1. The Simplex Method



Restaurant owner problem

max 8x + 6y

Seafoods available: Subject to
30 sea-urchins S5x+ 3y <30
24 shrimps 2x+3y<24
18 oysters Ix+3y<18

x,y =0

Two types of seafood plates to be offered:
$8 : including 5 sea-urchins, 2 shrimps et 1 oyster
$6 : including 3 sea-urchins, 3 shrimps et 3 oysters

Problem: determine the number of each type of plates to be offered by the
owner in order to maximize his revenue according to the seafoods
available



Transforming max problem into

Consider the following maximisation problem
max f(w)
Subject to i
where f: X — R we X R
Let w* be a point of X where the maximum of f1s 1
Then Jw*) = flw) Vwe X
or —fw* = -flw)  VweX
Consequently
—fw*) = min — f(w)
Subjectto we X R"
and w* 1s a point of X where the function — f{w) reac

min problem

eached.

hes 1ts minimum.

Hence if we max f(w) or if we min — f{w) we find the same optimal

solution w* .



Jlw*




Transforming max problem into min problem

Furthermore

Jw*) =max flw) =-min—f{w) =— (-f(w*))

We will always transform max problem into min problem.

Then — fwH Zfw) g
or —fd) < —fon)y
Consequently

—fw*) = min — f(w)
Subject to we X R"
and w* is a point of X where the function — f{w) reaches its minimum.

Hence if we max f(w) or if we min — f{w) we find the same optimal
solution w* .



Restaurant owner problem

max 8x + 6y min — (8x + 6y)
Subject to Subject to
5x+3y<30 Sx+3y =30
2x+ 3y <24 2x+3y<24
Lx+3y<18 lr+3y=18

x,y=>0 xy 20



Solving a problem graphically

* Method to solve problem having only two variables
e Consider the restaurant owner problem transformed into a min problem:

min z = —-8x— 6y
Subject to
S5x+ 3y <30
2x+3y<24
Ix+3y<18
x,y=>0



Feasible Domain

Draw the line
S5x +3y=30
The set of points satisfying .
the constraint
S5x+ 3y <30
is under the line since the origin o
satisfies the constraint

S5x+3y<30
2x+3y<24
Ix+3y<18
x=20,y=0

v



Feasible Domain

Draw the line
2x+3y=24
The set of points satisfying
the constraint
2x+3y <24
is under the line since the origin
satisfies the constraint

5x+3y<30
2x+3y<24
Ix+3y <18
x20,y=20

v



Feasible Domain

Draw the line
x+3y=18
The set of points satisfying .
the constraint
x+3y<I8
is under the line since the origin
satisfies the constraint \

S5x+3y<30
2x+3y<24
Ix+3y<18
x=20,y=0

v



Feasible Domain

The set of feasible points for the
system
5x + 3y <30 -
2x+3y <24
Ix+3y<18
x,y=>0

e
7

v



Solving the problem

Consider the economic function : i
7= —8x—6y. /

The more we move away on the
right of the origin, the more the
objective function decreases:

x=0andy=0=>z=0

4

N

A

5x+3y<30

2x+3y<24

Ix+3y <18

x=20,y=20
y= 8xz
6 6

slope of the line: —%

v



Solving the problem

Consider the economic function :

z= —8x—6y.
The more we move away on the

right of the origin, the more the
objective function decreases:

x=0andy=0=>z=0
x=0andy=6=>z7=-36

N

5x+3y<30
2x+3y<24
Ix+3y <18
x=20,y=20

x+3y=18

v



Solving the problem

Consider the economic function :
7= —8x— 6.
The more we move away on the 4

right of the origin, the more the
objective function decreases:

x=0andy=0=>z=0
x=0andy=6=>z7=-36
x=6andy=0=>7=-48

5x+3y<30
2x+3y<24
Ix+3y <18
x=20,y=20

5x+3y=30:> x=6
y=0 y=0

v



Solving the problem

Consider the economic function :

z= —8x—6y.
The more we move away on the

right of the origin, the more the
objective function decreases:

x=0andy=0=>z=0
x=0andy=6=>z7=-36
x=6andy=0=>z7=-48
x=3andy=5=>z7=-54.
Cannot move further on the right

without going out of the feasible
domain.

S5x+3y<30
2x+3y<24
Ix+3y<18
x=>0,y=0

5x+3y=30
x+3y=18
4x =12

N x=3 N X
3+3y=18 y

3
5

Optimal solution:
x=3ety=>5
Optimal value:

v




Slack variables

* Modify an inequality constraint into an equality constraint using non
negative slack variables:

a; X, + apX,+ ... +a,x, <b, — a;x;+ax,+...+a,x,+y,=b,

mn — "1 m-n

agXx;+ax,+...+a,x, =b, — ax;+apx,+...+a,x,—v,=b



Minimum version of the restaurant owner

 Modify the inequality constraints of the restaurant owner problem into
equality constraints using the slack variables u, p, and /:

min z = — 8x— 6y min z = — 8x — 6y
S.t. S.t.
Sx + 3y <30 Sx+3y+u =30
2x + 3y <24 2x + 3y +p =24
Ix+3y<18 Ix + 3y +h=18
x,y=>0 X,y u p h=>0

e The constraints are a linear system including 3 equations and 5 variables.

e 3 of the variables can be evaluated in terms of the other 2 variables



min z = —8x—6y

s.t. 5x + 3y +u =30
Dictionary Simplex Method 2 +3y o+ p =24
Ix + 3y + h =18

X, y, u, p, h =20

The constraints are a linear system including 3 equations and 5 variables.
3 of the variables can be evaluated in terms of the other 2 variables
u =30 -5x -3y
p =24 —2x -3y
h =18-1x-3y
z =0 —8x-6y
Fixing the values of x and y induces the values of the other 3 variables.

It 1s sufficient to find non negatives values of x and y inducing non
negatives values of u, p and 4 minimizing the value of z .

Infinite number of possibilities. We better have a systematic procedure to
find the minimum of z.



Find the variable to be increased

A feasible solution of the linear system
u =30 -5x -3y
p =24 —2x -3y
h =18-1x-3y
z =0 —8x-6y
is the following
x=y=0 => u=30,p=24,h=18 et z=0.

We can reduce the value of z if we increase the value of x, or that of y, or
both.

In the Simplex method we increase the value of only one

To minimize z, it seems better to increase the value of x since increasing the
value of x by one unit induces reducing the value of z by 8 units.



Limit for increasing the variable

e The non negativity of the variables u, p et 2 limits the increase of x
U =30-5x-3y>0
p =24-2x-3y>0
h =18-1x-3y>0
» Since the value of y is fixed to 0, then
U =30-5x>0 & x<30/5=6
p =24-2x>0 & x<24/2=12
h =18-1x>20 << x<I18
e The solution remains feasible as long as
x<min {6, 12, 18} = 6.



