ue�S�1BRIJE1F
FZE ∀x ∈ J, Υ′
2(x) ∈ [−1/2, 1− 3

2e−1/2 ≈ 0.09]
FbE�K[P�I0^ ∀x ∈ J |Υ′

2(x)| < 1K[PRI0^¹fWBT�mX=UgE1F¡^bPRI 1RFAC1u�FRs
4<C ������6

j0s
Υ′

3(x) = 1 − 1
64 ex/4 4 V ����6

FZE]PRI�B
Υ′

3(r) = 1 − 1
64eln 3

2 = 1 + 3
2 = 125

128 < 1
K[PRI0^¹fWB	�mX0UwESF¹@,PRX0C1CaBDUgE:^ZPRI 1�FbCSuRFbC¹sesgs 1R>AC1Ug�0PRId�6n

0 X=C
J = [0, 2]

;
Υ′

3

FA�mETK[>_^ZCSPRUW�1�SBDIJESF¦FZE ∀x ∈ J, Υ′
3(x) ∈ [1 − 1

64 , 1 − e1/2

64 ≈ 0.9742]
FZE	K[PRId^ ∀x ∈ J

|Υ′
3(x)| < 1

K[P�I0^YfWBH�1X=UgE1F¡^bPRI 1RFAC1u�FRs
4<C ������6

DiBcGT>ZE1`0P%K=FYK=X @,PRUeIJE.�0ª%FYBR�S�1P%^bUg> G
Υ2
^bPRI 1RFAC1u�F?VJX0BRK[CaBrESUeVJX=FAGTFbIJE 4 +5�©����6� 

Υ′
2(r) = 0

FZE�PRI?1R>bCSUg�0F6VJX=F
Υ′′

2(r) 6= 0
£Z;=fWB<GT>bE1`=P[K[F¡K[X¨@,PRUeIJE.�0ª%F¡B��1�1P[^ZUe> G

Υ3
^ZPRI 1�FbCSuRF?feUeI=>ABRUgCSFbGTFbIJE_s

V �.�
��I�X[ESUgfeUW�1BRI�E6fgF\ES`=>bP�C��AGTFcK[F¡fWB<1rBDfeFbX=C6GHP�:�FbI=I0FR;=P�I�P 7[ESUgFAI�E_;0@=X0Ue�SVJX=F

Υ3(r) = r
FZE

rn+1 = Υ3(rn)
B(1RF_^

rnfWBB1rBRfgFAX=C:BD@=@0C1P[^a`=>AF¹K[F\fWBHCSB�^ZUeI=FMGHfeBHI J U��AGTF\UwES>bCaBrE1UePRI

(rn − r) =
Υ3(rn−1) − Υ3(r)

(rn−1 − r)
× (rn−1 − r)

= Υ′
3(ζ) × (rn−1 − r),

B(1�FA^
ζ ∈ J. < 2 pts >

��I	X[ESUgfeUW�1BRI�E�f�L UgI0>bu�BRfgUgE1> |Υ′
3(x)| <≈ 0.9742

4 V ����6�;, QUts F�sg;JfeB 7,PRCSI=F]fWB\@=feX0�
@,FA�S�mUeGTUe�mE1F:E1CSPRX 1�>bFEGYfWB¡VJX=FA�mE1UePRI
°�7,£3;=P�I P�7[E1UeFbIJE]fgF_�]UeI=>buJBDfeUwES>A�]�1X=U�1rBRI�ESFA�A;

|rn − r| ≤ (0.9742) |rn−1 − r| ≤ (0.9742)
2 |rn−2 − r|

≤ . . .

≤ (0.9742)
n |r0 − r|

≤ (0.9742)n × 2. < 3 pts >

96I�P 7[ESUgFAI0K[CaB<P�7=feUguJBrE1P�UgCSFbGTFAI�E�K[PRId^ |rn − r| < 10−1 ;=K �_�:VJX=FR;

(0.9742)
n × 2 < 10−1

n ln (0.9742) < ln (10−1) − ln 2.

0 P�UwE:@,PRX=C�ESPRX[E
n > 148

 �^ZF¡VJX=UÃGTP�I�ESC1F\VJX=FYfWBH^bPRI 1RFAC1u�FbI0^bF 1rB��ZESC1F¹ESC��_��fgFAI�ESF	sgses £ 4 +5�©����6

96I BRX=CSBRUwE�@=X[E�@=C1>�1RP�UgC.^ZFZE1E1F6fgFAI�ESFbX=C�K[FY^ZP�I�1�FbCSuRFAI0^ZF�FbI�1RP�:JBDIJEÇVJX=F |Υ′
3(x)| < 1

GTBRUe�ÇE1P�X[E�N8X0�8ESFR; Gc^ABDX0�1F6K[F
�SBB7,PRCSI=F\K[F¡K[CSPRUgE1F¹ESC��_��@=C1P[^a`=FYK[F

1
 *K=PRI0^YfWB<OQPRI0^ZE1UePRI¨IÃL FA�mE]VJX=FYESPRX[E N8Xd�8ESF¡^ZPRIJESCSB�^3ESBRIJE1F_£Zs 4 +*������6

+=�W�
96I�C1FbE1CSPRX 1�F

Υ2(x)
FbE]E1PRX=E?^ZF\VJXÃL P�I¨I=PRX0�]K=FbG	BDI0K=FYBTK[>KNKGT>ZES>¡K[>bGTPRIJESC1> GTfeBTVJX=F_�8ESUgP�I °�s 7Ãs 4 � ������6



