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Approximation in ML

e Statistical approximations (random data), e.g.

Ey-p [f (0)] = Ef(xl) Xi~p,i=1,..,n

e Cannot make apprOX|mat|on arbltrarlly precise, sampling cost

 Computational approximations (random non-data)
e Can make approximation arbitrarily precise, costis computational






The Pattern

e “Consistent” approximation:
consistent estimator of some quantity of interest (k — o)

 Computationally constraints put limits on k



Example 1: Self-Normalized Importance Sampling

e Quantity of interest
x~pLf ()]

* Consistent estimator, unnormallzed p

L(p,q. 40 = kz et SR




Example 2: AlS Evidence Estimates

* Annealed Importance Sampling: unbiased estimates of

Bre(x) > p(x) = f p(x12) p(2) dz

 However, in many applications we need to estimate
(See [Salakhutdinov and Murray, 2008]) ——

logp(x)
* Naive plug-in estimate, consistent,

Ly = logpr(x) /
Jensen’s

* Biased (“stochastic lower bound”, sounds better) , "
inequality



Example 3: Importance Weighted
Autoencoder (IWAE)

* Family of tighter ELBO bounds [Burda et al., 2015]

* Intractable expectation

pe(x|z) p(2)
quw (2]x)

* Approximate “naively” using empirical expectation

K
IO pe(xlz) p(2)
Li=logg )

=1

logE, g, z1x) [

qe (2]x)

Zi~qy (Z]X)



IWAE: known results [Burda et al., 2015]

* ELBO recovery
ELBO = L4

* Consistency

Corollary 2 (Consistency of Lx). For K — oo the estimator L is consistent, that is, for all € > (

hlll jj{ ‘LI\ — liln ir”{ T }l (—,'I — “ {12}

K—co

e Stochastic monotqnicity (f= bias)
EL; < EL, <--- < EL, =logp(x)

>



Example 4: Markov Chain Monte Carlo

e Quantity of interest
Eyplf ()]
* Consistent estimator from truncated Markov chain samples
Xer1~T (X1 ]xe), x0~To(x0)

k
) 1
Ly = ;; Flxo)

e Bias due to truncation

e See [Strathmann et al., ICML 2015]



Example 5: Stochastic Metropolis-Hastings
Acceptance Rates

e Stochastic Gradient MCMC method omit accept-reject step in a
Metropolis-Hastings chain (e.g. SGLD [Welling and Teh, ICML 2011]

* Problem: exact (MALA) acceptance rate is intractable
Pn(x’) Qn(xlx)}
Pn(x) qn(x'[x)

a,(x - x') = min {1,
* Consistent estimator by truncation
ap(x = x")
* Biased due to exponentiation and min operation
* See [Lyne et al., Statistical Science, 2015] for pseudo-marginal MCMC









Peter Hall’s bootstrap
lecture notes, 2016

[Lyne et al,,
Statistical Science,
2015]

Christopher G. Small, [Schucany et al., JASA 1971]
CRC Press, 2010 and [Sharot, JASA 1976]






Importance Weighted Autoencoder (IWAE)

* Family of tighter ELBO bounds [Burda et al., 2015]

* Intractable expectation
pe(x|z) p(2)
qu (2]x)

logEz-q, (zIx) [

* Approximate “naively” .
1 O po(xl2) p(2)

KL q,(z]x)
=

Ly = log

Zi~qy (Z]X)



Delta Method for Moments

e == Taylor expansion

* Here, Taylor expand log around [E|w]|, evaluate atY;, = %Z w;

logY,

log(E[w] + (¥ — E[w]))

log Elw] —




Delta Method VI

_)J

00)
logY, =log E[w z E[(Yk E[w])/]
NENE Quantity of Correction
estimator interest terms

(intractable) (intractable)



Delta Method VI

Quantity of VENE
interest estimator
(intractable)

—1)/ _
Correction

(intractable)



Delta Method VI

-1 (-1)/ -
log E[w] = log ¥, + —— E[¥, — E[w] +2 E[(Y, — E[w])/
Bl 1+ 2,y ! |
Quantity of Naive =0 Remaining
Interest estimator correction
(intractable) terms

(intractable)



Delta Method VI [Teh et al., 2007]

o (—1) |
log E[w] = logV, + E[(Y, — E[w])?] + -E[(Y, — E[w])’
g E[w] 8 I'k 2E[w]? [(Yy [w])“] _ BjIE[W]] [( k | ])]
]:
Quantity of Naive Approximate Remaining
interest estimator using estimated correction
(intractable) moments terms

(intractable)



Delta Method VI [Teh et al., 2007]

log Elw]| = log Y}, +

* Indeed reduces bias to o(k~%), [Nowozin, 2018]




[Nowozin, “Debiasing Evidence Approximations”, ICLR 2018]
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Assume we have an asymptotic expansion

~ a-,
E[Te| =T+ tog
Then
A~ ~ a, a a
E[k T, — (k— 1) To_q] = k (T+ ﬁ) —(k—1) (T+ _11+ 7 _21)2> + 0(k™2)