New solution

® u =30-5x -3y
p =24 —2x — 3y
h =18 — 1x—3y

z =0 —8x-6y
The solution remains feasible as long as
x<min {6, 12, 18} = 6.

e In order to minimize z, we select the largest value of x:

.e., x=6.
e The new solution becomes
x=6,y=0 = u=0,p=12,h=12 et



New iteration

U =30 - 5x -3y S5x+3y+1u =30
p =24 -2x-3y 2x+3y  +l1p =24
A =18-1x-3y Ix+3y +1h=18

z =0 —-8x-06y
The new solution becomes
x=6,y=0 = u=0,p=12,h=12 et z=-48.

This solution 1s unique for the preceding system when y = u = 0 since the
coefficients of the variables x, p et & induces a non singular matrix.

Consequently, to determine another solution, either y or u must take a
positive value.

Previously, the analysis was simplified by the fact that the variables x and y
that could be modified were on the right hand side.



Obtain an equivalent system

e Modify the system to have y and u on the right hand side.

e Use the equation including x et u in order to find a relation where x is a
function of u and y:

° U =30-5x—-3y => 5x=30-u-3y
p =24 —2x -3y
h =18 — 1x -3y
z =0 —8x-6y



Obtain an equivalent system

e Modify the system to have y and u on the right hand side.

e Use the equation including x et u in order to find a relation where x is a
function of u and y:

° U =30-5x-3y => (5x=30-u-3y) =5
=> x=6-1/5u-3/5y
p =24 —2x -3y
h =18 — 1x -3y
z =0 —8x-06y



Obtain an equivalent system

Modity the system to have y and u on the right hand side.

Use the equation including x et u in order to find a relation where x is a
function of u and y:

u =30-5x-3y => «x =6—1/5u—3/5y
p =24 - 2x I3y
=> p=24-2(6-1/5u-3/5y) -3y
=> p=12+2/5u-9/5y
h =18 - 1x -3y
z =0 —-8x-06y

Replace x by its expression in terms of # and y in the other equations.



Obtain an equivalent system

 Modify the system to have y and u on the right hand side.

e Use the equation including x et u in order to find a relation where x is a
function of u and y:

° u =30-5x-3y => «x =_6-—1/5u—-3/5y
p =24_2x M 2/5u — 9/5y
h =18 — 1x= 3y
=>
=>
z =0 —-8x-06y

=18 - (6 —1/5u—3/5y) — 3y

h
h =12+ 1/5u—12/5y

* Replace x by its expression in terms of # and y in the other equations.



Obtain an equivalent system

 Modify the system to have y and u on the right hand side.
e Use the equation including x et u in order to find a relation where x is a

function of u and y:

° u =30-5x-3y => «x = 6-—1/5u—-3/5y
p =24 -2x—-3y => =12 + 2/5u —9/5y
h =18-1x-3y h =12 + 1/5u — 12/5y
z =0 —-8x-06y
=> z =0 -8(6-1/5u-3/5y)-6y
=> 7z =-—48+ 8/5u—6/5y

* Replace x by its expression in terms of # and y in the other equations.



Equivalent system

e We transformed the system

° u =30-5x-3y => «x = 6-—1/5u-3/5y
p =24 -2x—-3y => p =12 + 2/5u - 9/5y
h =18-1x-3y => h =12 + 1/5u — 12/5y

z =0 —-8x—-6y => z =—48 + 8/5u — 6/5y



Equivalent system

We have a new system equivalent to the preceding one (i.e., the two
systems have the same set of feasible solutions)

Note that it is not interesting to increase u since the value of z would
increase

We repeat the preceding procedure by increasing the value of y

X = 6-—1/5u—3/5y
p =12 + 2/5u — 9/5y
h =12+ 1/5u - 12/5y

7z =—48+ 8/5u —6/5y



New iteration

e The non negativity of the variables x, p et 2 limits the increase of y :

X = 6-1/5u—-3/5y>0
p =12+ 2/5u—9/5y >0
h =12+ 1/5u—-12/5y >0
e Since the value of u 1s fixed to O, then
X =6 —-3/5y>0 < y<I10
p =12-9/5y>0 <& y<20/3

h =12-12/5y>0 < y<5
e The solution remains feasible as long as
y <min {10, 20/3,5} = 5.



New iteration

= 6-1/5u—3/5y>0

[ J x —_
p =12+ 2/5u—9/5y >0
h =12+ 1/5u—-12/5y >0

z =-—48 + 8/5u— 6/5y

The solution remains feasible as long as
y <min {10, 20/3, 5} = 5.

In order to minimize z, we select the largest value of y:: 1.e., y=3.

e The new solution is
y=5, u=0 => x=3,p=3,h=0 et z=-54.



Optimal solution

Modify the system to have h and u on the right hand side.

Use the equation including 4 and u in order to find a relation where y 1s a
function of 4 and u:

h =12+ 1/5u - 12/5y
Replace y by its expression in terms of # and y in the other equations.
The system becomes
X = 3—-1/4u+ 1/4h
p = 3+ 1/4u+ 3/4h
y = 54+ 1/12u—5/12h
z ==54+32u+1/2h

The solution y=5, u=0,x=3,p =3, h=0 (where z =— 54) is then
optimal since the coefficients of u and & are positive.

Indeed the value of z can only increase when the values of u or /4 increase.



the feasible domain.

It can be shown that the simplex method moves around the feasible

domain to identify an optimal solution without never going inside

When solving the restaurant
owner problem with the simplex
method:

The 1nitial solution is

x=y=0(u=30,p=24,h=18)
and the value of z=0

When increasing the value of x,

the solution becomes

x=6,y=0w=0,p=12,h=12)
and the value of z=—-48

When increasing the value of y,
the solution becomes

x=3,y=5u=0,p=3,h=0)
and the value of z=-54

5x + 3y <30
5x + 3y +u =30

2x+3y<24

2x+ 3y +p =24

/

Ix+3y<18
Ix+3y+h=18

e

v




Type of solutions encountered in the simplex method

In all the solutions encountered, only 3 variables are positive!

5 v
Since there are 5 variables, then there exist only [ ] = R = 10 different
solutions of this type type. 3) 32

Can there exists a solution with more than 3 positive variables having a
value for z better than the best solution generated by the simplex.

It can be shown that this is not the case.




Standard Form

After modifying the inequality constraints into equality constraints using
slack variables, we obtain the standard form of the problem where some
variables may be slack variables:

SujetEI Clllxl + a12X2 +...+ Cllnxn — bl

a21x1 + a22X2 +...+ azn.xn :b2

a, x,+a,,x, +..+a,.x, =b,

Xis Xgy ooy X, 20



Analysis of one iteration

* To analyse an iteration of the simplex method,suppose that after completing
some iterations of the procedure, the variables x,, x,, ..., x,, are function of
the other variables.



