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Generative modelling

We want to learn a density model
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Generative modelling
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Goal: Sample from a parameterized generating model

x ∼ pD(x)

⇒⇒⇒

x ∼ pθ(x)
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Generative adversarial networks, Goodfellow et al., 2014

Figure credit: LOGAN, Hayes et al.
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GANvolution

Slide credit: Sebastian Nowozin
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Generative modelling

Optimization problem

argminθD(pD, pθ)

Choice of D (GAN)
For classical GAN, we can show it is the Jensen-Shannon
divergence (for an optimal D)
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Generative modelling

Optimization problem

argminθD(pD, pθ)

Choice of D (WGAN)

Wasserstein Distance

Intuition: Minimum effort to move probability mass from pθ to pD.
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Wasserstein distance

Primal formulation

W (pD, pθ) = infγ∈Π(pD,pθ)E(x,y)∼γ

[
‖x− y‖2

]
Kantorovich-Rubinstein Dual

W (pD, pθ) = sup‖f‖L=1

(
Ex∼pD

[
f(x)

]
− Ex∼pθ

[
f(x)

])
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Neural network approximation

Parameterize a generator

z ∼ p(z), x = gθ(z)

Estimate the distance W (pD, pθ) by parameterizing f with a
neural network with parameters φ

max‖f‖L=1

(
Ex∼pD

[
fφ(x)

]
− Ez∼p(z)

[
fφ(g(z))

])
︸ ︷︷ ︸

`

f is a critic, the equivalent of the discriminator in the classical
GAN
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Observation 1

The Lipschitz constant of f is the max-spectral norm of ∇xf

‖f‖L = supxσ(∇xf(x))
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Example: For an affine layer

For an affine f , we have

‖f‖L =
‖f(x+ h)− f(x)‖2

‖h‖2

=
‖W (�x + h) + �b −���Wx − �b‖2

‖h‖2

=
‖Wh‖2
‖h‖2

= ‖Wĥ‖2 with ‖ĥ‖2 = 1

≤ sup‖ĥ‖2=1‖Wĥ‖2 = σ(W )
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Observation 2

‖g1 ◦ g2‖L ≤ ‖g1‖L‖g2‖L

Neural network implementation: f is a sequence of linear
operations and fixed-slope (≤ 1) piecewise-linear activations:

‖f‖L ≤
∏
layers

σ(W layer)
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Learning f

Algorithm 1 Pseudocode for training f

1: for each layer l do
2: Estimate spectral norm for the current layer, σ(W l)
3: Normalize: W̄ l = W l/σ(W l)
4: Update with SGD: W l ←W l + α∇W l`(W̄ l,minibatch)
5: end for
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Learning g

Algorithm 2 Pseudocode for training g

1: while not converged do
2: Train f
3: Update θ for gθ with SGD: θ ← θ − α∇θW (minibatch)
4: end while
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Estimating spectral norm

Power Iteration

Efficient computation of top singular value

Will converge (with high probability)

Full SVD computed by repeated applications on successive
deflations

Miyato et al. SN-GAN 15 / 29



Generative modelling
Wasserstein GAN

Spectral Norm WGAN
Estimating spectral norm

Results

Power Iteration: How it works

Start with a random vector x

Apply W on x (and normalize): y ← Wx
‖Wx‖

Apply W> on y (and normalize): x← W>y
‖W>y‖

Iterate until convergence of x and y

yfinal ≈ u1

xfinal ≈ v1

σ(W ) ≈ y>finalWxfinal
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Power Iteration: Why it works

The sequence of operations amounts to

yfinal = WW> · · ·Wxinit

and
xfinal = W>WW> · · ·Wxinit

We have that

k terms︷ ︸︸ ︷
WW> · · ·W = UΣV >V ΣU> · · ·V ΣU>UΣV >
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Power Iteration: Why it works

The sequence of operations amounts to

yfinal = WW> · · ·Wxinit

and
xfinal = W>WW> · · ·Wxinit

We have that

k terms︷ ︸︸ ︷
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Power Iteration: Why it works

The sequence of operations amounts to

yfinal = WW> · · ·Wxinit

and
xfinal = W>WW> · · ·Wxinit

We have that

k terms︷ ︸︸ ︷
WW> · · ·W = UΣkV > and W>

k terms︷ ︸︸ ︷
WW> · · ·W = V Σk+1V >
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Power Iteration: Why it works

We have that

USkV >x =
∑
i

σki uiv
>
i x = σk1

∑
i

( σi
σ1

)k
uiv
>
i x

and similarly

V Sk+1V >x =
∑
i

σk+1
i viv

>
i x = σk+1

1

∑
i

( σi
σ1

)k+1
viv
>
i x
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Power Iteration: Why it works

As k gets larger,
USkV >x→ σk1u1v

>
1 x

V Sk+1V >x→ σk+1
1 v1v

>
1 x
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Power Iteration: Why it works

As k gets larger,
USkV >x→ σk1u1v
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Power Iteration: Why it works

As k gets larger,

yfinal ≈ u1 and xfinal ≈ v1

and so we have the spectral norm estimate:

σ1 ≈ y>finalWxfinal
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In practice

In practice one iteration of power iteration per critic update works
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Image quality scores
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Pretty pictures: CIFAR-10
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Pretty pictures: STL-10
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Conclusions

• Provides a “more correct” way to implement WGANs

• Convincing performance

• More diverse samples

• Slow to converge if leading singular value not strongly
dominant
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