_ 42 @2 -2
=T+ o, + k a, — p— )
—T_ 2 + 0(k™%)
- k(k-1)



Generalized Jackknife

 Original jackknife: [Quennouille, 1949]

 Removes first order 0(n~1) bias

* Generalization to higher-order bias removal: [Schucany et al., 1974]

* Eliminates bias to any order
* Variance typically increases



Sharot form of the generalized Jackknife

m

a(m) E " N\ T

T{."::. L= C [ n,m.,j J Tﬂ.. 7"
7=0

T

- (n—19)
“(n.m.7)=(—1) ————.
cn,m,j3)=1(=1) (m— )

* [Sharot, 1976]
* n: sample size
 m: order of the jackknife, m = 0

* T,,: original consistent estimator evaluated on n samples



Jackknife Variational Inference (JVI)

Definition 1 (Jackknife Variational Inference (JVI)). Let K > 1 and m < K. The jackknife
variational inference estimator of the evidence of order m with I samples is

m

E}JI{"TH :— Z c(K,m,j) ﬁ_g{_j. (20)
j=0

where Lk _j is the empfrfcal average of one or more IWAE estimates obtained from a subsample

of size K — j, and ¢(K,m, j) are the Sharot coefficients defined in (18). In this paper we use all
I.-

possible (I’ ) subsets, rhur LS,

-

f fx
Li—j = Z Lr-(Z" 7)), 1)
Ix—'

K —1 e
where Zz.( $=9) is the i’th subset of size Ix — ; among all ( 3) subsets from the original samples
Z = (z1,29,..., 2K ). We further define L =Ez| ﬁj 2 -




Higher-order Bias Reduction

. Bias of log p(x) evidence approximations, P=Gamma(0.1, 1)
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Figure 5: Absolute bias as a function of K.



Evidence Evaluations (VAE MINIST)

JVI Evidence Estimates on ELBO-trained VAE (MNIST test set)
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JVI Evidence Estimates on IWAE-trained VAE (MNIST test set)
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* Effective biasreduction
e Higher-order terms matter






Example 5: Stochastic Metropolis-Hastings
Acceptance Rates

e Stochastic Gradient MCMC method omit accept-reject step in a
Metropolis-Hastings chain (e.g. SGLD [Welling and Teh, ICML 2011]

* Problem: exact (MALA) acceptance rate is intractable

U Ba(8) 4a(016)
(0= 6 =min {1' 5n(0) qnw'w)}

* Consistent estimator by truncation
ap(x = x')

* Biased due to exponentiation and min operation



Stochastic Acceptance Rate
(Ceperley and Dewing, “Penalty MCMC”, 1998)

5..(0") . . ] ]
I;"((Q)) is deterministic. Consider a random batch B of size
n

1 K m < n, then approximately

gﬁB (6")
Pp(0)

log

lo

~ N (u@0,0"),v(0,8))

Why? CLT:
n

logpp(0) =logp(8) +
|B| leB

log p(x;|0)



Ceperley-Dewing, Intuition, 1/2

* (Formal proof relies on relating Log-Normal distribution tail masses)

* |ntuition: 5 (0,)
log———= ~ N (1(0,0),v(0,0"))
pp(0)

* Then
pp(6")
pgp(6)
pp(0)
- [ﬁB ©)

~ LogNormal(p(6,6"),v(6,6"))
* And

= exp (.U(@; 6') + %V(H’ 9’)>



Ceperley-Dewing, Intuition, 2/2

p(0))] N
E [ﬁB(H) = exp (,u(H,H )+ 217(9,8 ))
s [ 1\l N Ba(®)
E[ﬁB(H) eXp( 2”(9'9)>] = exp(u®.69) =5 5

penalty factor, < 1

 Under assumptions of Normality: exact debiasing of stochastic MCMC
* The larger the variance, the worse the penalty



Langevin-Ceperley-Dewing (LCD)
Joint work with Alexander Gaunt (MSR Cambridge)

* Extension of Ceperley-Dewing to discretized Langevin dynamics
* Goal: Make SGLD valid for any stepsize via stochastic rejection

* Ceperley-Dewing assumes q(6'|0) = q(0|6")

* Simple extension using two batches B, B’, one for gqg, and one for the
likelihood ratio



Normal Experiment (1D)

e Simple 1D Normal mean experiment
u~ N (uo, 0§
x; ~ N(u,c2), 1 =1,..,1000

e Infer
p(ulxq, ..., X1000)

 Compare SGLD and LCD for different stepsizes, batchsize 64
* Initialize using true posterior, no burn-in



Normal Experiment (1D)
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Conclusions

* Many ML objectives contain biased estimators
 Example: approximate Inference is an estimation problem
* Let’s use a broader toolbox of techniques to make bespoke tradeoffs in

approximate inference




Thanks!

nowozin@gmail.com

Code for JVI:


https://github.com/Microsoft/jackknife-variational-inference