The system

e The system is as follows:
x| + + aim+1 X, + .ot aisX, + ...t anx, = bi

Xy + +aum+ X, t .-t axsx, +...tawmx, =bs

xr + +arm+]xm+1 + ...+arsxs + ...+arnxn - br

xm +amm+]xm+1 + ...+amsxs + ...+amnxn - bm

Cnl X, + ot CsX, + .ot Cnx, =2—2

e The variables x,, x,, ..., x,, are dependent variables of the values of the
other variables that are the independent variables.



The variables x,, x,, ..., x,, are dependent variables of the values of the
other variables that are the independent variables.

At each iteration, we transform the system in order to maintain the non
negativity of the right hand terms, and hence the dependent variables are
non negative when the values of the independent variables are equal to O.

xl+ :b]
x2+ :bz

Xr + :br
X :bm



The system

The system is as follows

x| + + Aim+1 X, + T als X, T .ot amx, = by

Xy + +asm+1X,,, + ...+ axx;, +..+awmx, =b>
xr‘l‘ +arm+1xm+1+...+arsxs+...+arn.xn :br

Xm +amm—|—1xm+1 + ...+amsxs + +amnxn — bm

Cm+1xm_|_1 + ...+ Cs.xs + ...+ Cnxn = Z



The system

 Move the independent variables on the right hand side:

X = D1 —Qim+1 X, ] — oo —AlsXg — ...— AlnX,,
X, =by —am+1 X, — ...—A2sX, — ...— A2 X,
x,, — br _arm+1xm+1 - ..._arsxs — ..._arn.xn

xm — bm _amm+1xm+1 — ..._amsxs — ..._amnxn

= Z + Cm+1xm+1+...+ Cs.xs + ...+ Cnxn



Step 1: Select the entering variable

» To select the variable to be increased (the entering variable), we look at the
z equation

X = D1 —Aim+1 X, — .- — AlsXy — ...— AlnX,
X =by —am+1 X4 — ..~ A25X; — ... — A2 X,
xr =br_arm+lxm+1_..._arsxs_..._arnxn

xm :bm_amm+1xm+1_..._amsxs_..._amn.xn

= Z + Cm+1xm+1+...+ Cs.xs + ...+ Cnxn




Step 1: Select the entering variable

e To select the variable to be increased (the entering variable), we look at the

z equation

X = D1 —Aim+1 X, — .- — Als Xy — ...— AlnX,
X5 =by —am+1 X,y — ..~ A25X; — ... — A2 X,
xr =br_arm+1.xm+1_..._arsxs_..._arnxn

X :bm_amm+1xm+1_..._amsxs_..._amn.xn

= Z + Cm+1xm+1+...+ Cs.xs + ...+ Cn.xn

e Denote s = IIll_n {?j}



Step 1: Select the entering variable

e To select the variable to be increased (the entering variable), we look at the

z equation

X = D1 —Aim+1 X, — .- — Als Xy — ...— AlnX,

X2 - 52 — a2m+1xm+1 - ..
If c¢& 0, then the solution

- Er - arm+1.xm+1 — . IS Optimal,
and the algorithm stops

- bm - amm+1xm+1 — Ree U7 «vs T CUITIIT VvV

= Z + Cm+1xm+1+...+ Cs.xs + ...+ Cn.xn

e Denote



Step 1: Select the entering variable

To select the variable to be increased (the entering variable), we look at the

z equation
X = D1 —Aim+1 X, — .- — Als Xy — ...— AlnX,
X5 =by —am+1 X,y — ..~ A25X; — ... — A2 X,
Ifcs <O, then the variable — —
41 - ..._arsxs - ..._arnxn

x. becomes the entering varaiable.
We move to Step 2. : :

- ..._amnxn

AE77) L=y 1 ST T LY 4] T e T ams 'xS

= Z + Cm+1xm+1+...+ Cs.xs + ...+ Can

e Denote gs — min {; }
J

1I€j<n



Step 2: Select the leaving variable

We have to identify the largest value of the entering variable for the new
solution to remain feasible.

In fact, the increase of the entering variable is limited by the first dependent
variable becoming equal to 0. This variable is denoted as the leaving
variable.

To 1dentify the largest value of the entering variable, we refer to the
preceding system of equations:



Step 2: Select the leaving variable

X = b1 —alsX, -
X, =b> - —a2sX,

Xr —_ br _ars.xs -

X, = bm T Ams X

7= Z .t CsX

e Since the values of the other independent variables remain equal to 0, we
can eliminate them from our evaluation



Step 2: Select the leaving variable

e The conditions insuring that the new solution remains feasible are as
follows:

X, = b1 —aisx; 20
Xy = by —azx, 20

Xr = br—drsXSZO
xm — bm _amsxs 20

» Two different cases must be analysed.



Step 2: Select the leaving variable

e The conditions insuring that the new solution remains feasible are as
follows:

P If a <0 VI1<i<m
X, = b1 —aisx; 20 is
- = then the value of the entering variable x,
Xy = by —asx; 20 . e

can be increased to infinity and the values

_ _ of all dependent variables remain

= b, — > :
r br —arx; 20 non negative.
B B Indeed, the value of each dependent
Xy = bm —amsx; 20|yarjable x, increases (if a,, <0) or

remains the same (if a, = 0).

In this case, the algorithm stops indicating that the problem is not
bounded below




Step 2: Select the leaving variable

In the second case, if a, >0 forat least
e The conditions insuring that the new

one index i, then the increase of the value
follows:

of x_ 1s limited by the value when a first

= b —ax. > :
X bi—aisx; 20 dependent variable reduces to 0.

X5 = by —azx, 20

X = br—drsXSZO

xm - bm_amsxs 20

Note that only the variables x, where a, >0 are relevant. Indeed, if a, <0,

then we just observe that the value of x; increases or remains the same, and

it cannot limit the increase of the entering variable x .




Step 2: Select the leaving variable

The conditions insuring that the new solution remains feasible are as

follows:

= b1 —aisx; 20

-
I

by —azsx; 20

br _ars.xs 20

bm _amsxs 20

The solution remains feasible

& Vi such that ;is >0

l

x;=bi —aisx, 20 & x, <

bi
 S=
dis




Step 2: Select the leaving variable

e The conditions insuring that the new solution remains feasible are as

follows:

= b1 —aisx; 20

-
I

by —azsx; 20

br _ars.xs 20

bm _amsxs 20

The solution remains feasible

& Vi such that ais > ()

X;=bi—aisx, 20 & x, <=
Ais

i

Consequently, the largest value of the
entering variable x, 1s




Step 2: Select the leaving variable

The conditions insuring that the new solution remains feasible are as

follows:

= b1 —aisx; 20

by —azsx; 20

br _ars.xs 20

bm _amsxs 20

The independent variable x,
limiting the increase of the entering
variable x, 1s the leaving variable.