���*� �©� �D��".	��#�_�[���#"$�
LU

),+ C ������/
°�s:4?>_^ZPRGT@,P��1FbC�fWB¡G	BDE1CSUe^bF

A
FAI¦@=CSP[K[X=UgE

LU
 ��1BRI0��@,FbCSGcX[EaBrESUgP�Id£
@0BRCÇfWB¡GT>ZES`=P[K[F6B��1�1X=CaBDIJEÇK[F_�ÇX=Id�6 2>Z° @8£Ç�mX=C

feBTK[UWBDu�PRI0BRfgFYK[FYfeBTG	BDE1CSUe^bF
U
s

4<; ������6

A =





4 2 1
4 −6 2
−8 2 1



 .

h=s � BDfW^ZX=feFbC�feF¡K[>ZESFbCSGHUeI0BRI�E:K[F
A
s

4<C ������6
j0s 0 PRUgE

a
X=I&@dBDCaBDG��ZESC1F CS>bFAf�s��:E1UefgUW�mFAC	feB¬K[>_^ZPRGT@,P��1UwESUgP�I

LU
K[F�feB VJX=F_�8ESUgP�I¸@=CS>A^b>AK[FAI�ESF @,PRX0CHCS>A�1PRXdK[C1F fgF

�K:[�mE��bGTFTn
4 V +5�©����6





4 2 1
4 −6 2
−8 2 1









x1

x2

x3



 =





12a + 2
20a− 6

2





RTS��U"$���A�
V �
96I�@0BDCSfgF\K[P�I0^YK[F\fWBcO*B�^3ESPRCSUe�SBrESUgP�I K[UeC1F_^3ESF¹FbE:PRI E1CSPRX 1�FR;

A =





4 2 1
4 −6 2
−8 2 1



 =





4 0 0
4 −8 0
−8 6 (15/4)





︸ ︷︷ ︸

L<4 pts>





1 (1/2) (1/4)
0 1 (−1/8)
0 0 1





︸ ︷︷ ︸

U<4 pts>

.

+W�
K[FbE_ ��6£

=
K[FZEv #D©£ × K[FbE_ ��6£

= 4 × (−8 × 15

4
)

= −120 < 3 pts >
C �
96I¨K[PRUgE:KML B 7dP�CSK CS>A�1PRX0K[CSF¹fgF¡� :[�8E �bGTF

Ly = b
;[U�s FRse;





4 0 0
4 −8 0
−8 6 (15/4)









y1

y2

y3



 =





12a + 2
20a− 6

2





§
BDC]�1X 70�mE1UgE1X[ESUgP�I¨B(1rBRI�E_;[PRI E1CSPRX 1�F
y1 = 3a + (1/2)

;
y2 = −a + 1

;
y3 = 8a

s
§�X=UW�]P�I�K[P�UwE]FAI0�mX0UwESF\C1>_�mP�X0K[CSF6feF¡�K:[�mE��AGHF

Ux = y
;[U�s FRse;





1 (1/2) (1/4)
0 1 (−1/8)
0 0 1









x1

x2

x3



 =





3a + 1/2
−a + 1

8a





VJX=Ut;[@0BDC:�1X 70�mE1UgE1X[ESUgP�I�BDCSC1U��bCSF6@,FbCSGTFZE:K[FYESC1P�X 1RFAC
x3 = 8a

;
x2 = 1

FbE:FbI[�dI
x1 = a

s
4 V +*������6



�5�!� ���_��	(�U"$�*�=���#"$� �©�������T��" � ) V Q �©���(/
96I¨^ZPRId�mUWK �bCSF¹feB<OQPRId^3E1UePRI��1X=U21vBRIJE1FR;

f(x) = y =
1

4
sin(2πx)

°�s:�:@=@=feUWV�X0FbC:fWBHOQPRCSGcX=feF¡K[F¡«?Fbq�E1P�I�@dP�X=C]ESC1P�X 1RFAC]X=I¨@dP�f�:%I���GHF
P
K[F¡K=FbuRCS>\K[FbX=ª¨VJX=UÃUeIJE1FAC1@,PRfeF\feBHOQP�I0^3ESUgP�I

f
BDX=ª @dP�UgIJEa�

x0 = 0
;
x1 = 1

12

;
x2 = 1

4

s
4<; ������6

h=s:��PRIJE1CSFbC\ �BDI0BRf�:JE1UWVJX=FbGTFAI�E3£.V�X0F
π = 1

8I

B(1RFA^
I =

∫ 1/4

0 f(x) dx
s

4<C ������6
j0s]��I�X[E1UefeUe�SBDIJE:feF¡@dP�f�:%I���GTF¡K[FcK[FAuRCS>YK=FbX[ª�VJX=UÃUeI�ESFbCS@dP�fgFcfeBHOQP�I0^3ESUgP�I

f
E1CSPRX.1R> GTfWB	V�X0FA�mE1UePRI °Rse;0FAI¨K=>AK[X=UeCSF

X=I=F BR@=@=CSPvª%UeG	BrESUgP�I¬K[F feBP1rBDfeFbX0C<K[F
π
 *FZEcF_�1�SB(:RFAC¡BDX[EaBDIJEcVJX=F¦@,P��S�mU27=feF K[F¦GTFZE1E1CSF ^ZFbEmESF BD@=@0C1Pvª[UeGTBDE1UePRI

�mP�X0�.feBHOQP�C1GTF\KML X=I=FYOQCaBR^3ESUgP�Id£3s 4 � ������6

RTS��U"$���A�

V �
96I¨BHK=PRI0^¹feFA�]@,PRUeIJES�]�1X=U�1rBRI�Ea�b;

xk 0 1/12 1/4
yk 0 1/8 1/4

4 +*������6
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