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What is Parameterization?

surface

world

parameter domain

atlas
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parameterization

(u,v)(x,y,z)



Problem Definition
Given : surface ὛṖᴙ

domain ὈṒᴙ
Find a bijective ὪȡὛO Ὀ



Tangent Space



Typical domains:

ṖὙ

boundary
Sphere (no boundary)



Cross- Parameterization
/Inter - surface Mapping 
Å all (closed) models
Å usually utilize common 

base

Typical domains:

Base Mesh



Why Do We Need It?



Why Do We Need It?



Texture Mapping
ÅDefine color for each point on object surface

ÅMap 2D texture to model surface:
ïTexture pattern defined over 2D domain όȟὺ

ïAssign όȟὺ coordinates to each point on surface

u

v



Normal/Bump mapping



Morphing/Properties Transfer
Require cross - parameterization

Morphing

Deformation Transfer



Remeshing & Surface Fitting



THEORY/BACKGROUND



Mesh Parameterization

ὪȡɱᴼὛȟÓȢÔȢ
ïf is piecewise linear
ÅὪȿis linear

ïf is bijective
Åat least locally

Surface ὛṒᴙ
Parameter domain ɱṖᴙ

Ὢ

Ὢ

Ὢ



Earth maps!

ÅDistortion is inevitable
ÅBut we can preserve some properties exactly

orthographic

Ḑ500 B.C.

stereographic

Ḑ150 B.C.

Mercator

1569

Lambert

1772

conformal
(angle-preserving)

equiareal
(area-preserving)



Intrinsic Descriptor

http://www.sciencedirect.com/science/article/pii/S0010448510001983

Theorema Egregium
ˮ˺ÉŒźðńńƖ  ƔēŲŒŊē
ÉįēŒŮēŊ˻˯˛

Gaussian curvature is 
intrinsic .



What is Distortion?

ÅDistortion (at x): How different is f(D) from D

ïHow to measure?

f(D)

Small disk around x

ὼ όȟὺᶰɱ

ɱ Ὓ
Ὢ

Ὀ

Image of that disk



Ὢώ Ὢὼ
‬Ὢ

‬ὼ
ώ ὼ ὕ ώ ὼ

How to quantify distortion? 
Study differential / Jacobian .

Ὢώlinearization

Ὢώ
ὶ

Semiaxes: ὶ„ȟὶ„
ό

ὺ

Ὕ



Linear Map Surgery
ÅSingular Value Decomposition (SVD) of Jf

with rotations Ὗᶰᴙ ȟὠᶰᴙ
and scale factors (singular values) „ȟ„ π

ὐ Ὗɫὠ Ὗ
„ π
π „
π π

ὠ

ɱ
ὠ ɫ Ὗ

Ὕ



Ὅ
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ὪẗὪ ὪẗὪ

How to quantify distortion? 
Study Metric Tensor = 1 st fundamental form .
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How to quantify distortion? 
Study Metric Tensor = 1 st fundamental form .

˺XŮðŊ yðźŮĳƕ˻



Ὅ
ὪẗὪ ὪẗὪ
ὪẗὪ ὪẗὪ

ὐὐ

Ὗɫὠ Ὗɫὠ ὠ
„ π

π „
ὠ

Eigenvalues of Ὅ

How to quantify distortion? 
Study Metric Tensor = 1 st fundamental form .



Pointwise distortion
Isometric

Ɑ Ɑ

Conformal or angle - preserving

Ɑ Ɑ

Equiareal or area- preserving

Ɑ ẗⱭ

Defined pointwise on ɱ

ɱ

ɱ

ɱ

Ὢώ

Ὢώ

Ὢώ Ὕ

Ὕ

Ὕ



Measuring Distortion
ÅLocal distortion measure function of „ and „

ÅOverall distortion

ÅOn mesh  constant per triangle



CONFORMAL MAPS





Stereographic Projection

Image from Wikipedia



ᵼ conformal

Stereographic Projection

„ „ ςὨ

όȟὺ

ɱ
ὼȟώȟᾀ

Ὢ

Ὓ



Stereographic Projection

Image from Wikipedia



Stereographic Projection



Does conformal map exist?