The solution remains feasible

¢ Vi suchthat aj >0

bi—aisx, 20 & x, <—

X;

 S=
dis

Consequently, the largest value of the
entering variable x, 1s




Step 3: Pivot to transform the system



Step 3: Pivot to transform the system

e Transform the system :

X = D1 —Qim+1 X, ] — oo —AlsXg — ...— AlnX,,
X, =by —am+1 X, — ...—A2sX, — ...— A2 X,
x,, — br _arm+1xm+1 - ..._arsxs — ..._arn.xn

xm — bm _amm+1xm+1 — ..._amsxs — ..._amnxn

= Z + Cm+1.xm+1+...+ Cs.xs + ...+ Cn.xn

* to take the entering variable x on the left replacing the leaving variable x,
and vice-versa.



Step 3: Pivot to transform the system
* Indeed exchange the role of the variables x, et x,.because

» the entering variable x_(being an independent variable with a 0 value) becomes a
dependent variable with a non negative value

» The leaving variable x, (being a dependent variable with a non negative value)
becomes an independent variable with a 0 value

* The set of operations to complete the transformation is referred to as the pivot



Step 3: Pivot to transform the system

X

m

A rm+1 1
- me e r
Ars Ars

br
Urs

a m

= D1 —Aim+1 X, — -..— Als Xy — ...~ AIn X,
=b2 —Aom+1 X,y — o= A2sXg — ... —A2nX,,

- br _arm+1xm+1 - ..._arsxs - ..._arnxn 4}(8
- bm _amm+1xm+1 - ..._amsxs - ..._amnxn

= Z + Cm+1xm+1+...+ Csxs + ...+ Cnxn

Use the " equation to
specify x, in terms of

Xns 1>+
X

r

v Xy 15 Xgp o ooer Xpps




Step 3: Pivot to transform the system

X = D1 —Aim+1 X, — -..— Als Xy — ...~ AIn X,
X, =b2 —Aom+1 X, — o — A25 X,
—_ E o o E}‘ ;I‘IH+] ] ;m
xr —0Or _arm+1xm+1 - ..._arsxs - X, = =X, =X, ..m=X,
a rs a rs a rs Cl rs
xm :bm _amm+1xm+1 - ..._amsxs _..._amnxn
= Z + Cm+1xm+1 + ...+ Csxs + ...+ Cnxn
Replace x, specified in
termsof x, ., ..., x,
_ _ Xgi]s -+-s X, X,, 1N €ach of
- = — (b amn 1 am - the other equations
X=bi—amx,  —..—as|=——=—X  —..—=X —..—=X |~ ..—duX,
a rs a rs a rs a rs
'R - Er - - 5}‘1’71+] - 1 - - grn
X, =| bi—ais=|—| Gmn —a1s—=—|X,,,—...—| —Qis —= |X, —...—| Qn —a1s = |X,
Ars Urs Urs Ars




Step 3: Pivot to transform the system

X

m

= D1 —Aim+1 X, — -..— Als Xy — ...~ AIn X,

=Dy —Aom+1 X,y — o= A2s Xy — ... —A2nX,,

= Z + Cm+1xm+1+...+ Csxs + ...+ Cnxn

br _arm+1xm+1 P

bm _amm+1xm+1 - ..._amsxs - ..._amnxn

Ars [ Urs

Replace x, specified in
termsof x, ., ..., x,
Xgi]s -+-s X, X,, 1N €ach of
the other equations




Step 3: Pivot to transform the system

= D1 —Aim+1 X, — -..— Als Xy — ...~ AIn X,
=b2 —Aom+1 X,y — o= A2sXg — ... —A2nX,,
7 - - - E}' 5I"”+ ] 5I”
- br _arm+1xm+1 - ..._arsxs - ..._arnxn = =—— ]xml—...—_—xr— —=X,
(/l rs a rs a rs Cl rs
xm - bm _amm+1xm+1 — . Ams X — ..._amnxn

Replace x, specified in
termsof x, ., ..., x,
Xgi]s -+-s X, X,, 1N €ach of
the other equations




Step 3: Pivot to transform the system

X

m

= D1 —Aim+1X, ] — ...— Als X,

b/' Arm+1 ]
——= X

m+1 r

Ars [ Urs

- ..._alnxn
=b2 —Aom+1 X,y — o= A2sXg — ... —A2nX,,
:br _arm+1xm+1_..._arsxs _..._arnxn X,
- bm _amm+1xm+1 - ..._amsxs - ..._amnxn

= Z + Cm+1xm+1+...+ Csxs + ...+ Cnxn

=

Replace x, specified in
termsof x, ., ..., x,
Xgi]s -+-s X, X,, 1N €ach of
the other equations




Equivalent system for the next iteration

e The pivot generates an equivalent system having the following form

X = by = Ay Xy = o= A X — Ay X,
X2 = b2 Ay 1 Xl T e T Ao Xy T T Ay Xy,
X = br A Xyl — T A Xy T Ay Xy,

Xm = bm T A1 Xl T e T Ay Xy T e T Ay Xy,

2= 7 4 CppyXpuy + -t €. X, + .+ C, X,

e Using this new system, we complete a new iteration.



Tableau format of the simplex method

We now use the tableau format to complete the iterations of the simplex
method.

We illustrate one iteration of the tableau format for solving the restaurant
owner problem.



Recall the problem

min z = —-8x— 6y

Sujet a
Sx+3y+u =30
2x + 3y +p =24
Ix + 3y +h=18

X,y U, p, h=0



Equivalent tableau format for the system

min z = —8x — 6y min z
Subject to Subject to
Sx+3y+u =30 S5x+3y+u =30
2x + 3y +p =24 2x + 3y + p =24
Ix + 3y +h=18 Ix + 3y +h =18
X,y u p h=>0 —8x -6y —z=0
X, ¥ u, p, h =20
., =30 - Sx— 3y dep.var.\x y wu p h -z r.h.s_.
1 5 3 1 30
p =24 —2x -3y . .y
ho =18 1x—3 poj= 3 =
CoeT AT |1 3 1 18
¢ =0 Bx-6y |7 g 1 0




u =30 - 5x -3y
p =24 —2x — 3y
h =18-1x-3y

z =0 -8x-06y

dep.var.|x y u p h -z r.h.s.
i 5 3 1 30
P 2 3 1 24
h 1 3 1 18
-z -8 -6 1 0

Step 1: Entering criterion

cs=min{c.}
I<j<n b

Determine the entering variable
by selecting the smallest element
in the last row of the tableau

min {-8,-6,0,0,0} =-8.

x 1s then the entering variable



u =30 -5x -3y
p =24 —2x -3y
h =18-1x-3y

z =0 -8x-6y

dep.var.|]x y u p h -z rhs
u > 3 1 30
? 2 3 ] 24
I 1 3 ] 18
-z -8 -0 | 0

Step 2: leaving criterion

xszfr = min{fi Lais >O}

a rs 1SlSm alS

N\

To identify the leaving variable

entering variable

determine the min of the ratio

right hand side terms divided by the
corresponding elements in the
column of the entering variable

that are positive:



u =30—5x—3y_
p =24 —2x -3y
h =18-1x-3y
z =0 -8x-6y

dep.var.|x y u p h -zii ths.
—> 1 5 3 1 30
P 2 3 1 24
h 1 3 | 18
-z -8 -6 1 0

Step 2: leaving criterion

xszfr = min{fi :5is>0}

a rs 1SlSm alS

N\

entering variable

min {30/5,24/2, 18} =30/5=6

The corresponding variable u

becomes the leaving variable



dep.var.|x y wu p h -z| r.hs.

