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Introduction

• Integer L P problem

(P)

• F(P) = feasible domain of P

• denote the relaxation of (P) where
the integrality constraints are relaxed
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Introduction

• Integer L P problem

(P)

• How to solve the problem?
Why dont we solve the relaxed
problem, and take the rounded
solution?

• Exemple

Solution of the relaxed problem:

(2, 9/5) et z = –11 

Rounded solution: (2, 1) et z = –7 
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But (0, 2) is feasible with z = –10
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Solution methods

• Foundamental principle

Generate a set of linear constraints

to be added to (P)

• Exemple

entiers,0,

2

2010  àSujet 

5Min    

21

1

21

21

≥

≤

≤+

−−=

xx

x

xx

xxz

2010 21 =+ xx

21 =x

( )PF

1 22 4x x+ =



Solution methods

• Foundamental principle

Generate a set of linear constraints

to be added to (P) in order to

generate a new problem (PR) such
that

Furthermore, when solving the 
problem , the variables take
integer values, and hence it is
optimal for (P).
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Cutting plane algorithm

• General statement of the cutting plane algorithm

Introduce new linear constraints to the problem in order to 
reduce the feasible domain of the relaxed problem but keep all 
the feasible points of the problem. 

• In this procedure, we solve a sequence of relaxed problems
until an integer optimal solution is reached

• Any problem of the sequence is obtained by adding an 
additional linear constraint (a cut) to the current problem.
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If we account for the fact that the variables  must take 

integer values, it follows from (2) that
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But the current optimal solution of the relaxed problem ( ) where

0  does not satisfies constraint (4), and thus introducing (4)

reduces the size of the feasible domain of the relaxed problem ( ).
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To continue the solution process, we introduce the constraint
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To continue the solution process, we introduce the constraint
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( )This basic solution is not feasible since 0.

Then we continue the solution process using the dual simplex method.
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To continue the solution process, we introduce the constraint

where  is a slack variable having a cost equal to 0, in the last simplex
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Reference:

A. Schrijver, Theory of Linear and Integer Programming, 

Wiley & Sons, 1986, 354 - 357

Convergence of Gomory cutting plane algorithm

Under some assumptions for selecting the row of the

tableau to specify the next cut, this author shows that:

"... the cutting plane method terminates"



Solution methods

• Foundamental principle

Generate a set of linear constraints

to be added to (P) in order to

generate a new problem (PR) such
that

Furthermore, when solving the 
problem , the variables take
integer values, and hence it is
optimal for (P).
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Branch & Bound method



Branch & Bound method

• Here also we solve a sequence of relaxed problems. 

• First we solve . If the optimal solution      is integer, then
this solution is optimal for the original problem (P).

• Otherwise we use a variable                               which is not 
integer.

• Consider two new constraints
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, 0,  integer

P z x x

x x

x x

x

x x

= − −

+ ≤

+ ≤

≤

≥

( ) ( )

( ) ( )
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33

Continue the process by defining the problem  associated with 

and  associated with .

P F P

P F P

( ) ( )
( )

2 3The best optimal solution of  and 
is the optimal solution of .

P P

P

1 2

1 2

1 2

1 2

   Min  5

   s.t.    11 6 66

10 45

, 0,  integer

z x x

x x

x x

x x

= − −

+ ≤

+ ≤

≥

1

1

New constraints to consider:

3.75  3   

and

3.75  4    

x

x

≤ =  

≥ =  



• Next iteration

Select one of the two problems (P2) or (P3 ) 

Solve this selected problem as we did for (P).

• In our exemple, we select the problem (P3)



2

2

New constraints to considered:

4.2  4   

and

4.2  5    

x

x

≤ =  

≥ =  

66611 21 =+ xx

4510 21 =+ xx

( )2PF( )3PF

( )3 1 2

1 2

1 2

1

1 2

       Min  5

             s.t.   11 6 66

10 45

3

, 0,  integer

P z x x

x x

x x

x

x x

= − −

+ ≤

+ ≤

≤

≥

( )3

1 2

Opt. sol. of the relaxed prob. :

3, 4.2
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P

x x

z

= =

= −

( )3Slice of  

eliminated

F P



( )3 1 2

1 2

1 2

1

1 2

       Min  5
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10 45

3

, 0,  integer

P z x x

x x

x x

x

x x
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+ ≤

≤

≥

66611 21 =+ xx

4510 21 =+ xx

( )2PF( )5F P

( )5 1 2

1 2

1 2

1

2

1 2

       Min  5
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5
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P z x x
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x x
x
x
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+ ≤
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≤
≥

≥

2

2

New constraints to considered:

4.2  4   

and

4.2  5    

x

x

≤ =  

≥ =  



• Next iteration

Select a problem in the set                   which have not been 
solved yet. 

Solve this selected problem as we did for (P).