Uniformization theorem

˺CƓēŮƖ ŲĳŊūńƖ ĉŒŋŋēĉźēď ½ĳēŊðŋŋ ŲſŮĨðĉē
is conformally equivalent to one of three 
Riemann surfaces: 

1. open unit disk 
2. complex plane
3. ½ĳēŊðŋŋ ŲūįēŮē˻



Parameterization:
Practice



Mesh Parameterization Methods
ÅFixed Boundary 
ï̔ ? ˺ĉŒŋƓēƕ˻ ēŊĈēďďĳŋĩŲ
ÅVariety of weights

ÅFree boundary ˱
ïDirect energy minimization
ÅExample: Least Squares 

Conformal Map (LSCM)....
ïIndirect
ÅExample: Angle Based Flattening 

(ABF)....



Spring Model

ÅEdges O springs

ÅFix boundary vertices on a convex polygon

ÅLet go of the springs
ï˺½ēńðƕðźĳŒŋ˻



Spring Model

^ŒŒŁē˽Ų sðƔ˛ CŋēŮĩƖ ŒĨ ŲūŮĳŋĩ ĈēźƔēēŋὴ

and ὴ: πȢυὈ ό ό

Total energy

Ὁ

ȟᶰ

ρ

ς
Ὀ ό ό



Spring Model

^ŒŒŁē˽Ų sðƔ˛ CŋēŮĩƖ ŒĨ ŲūŮĳŋĩ ĈēźƔēēŋὴ

and ὴ: πȢυὈ ό ό

Total energy

Ὁ

ȟᶰ

ρ

ς
Ὀ ό ό

Will this provide a 
bijective 

parameterization?



ÅRewrite

Ὁ
ρ

ς
ᶰ

ρ

ς
Ὀ ό ό

ÅGradient

‬Ὁ

‬ό
ᶰ

Ὀ ό ό

ÅGradient = 0, when 

with weights

Convex Combination
ό

ᶰ

‗ό

‗ ὈȾ

ᶰ

Ὀ



ÅRewrite

Ὁ
ρ

ς
ᶰ

ρ

ς
Ὀ ό ό

ÅGradient

‬Ὁ

‬ό
ᶰ

Ὀ ό ό

ÅGradient = 0, when 

with weights

Convex Combination
ό

ᶰ

‗ό

‗ ὈȾ

ᶰ

Ὀ
A generalization of 

barycentric coordinates



Linear System
Å Separation of variables

ό

ᶰ ȟ

‗ό

ᶰ ȟ

‗ό ό

unknown parameter points            fixed

Å Linear system
ὃὟ Ὗȟ

ὃ

ρȟὭ Ὦ
‗ȟὮɴ ὔ

πȟὩὰίὩ

ïSolve separately for u and v

‗ Ὀ Ⱦ

ᶰ

Ὀ



Theorem ˬÉſźźē˽ˁʾ˜WńŒðźēŮ˽ʻʼ˜yðƕƔēń˽ʼ˃ˁʿ˭˛

If Ὃis a 3- connected planar graph 
(triangular mesh ) then any convex 
combination embedding ( ‗ π) provides 
bijective parameterization 



Choice of Weights: Uniform ( Tutte )

No shape preservation e˱quilateral triangles

Graph Laplacian! 

Ὀ ρ ‗
ρ

Πὔ



Choice of Weights: Uniform ( Tutte )

No shape preservation e˱quilateral triangles

Graph Laplacian! 

Ὀ ρ ‗
ρ

Πὔ

Ὁ В ȟᶰ Ὀ ό ό is 
Dirichlet energy discretized on a graph!



Choice of Weights: Barycentric
Harmonic/Conformal/FEM Laplacian

‫ ÃÏÔ‎ ÃÏÔ‎

‗ ‫ Ⱦ ‫

Ὁ В ȟᶰ Ὀ ό ό is 
Dirichlet energy discretized on a mesh!