“ =30 -5x-Jy 7 @ 3 1 30

p =24-2x-Jy / » |2 3 1 24
h =18-1x-3y

oy
—

|1 | 18
z =0 —8x—6}/ - |-8 -6 1 0

leaving variable »%ntering variable
Step 3 : Pivot

Transform the system or
the tableau




dep. var.| x y o u p h -- I'.h.S.
u 5 3 1 30 . .
» 53 1 4 vEavmg variable
h 1 3 1 18
-z -8 -6 1 0
BN

entering variable

RECALL: We use the equation including variable x and u to specify x in
terms of u# and y:

u =30-5x-3y => 5x=30-u-3y)/5

=> x=6-1/5u-3/5y
This 1s equivalent to

Sx+3y+u =30



dep.var.|x y u p h -z r.h.s.
u 5 3 1 30 N , ,
p S 1 4 leaving variable
h 1 3 1 18
- |-8]-6 I 0
S |

entering variable

RECALL: We use the equation including variable x and u to specify x in
terms of u and y:

u =30-5x-3y => 5x=30-u-3y)/5
=> x=6-1/5u-3/5y

This 1s equivalent to

(5x+3y+u =30)/5



dep.var. X oy 1 }; I'.h.S.
u 5 3 1 30 ~_ _ ,
p S 4 leaving variable
h 1 3 1 18
-z -8 -6 0
BN

entering variable |
RECALL: We use the equation including variable x and u to specify x in
terms of u and y:
u =30-5x-3y => 5x=30-u-3y)/5
=> x=6-1/5u-3/5y

This 1s equivalent to

(5x+3y+u =30) /5 =>x+ 3/5y + 1/5u =6



dep.var.!x 'y w p h -: r.hs.
u > 3 1 30
) > 3 | 24 v\leaving variable
h I 3 1 I8
-2 |-8 -0 1] 0

™ entering variable

This 1s equivalent to

(5x+3y+u =30) /5 =>x+ 3/5y + 1/5u =6

In the tableau, this is equivalent to divide the row including the leaving
variable by the coefficient of the entering variable in this row



dep.var. | vy v h o -- r.h.s.
D y 1; 1; T L 30 <«—Divide this row by 5
» 52 1 4 "~leaving variable
h I 3 1 I8
-2 |-8 -0 1] 0
This 1s eqﬁTValent to
(5x+3y+u =30)/5=>x+ 3/5y + 1/5u =6

In the tableau, this is equivalent to divide the row including the leaving
variable by the coefficient of the entering variable in this row



dep. var.

X Y - Z | r.h.s. .. .
1. J G p_ : <«—Divide this row by 5
u 5 3 1 30 —_ . .
» 53 1 4 leaving variable
h I 3 1 I8
-z -8 -6 1] 0
BN

entering variable

x+3/5y+1/5u=6




dep. var 1. - ﬁ p h -z Lh'_S. - «—Divide this row by
U 5 3 1 30 ~loay .
» h 3 1 4 eaving variable
h I 3 1 I8
-z -8 -6 | 0
| v\entering variable
We obtain the following tableau
dep.var. |, h r.h.s.
x+3/5y+1/5u=6—> X I 35w §
P 2 3 24
h I 3 1 I8
-z -8 -6 0




dep.var.|x vy w p h -z r.h.s.
X I a1 6
P 203 1 24
h I 3 1 I8
-z -8 -0 | 0
* Recall: Replace x in the other equations
X =6—1/5u—-3/5y
p =24 -2x =73y

=> p=24-2(6-1/5u—-3/5y) -3y
This 1s equivalentto : p =24 —2(6 — 1/5u —3/5y) +2x — 2x — 3y

& 2+ 3y +p—2(x + 3/5y +1/51) = 24 — 2(6)



dep.var.|x 'y 4 p h -z} rhs.
X 1 35 1s 6 second row
» Q) 3 1 g == minus
h 1 3 1 18 2(the first row)
-Z -8 -6 1 0

This 1s equivalentto : p =24 —2(6 — 1/5u —3/5y) +2x — 2x — 3y
S 2x+3y+p—2(x+3/5y+ 1/5u) =24 — 2(6)
S 2x + 3y +p=24
— 2 (x+3/5y+ 1/5u =0)
Ox + 9/5y 2/5u+p=12




dep. var.\ vy oy p  h r.hs.
X I a5 ws 6
» |2 3 1 =4
h 1 3 L 18
- |8 6 0

0x+9/5y—-2/5u+p=12

second row
minus
2(the first row)




dep.var.|x v u p h - rhs.
X 1 35 1 6 second row
» |23 1 rq |l st
h 1 3 1 18 2(the first row)
-Z -8 -6 1 0

The tableau 1s modified as follows

dep.var.|x y u p h -z r.h.s.
X I 35 s 6
0x+9/5y—2/5u+ p=12|—> o5 25 1 12
h 1 3 1 18
-z -8 -0 1 0




dep.var.| .y, ho- r.h.s.
A I 35 ws 6
P 2 3 24
h 1 3 1 18
-z -8 -6 0

dep.var. x y h r.h.s.
X 3/5 | 1/5 6
P /5 -2/5 12
h 12/5 -1/5 1 12
-z -6/5 8/5 48



Tableau format of the simplex method
analysis of one iteration

e Analyse one iteration of the tableau format of the simplex method
 The system

X, + + Aim+1 X,y T oot alsXg + ot amx, = b1

Xy + + a1 X, +...taxx, +..+awmx, =b>
xr+ +arm+1xm+1+...+ars.xs+...+arn.xn :br

)Cm +amm+1xm+1 + ...+amsxs + ...+amnxn - bm

Cm+1xm+1 + ...+ Cs.xs + ...+ Cnxn = J—Z



X, + +aimi1 X, + ot asx, + .o tamx, = b

Xy + + Qomi1 X,y + .ot a2sXg + ot amx, = b2
.xr+ +arm+1xm+1+...+ars.xs+...+arnxn =br

xm +amm+1xm+1 + ...+amsxs + ...+amnxn = bm

can be written in the following tableau Cmt Xy F oot Xy ot CnX, =22
dep. var.
:_IL"]. _l'_ll_"2 ...I;I-' nan I;I-;I-! I;I-;I-z-l—l ---;I;_'E ...I;I-z —E r.h.s.
Il ]_ ﬂl?‘?‘!‘l‘l ...ﬂlﬁ "'I'.'I]_;l-; E:'].
X3 1 A2nrtl - A2yt b2
r 1 'Erm-l-l - E:‘".ﬁ &rn &
*m 1 cd maper - Em.s Emn b