• In our exemple, we select the problem (P5)

{ }2 4 5, ,P P P



66611 21 =+ xx

4510 21 =+ xx

( )2PF( )5PF
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       Min  5
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, 0,  integer

P z x x

x x

x x

x

x

x x
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+ ≤

≤
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( )5

1 2

Opt. sol. of the relaxed problem :

3, 4

23

P

x x

z

= =

= −

Since the optimal solution of the relaxed sub problem is integer, then it
is a feasible solution of (P).
Do not generate new sub problems  since we have identified the best feasible 
solution in this part of the feasible domain of (P).
During this solution process, we keep the best feasible integer solution found so far,
and its value becomes an upper bound BS for the optimal value of (P).



• Next iteration

Select a problem in the set             which have not been solved
yet. 

Solve this selected problem as we did for (P).

• In our exemple, we select the problem (P4)

{ }2 4,P P



66611 21 =+ xx

4510 21 =+ xx

( )2PF

( )4 1 2

1 2

1 2
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2

1 2

       Min  5
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10 45
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5

, 0,  integer

P z x x

x x

x x

x

x

x x

= − −
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+ ≤

≤

≥

≥

( )

( )

4

4

Problem  is not feasible

               

P

F P = Φ

Stop looking for feasible solutions in the part since it is empty.



• Next iteration

Select a problem in the set         which has not been solved yet. 

Solve this selected problem as we did for (P).

• Then we select the problem (P2)

{ }2P



( )2 1 2

1 2

1 2

1

1 2

       Min  5

             s.t.   11 6 66

10 45

4

, 0,  integer

P z x x

x x

x x

x

x x

= − −

+ ≤

+ ≤

≥

≥

66611 21 =+ xx

4510 21 =+ xx

( )2PF ( )2

1 2

Opt. sol. of the relaxed problem :

4, 3.667

22.333

P

x x

z

= =

= −

The optimal solution of the relaxed problem is not integer but
its value  z = –22.333 > BS = – 23
Stop looking for an integer solution in the part of the feasible domain of 
(P) since it is not possible to find one having a value smaller than the BS = – 23.



• The procedure stops when all the relaxed problems have been 
solved. 

• The integer solution having its value equal to BS is an optimal 
solution of (P).



Summary of the Branch & Bound approach

• Iterative approach.
• At each iteration, 

- a list of candidate problems is available to be solved. When
the procedure starts, the list includes only the problem (P)

- a candidate problem is selected, and the correponding
relaxed problem is solved

- the optimal solution of the relaxed problem allows to update
the list of candidate problems or the upper bound and the
best integer solution found so far.



The Branch & Bound method

• Initialisation
The list of candidate problem includes only the problem (P)
BS = ∞
Go to Step 2.

• Étape 1
Si la liste est vide, terminer. La solution optimale est celle
associée à BS, a moins que BS = ∞ dans lequel cas le problème
P n’as pas de solution.

• Step 2
Select the first candidate problem (PC) on the top of the list.



    If the list is empty, stop. The optimal solution is the one 

    associated with , unless  = ,and in this case the problem
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    To analyse , solve the relaxed problem  .
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    If the optimal solution 

  Ste

of 

p 

 is integer, the

3

n 

PC PC

F PC

v PC BS

PC

= Φ

≥

i

( ) ( )if ,  then : ,v PC BS BS v PC< =

go to Step1.



( ) ( )

( )

( )

( )

 

    To analyse , solve the relaxed problem  .
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( )

Generate a first new problem by including the constraint

 to the problem  and place it on the top of the list.j jx x PC ≥  

( )

Generate a second new problem by including the constraint

 to the problem , and place it on the top of the list.j jx x PC ≤  
Go to Step 2.
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Enumeration tree of the Branch & Bound

( )P

( )2P ( )3P

( )4P ( )5P

41 ≥x 31 ≤x

42 ≤x52 ≥x

Int. sol.
BS = – 23

Infeasible 
solution

Non int. sol.
z = – 22.333 > BS

Optimal solution
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How to search in the tree (how to select the next candidate problem)

:

      decend rapidly in the tree in order t

a) Depth first search (select the last gener

o reach as soon as

      possible a feasible 

ated candidate problem

integer solution

 

)

     

      require to complete some iterations to solve the candidate 

      

b) Search using the best node (

problem at each node in order t

us

o 

ing t

ident

he best ca

ify the no

ndidate pr

de having

 

oblem):

     the best potentiel to improve the upper bound 



( )Selection of the separating variable ,j j j j jx x x x x   ≥ ≤   
The variable  such that

a)   is the largest

j

j j

x

x x −  

b)   is the smallest
j j

x x −  

c)   is closer to 0.5
j j

x x −  



The optimal solution of the current relaxation of the candidate pro

Solving the relaxed candidate problem using the dual simplex method

blem 

(at the current node) is not feasible for the relaxed problem obtained 

by adding a constraint of the type   ou .

Then we can use the dual simplex method to solve the

relaxed candidate problem using the optimal solution

of the current problem to g

j j j j
x x x x   ≥ ≤   

enerate the initial basic solution.
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