Issue

Point is inside, but the coordinate can be <0



Issue

Point is inside, but the coordinate can be <0
ᵼ ‗ɱ π



Issue

Point is inside, but the coordinate can be <0
ᵼ ‗ɱ π

Local non - bijectivity



Harmonic Functions

Images made by E. Vouga



Choice of Weights: Mean Value

‫
ÔÁÎ
‌
ς
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‍
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Choice of Weights: Mean Value

‫
ÔÁÎ
‌
ς

ÔÁÎ
‍
ς

ὶ

‗
‫

Вᶰ ‫
Always non -

negative



Harmonic/Mean -Value Mappings

ÅQuasi- Conformal

ÅLinear precision
ïReproduce planar inputs (same boundary) 



ÅCan have fold - overs for negative coordinates
ÅMean- value coordinates guaranteed to be positive

Bijectivity (fold -overs)

harmonic mean value



Boundary Mapping

Chordal parameterization around convex shape
Åcircle
Årectangle
Åtriangle
ÅChoice often application specific
ïReconstruction r˱ectangle
ïMapping to base mesh t˱riangle



Examples



Parameterization :
Free Boundary



Free Boundary Methods

ÅDirect energy minimization
ïExample: Least Squares Conformal Map (LSCM)....

ÅIndirect
ïExample: Angle Based Flattening (ABF)....

Free vs Fixed



ãē˽Ůē ŊĳŋĳŊĳƝĳŋĩ ĉŒŋĨŒŮŊðń ēŋēŮĩƖ

Geometric Interpretation:
ïUse triangle similarity
ïGiven angles a1, a2, a3 of a triangle P1P2P3 in 

2D we have

LSCM ṾGeometric Interpretation

ὖ ὖ
ÓÉÎ‌

ÓÉÎ‌
Ὑ ὖ ὖ ȟ

Ὑ
ÃÏÓ‌ ÓÉÎ‌
ÓÉÎ‌ ÃÏÓ‌

a1 a2

a3

P1

P2

P3

Ὁ „ „ Ⱦς



LSCM
Å In map from 3D to 2D might be impossible to keep 

angles exactly
ïUse least- squares

ÍÉÎ ὖ ὖ
ÓÉÎ‌

ÓÉÎ‌
Ὑ ὖ ὖ

ÅTo solve need to fix two vertices
ïObtain linear system
ïChoice of vertices affects solution

ÅCan have flips 



Examples



ABF: Angle Based Flattening

ÅTriangular 2D mesh is defined by its angles
ÅFormulate parameterization as problem in 

angle space
ÅAngle based formulation:
ïDistortion as function of angles (conformality)
ïValidity: set of angle constraints
ïConvert solution to UV



ABF Formulation 

ÅDistortion:
ï2D/3D angle difference

ᶰȟ ȣ

ύ ‌ ‍ ȟύ ρȾ‍

Tetrahedron (3D) Flattened (2D)



ABF Formulation

ÅDistortion:
ÅConstraints:
ïTriangle validity:

ïPlanarity:

ïReconstruction

ïPositivity
‌ π

ᶰȟ ȣ

ύ ‌ ‍ ȟύ ρȾ‍



Angle to UV Conversion

ÅUse computed angles as input to LSCM 
(it is a reproducing method..)



Examples



Examples



Cone Singularities [Kharevych:06]

ÅWhat separates boundary from interior in 
angle space? 
ÅAnswer: Sum of angles at vertex 
ÅFormulation specific
ïABF/ABF++
ÅPlanarity & Reconstruction

Å8ſź˝ ŮēĉŒŋŲźŮſĉźĳŒŋ ĉðŋ Ĉē ēŋĨŒŮĉēď Œŋ ĈŒſŋďðŮĳēŲ



Cone Singularities

ÅIdea: Reduce boundary to small set of 
vertices
ÅImplementation:
ïCŋĨŒŮĉē ˺ĳŋźēŮĳŒŮ˻ ĉŒŋŲźŮðĳŋźŲ ðź ðńń ŒźįēŮ

vertices

ÅTo unfold choose any sequence of edges 
ĉŒŋŋēĉźĳŋĩ ˺ĈŒſŋďðŮƖ˻ ƓēŮźĳĉēŲ



Circle Patterns + Cone 
Singularities 



ABF + Cone Singularities