Stepl: Select the entering variable

e Referring to the last row of the tableau, let ¢s = min {_c }

1<j<n b/

| Entering variable |

If ¢;>0, then the current h
| solution is optimal, and A A A Ay T2 I.1L.8.
the algorithm stops Elo o2l " ln B
2 l cd 2rrtl "'&25 "'aﬁn b2
If C€s5<0,then x,is the Gt "yt by
entering variable :
1 i mmet Em.s ) Emn 'E:Im
—Z iy ;I';I'H-]_ EE - E;l-z ]. — E




Step 2: Select the leaving variable

If @, <0 VI<i<m,

. | Entering variable |
the problem is not h
bounded below, R T T S I;
and the alg. stops Al a2l bl B
T 4 _:12??2_'_1...&25 ...&2?'! E:'E
If i such that a,, >0, o - - 5
then the sol. remains feasible <> rmtl TG [t e 7
Vi such that aj; >0 - — — p
_ FeeH @]ttt A omn ™
X; =b; — ;,-sxs 20 & x, < L b|The entering variable x_ takes the value
Ais | _ —
b . | b —
X, ==—= miny=—:a; >0
A rs 1<i<m Ais




Step 2: Select the leaving variable

dep' var. | Entering variable ]
| :,l;_'l :_Ii_'z---_l'_lf?_--- :_Ii_'m I:":"H‘]. ..._I'_lfl5 ---:_Ii_'n —F r.h.s.
[ Leaving variable ] = = — -

"'"']_ 1 id 13- H "'I:I]_J ...I:I].:"E -E:']_
IE 1 I:IE:*?H-]. ...I:IEJ "'I:IE;I-E E:IE
i 1 ErmH "y iy 3 by
Ao 1 e FEreeetl ST SURTTY, S, -E-'-'m
—Z < c, Cu 1 _Z




Step 3: Pivot

The pivot element drs is located at the intersection

of the colummuncluding the entering variable x;
and of the row including the leaving variable x,

| Entering variable |

| %z xon ex ez, <z | Ths.
[ Leaving variable ] = = — -
A1 1 Al rck]s ] -E:'l
IE 1 2??2_'_1 ---I:IEJ ..I:IE:"! E:IE
I:I" 1 ':I:Fm-l-l ---I:I?_H E:':..-
Im 1 I:I?‘?'E:":"E'l']. ...ﬂmﬁ ...I:Imﬂ .E:'m
—Z ComH 05 v Cm _Z




Step 3: Pivot

Devide row r by the pivot
element ¢4,, to obtain a

new line r.
dep-var: [ Variable d’entrée |
| I‘_I'.I;_'l _I',Ii_'z---:_lf?_--- :_Ii_'m I:":"H‘]. ..._I'_lfl5 ."I:"! s r.h.s.
( Variable de sortie ] = — — —
"-ll']_ 1 I:I]-;";"E-I_]. ...l:I]_E ...I:I]_:"E .E:']_
IE 1 l'_'IE;.,?H_l ---I:IEJ ...I:IE:"! E:IE
I:I-' 1 ':I:'":":"!'H. ...I:I:'":"E .E:':l-' -
. K ' UArs
Im ]- ot marrH "'I:Imj "'I:Imn 'E'-'I?‘i"!
—Z ComH o O Cu 1 _Z




Step 3: Pivot

Devide line r by the pivot
element g,,to obtain a

new line r.
dep' val. | Entering variable ]
| K] Koo X, o Ky Xy X, X, F r.h.s.
[ Leaving variable ] = = — -
A1 1 Aol *"* @15 " Eln b
A2 1 A2t @35 @ bs
Ay 1 @y .. a, [;r
: a. a. a. a.
T 1 ':;m??ﬂ'l Em.s Emn b
—Z E??H'l ) E.s - En 1 — E




Step 3: Pivot

Multiply the new line r by 51-5 ,

def variable x_to become equal to 0.

and substrack this from the line i. This
induces that the coefficient of the entering

| Entering variable ]

/ _ h
‘:,l;_'l IEIHI?'."I?H :_Ii_'n s T. S
[ Leaving variable ] = — -
] 1 alewe | 1 1
A2 1 2ot vt 29 b2
Ay 1 rmel 1. G b,
as rs a, a,
Im 1 I:I:":"E:":"!'H "":I:":"!.F I:Im:l-! 'E:Im
—Z ComH o O Cu 1 _Z




Step 3: Pivot

Multiply the new line r by ,

and substrack this from the 11ne i. This
induces that the coefficient of the entering
de variable x, to become equal to 0.

| Entering variable ]

/ _ h
‘:,l;_'l IEHII?'". ..._I-_lfl5 :_Ii_'n s T. S
[ Leaving variable ] = = — -
A 1 a1 ]yt dla b1
IE 1 l:IE;"?H']. l ...I:IE:"! E:IE
Ay 1 Grmi e G b,
ars rs ai’S ars
Im 1 I:I?‘?'E:":"E'l']. ...ﬂmﬁ ...I:Imﬂ .E:'m
-z CwH  ttt O Cu 1 _ =




Step 3: Pivot

Multiply the new line r by ,

and substrack this from the 11ne i. This
induces that the coefficient of the entering
variable x, to become equal to 0.

de lEnterlng variable ]
X] Koo x& ;'rF_E < Z r.h.s.

[ Leaving variable ] -
*1 1 '51 15 '511?:! b1

x, R b,
ars ars
*m 1 B

—Z 1 _z




Step 3: Pivot

Multiply the new line r by ,

and substrack this from the 11ne i. This
induces that the coefficient of the entering
variable x, to become equal to 0.

de A/lEntering variable ]
) xz---xr\\ ;m] X, X, *E r.h.s.
[ Leaving variable ] = — -

A 1 ¥ SPRRLLY 3" b
IE ]-IIII:IEJ "'I:IE;I-E E:IE
Ay i N m br

ars Clrs rs ars
Ao e Fereeeth BV SURRTTTY, S, -E-'-'m
—E_" ':'-':":":."H. --@--- l:_"n _ E.r




New tableau
for
the next iteration

dep. var.
X] Xo »o X, o Xy Xy %, "X, —Z r.h.s.
I]_ ]. El:l-‘ El?‘?‘!‘l’l I:I " Ef]_;l-z 'E'-'I_.].
A2 1 g @ bl oo e d 2n -'E_:'E
& & & ymH ] d -E?:r
I;I-;I-z Emr ]- E?‘?‘!?‘?‘E‘l’l - [:I Ef?‘?‘!?‘! =
b




Matrix notation



Matrix notation

The linear programming problem

in standard form
min

Subject to

< =C1X1 +C2% +.. .+Cnxn
aj X, +apx, +..+a;,x, =b

6121)61 + a22x2 +...+ aznxn :b2

a, X, +a,,x, +..+a, x, =b,

Xis Xy ooy X, 20



Restaurant owner problem

minz=—-8x—6Yy
min z=[-8,-6,0,0,0] | x Suject to Sx+3y+u =30
y 2x+3y +p =24
U Ix+3y +h=18§
p x,y,u, p,h =0
_h_
S.t. -
X
5 3 10 0)y| [30]
2 301 Oflu|=|24
1 300 1)jp| |18
h




Matrix notation

The linear programming problem
in standard form
min =X +CX, +..4C X,
Subjectto a1 X; + A;p Xy +...+a,x, =b;

6121)61 + a22x2 +...+ aznxn :b2

min z = cTx

subjectto Ax=b

x20
cxe R be R" a, X, +a,,x, +..+a, x, =b,
A amXn matrix Xi1s Xoy ooy Xy, >0
all aln
A=| ¢ :
aml amn




Matrix notation

min Z
Sllbject to Clnxl +Cl12x2 +...+ Cllnxn :bl
- a21x1 +a22x2 +...+ aznxn =b2
min 2
Subjectto Ax =b
ch—z:O _,
amlxl +am2X2 +...+ amnxn =0,,
x=20
c,xe R",be R" cix;+ Crxy+..+ c,x, —2=0
A a mXn matrix Xps Xoy ooy X, 2 0




Matrix notation

e Consider the matrix formulation of the linear programming problem

min z
Subjectto Ax =b

ch—zzO

x=20

 Assume that m <n and that the matrix A is of full rank (i.e., rank(A) = m,
or that the rows of A are linearly independent)

e A submatrix B of A 1s a basis of A if it 1s a mxm matrix and non singular
(i.e, B! exists)



Restaurant owner problem:

A=

Exa

BIZO 1 O B2:

X y u p h
(5 3 10 0)
2 301 0

(1 3 0 0 1)
mples of basis:

u p h
1 0 0)

0 0 1,

x p h
(5 0 0)
2 1 0

10 1,

X p oy
(5 0 3
2 1 3
10 3,




Matrix notation

A sub matrix B of A is a basis of A if it is a mxm matrix and non singular
(i.e, B! exists)

To ease the presentation, assume that the basis B includes the first m
columns of A, and then

A=|B'R]

Denote also

The original problem can be written as



min z
Sujectto Ax =b
c'x—z=
x20

min z

Subject to

|B:R]

T: T
[ehict]

x=20




min z
Subjectto  Bxy + Rxp =b
CpXp+Cpxp—2=0

Xg,Xgp 20

min z

Subject to

[

|B:R]

T: T
Cp:Cp

x>0




Specify xp in terms of x, using the constraints of the problem

Then

Bxg + Rxp =b
B~'(Bxp + Rx)=B'b

B™'Bxy + B'Rx, =B'b
Ixg + B'Rx, =B7'b

Ixg =—B'Rxp, +B'b



Replacing x, by its value in terms
min- 2 of x, in the objective function

Subjectto  Bxp + Rxp =b

Note that the two problems are
T T . . .
CpXp+CpXp—2 = 0 equivalents since the second one is

obtained from the first one using
XpsXR 0 elementary operations based on a

non singular matrix B-!

min

Subject to Ix, + B™'Rx, =B'b

¢y (=B 'Rx, + B"'b)+ cyxp—2=0

Xg,Xp =0



min z

Subject to Ix, + B”'Rx, =B'b

¢y (=B'Rxy +B7'b) +cpxp—2=0

Xg,Xp 20

Combining the coefficients of x,
min z
Subject to Ix, + B”'Rx,

Ox, +(cp —cpB 'R)xp — 2

Xp,Xp 20

= B

. T
=—Cp

B



min 7

Subject to Ix, + B™'Rx, = B7'b
Oxg+(cp —CcyB'R)xg —z =—cyB7'b
Xg,Xp =0

The problem can be specified in the following tableau

dep. var. | =z x¥ -z r.h.s.

=l

X 7 B lg 0 B lh

= 0 cir-cypB7IR 1 —ctE




30
24
18

0 O

0

-6

00
1 0
0 1

Tableau of the second it€ration

12

12

48

X

0




basic var. x5 x5 -z r.h.s.
X5 I BlR 0 Bl
= 0 cp-cyB'R 1 - g B

The variables x; (denoted as
the dependent variables)
associated with the columns

of the basis B, are now denoted
basic variables

The variables x; (denoted
independent variables)

are now denoted

non basic variables




basic var. x5 x5 -z r.h.s.
X5 I BlR 0 Bl
= 0 cp-cyB'R 1 - g B

To obtain the basic solution associated with the basis B
letx, =0
it follows that x, = B™'b

The basic solution is feasible 1f x, = 0.




basic var. x5 x5 -z r.h.s.

xR I B lg 0 B4

—Z I:' ER_EEE_IR 1 _E_E-.E_IE:'

Note that this tableau is identical to the one used to

illustrate an iteration of the simplex algorithm.




basic var. xh xh -z r.h.s.
= Ol |ek-cxBIR| 1 _553—1,3;.
dep. var
X Xpre X, X, Kp X, X, —Z
Az 1 (2 2kl =2 o 2
r 1 rmH "y trn
Xom ] ﬂmﬂrl-l"'ams"'&mn
—E £ wrtl Cs ca |1




basic var. x5 x5 -z r.h.s.
X I 5lg 0 571
—= I:' ER_EEE_IR 1 _E_E-.E_IE:'

Since all tableaus correspond to basis of A that are specified
by the columns associated with the basic variables (dependent
variables), it follows that in the simplex algorithm, we move

from one basic feasible solution to a new one where the

objective function decreases.




The simplex multipliers

e Consider the last row of the simplex tableau corresponding to the
basis B associated to the relative costs of the variables:

basic var. xE x% -z | rhs.
Ee: ! BTR 0 57l
—= 0 ch-ciB7lR 1 —cLB
LT —T\
Cp CRr
—T
cz =0




The simplex multipliers

e Consider the last row of the simplex tableau corresponding to the

basis B associated to the relative costs of the variables:

basic var. xE x% -z | rhs.
Ee: ! BTR 0 57l
—= 0 ch-ciB7lR 1 —cLB
LT —T\
Cp Cr

T _n_ T T _ T Tpl
cy =0=cy—cy=cy—cz;B B

—T _ T Tpl
Cp, =Cp—CzB R

¢ = [ET ET} = [c;,c;}—ch_l [BER] —c' —ch_lA

B’ "R



The simplex multipliers

Denote the vector 7€ R"
specified by

= CEB_1
Then

where ¢,. denotes the jth column
of the contraint matrix A

=T T T p-1
c =c —czB A

7 1s the simplex multipliers vector

associated with the basis B.

The vector £ has one element associated

with each row (constraint) of the tableau.
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The simplex multipliers

. T

The simplex multipliers vector 7 alows to compute the values

of the relative costs ¢, using the original data of the problem.

cl=c'—x7'A

The component 7z, (i =1,...,m) of the simplex multiplier vector

can be seen as a weight associated with the row i of the constraint

matrix A, and then substracting the linear combination of the
rows of the matrix A using these weights (7' A), from the cost
vector (CT) of the variables allows to obtain the relative costs

of the variables, and to reduce to O those of the basic variables.
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Sensitivity analysis of the optimal value
when modifying the right hand side terms

The simplex multipliers associated with an optimal basic solution allows to
analyse the sensitivity of the optimal value when modfying the right hand
terms.

Consider a problem and its version when modfying the right hand terms

min z min Z
Subjectto Ax =b Subjectto Ax =b+Ab
c'x—z=0 cx—2=0

x=>0 X2

O M




Sensitivity analysis of the optimal value
when modifying the right hand side terms

min z min Z
Subjectto Ax =b Subjectto Ax =b+Ab
c'x—z7=0 c'x-7=0
x>0 x>0

Let B* be an optimal basis, and the corresponding basic solution
x, =0

x.=B""D —b> 0
B

having the optimal value

S T * T p*l T
Z =C*XB*+CRXR=CB*B b:cB*b



Sensitivity analysis of the optimal value
when modifying the right hand side terms

min 2 min Z
Subjectto  Ax =b Subjectto  AX =b+Ab
c'x—z=0 c'x-7=0
x=0 x>0

Select a value of the vector Ab to be such that
B '(b+Ab)=B 'b+B'Ab=0

Hence B” remains a feasible basis for the new problem, and the

basic feasible solution is as follows
% =0

%.=B"(b+Ab)>0



Sensitivity analysis of the optimal value
when modifying the right hand side terms

Hence B™ remains a feasible basis for the new problem, and the

basic feasible solution is as follows T T2 TA

~%
X, =0

X.=B"(b+Ab)20

*T T *—1
T = cB* B

Furthermore, since neither the costs ¢ ; nor the matrix A have

changed, then the simplex multipliers vector 7~ remains

unchanged. Then the relative costs ¢; remains also unchanged

and non negative for the new problems.

Then B™ remains an optimal basis for the new problem.



Sensitivity analysis of the optimal value
when modifying the right hand side terms

An optimal solution of the new problem is then
% =0
X.=B"(b+Ab)20

The optimal Value of the new problem is as follows: z'=c.B"
7 = c .+ cT )~C*
z =c.B7'b
_ T *—1 B
=c.B (b+ AD)

=c".B'b+c".B'AD
B B

=7 +7 Ab

m
=7 + Zﬂ':Abi
i=1



Sensitivity analysis of the optimal value
when modifying the right hand side terms

An optimal solution of the new problem 1s then
~ K T ~ K T ~%
=Cc.X.,+coX
< 55 RAR

_ c} B '(b+ Ab)
=c.B 7 'b+c" . B'Ab
B B

=z +7 Ab Then 7, is the marginal rate of variation

=7 + ZﬂjAbi of the optimal value of the objective function
- when the right hand term b, of the i"

constraint is modified in such a way that

the optimal basis remains feasible for the

new problem.
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Feasible domain

The feasible domain for
the system
S5x + 3y <30 A
2x+3y <24
Ix+3y<18
x,y=>0

v



Solving the problem graphicly

Consider the objective fonction:
J 5x+3y=30+Ab]<:>y=—§x+30+3Ab1

7z=—8x—06Yy

The optimal solution: A
x =3andy = 5 => 7 =-54.
Optimal simplex multipliers vector:

7T=[-3/2,0,-1/2]

dx+ 3y <30

\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\

e If b,=30Dbecomes b+Ab, with
Ab,<0

the size of the feasible domain is
reduced

2x + 3y <24
Ix+3y<18

v
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Solving the problem graphicly

Consider the objective fonction: 5x+3y=30+Ab < y= _g x4 30 +3Ab1
7=—8x—6Yy
The optimal solution: 1
x =3andy = 5 => 7z =-54. \
Optimal simplex multipliers vector: px + 3y <30
7" =[-3/2,0,-1/2] \
e If b,=30Dbecomes b +Ab, with 2x+3y<24
Ab,>0 lx+3y<18
the size of the feasible domain 1s .
increased N <
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Solving the problem graphicly

: o . TN
Consider the objective fonction: x43y =18+ Ab, & y = _% 18 . by

7=—8x—6Yy

The optimal solution: 4
x =3andy = 5 => z =-54.
Optimal simplex multipliers vector: 5x + 3y < 30

7r'=[-3/2,0,-1/2]

e If b= 18 becomes b;+Ab; with
Ab;<0
the size of the feasible domain is

2x +3y <24
Ix+3y<18

reduced
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Solving the problem graphicly

Consider the objective fonction: D43y =244 Ab, & y = _% A +3 Ab,

7=—8x—6Yy

The optimal solution: 4
x =3andy = 5 => z =-54.

Optimal simplex multipliers vector: Fx + 3y <30

7'=[-3/2,0,-1/2] \

2x + 3y <24

e If b,=24 becomes b,+Ab, with
Ix+3y<18

Ab,<0

the size of the feasible domain
remains the same

-
v
.
-
-
.
-,
-,
-
’
-,
-
g
v



Optimality criterion

e Proposition In the simplex algorithm, if at some iteration, all the relative

costs ¢; 20 Vj, 1< j<n, then the current solution is optimal

Proof: Without lost of generality, assume that the first m variables

X{s Xy, ..., X, are basic; 1. e.,

-

basic var.

basic var.




Optimality criterion

basic var.

The objective function is as follows

z=0x,+...40x, +¢C, X, . +...+C,x +csB b

zZ= -ch_lb



x|

N

Optimality criterion

The objective function is as follows

z=0x,+...4+0x +cC, X . +...+C,x, +cyB b

Consider another feasible solution X >0 with the value

P P ~ L Tp-l
Cm+l Xm+l + Cm+2 Xm+2 +...+CnXn +CxB D

But the hypothesis c i =20 Vj, 1< j<n induces that

P P T p-1 T p-1
Cmtl Xm+l + Cne2 Xms2 + ..+ CnXn +Cg B D2 cy B b
>0




N

N

Optimality criterion

The objective function is as follows

z=0x,+...4+0x +cC, X . +...+C,x, +cyB b

Consider another feasible solution X >0 with the value

P P ~ L Tpl
Cm+1 Xm+l + Cm+2 Xm+2 +...+CnXn +Cx B D

But the hypothesis c i =20 Vj, 1< j<n induces that

Cmtl Xm+1 + Cnt2 Xma2 .o Cp Xn + ctB'b>c,B'b=7
>0

Then the current solution is optimal. m



