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OUR FOCUS

Embedded geometry
http://web.mit.edu/manoli/crust/www/slides/piggy.jpg



What is an 
embedded surface?



PARAMETRIC SURFACE

Image from Wikipedia



NEXT ISSUE

https://en.wikipedia.org/wiki/Triple_torus

One function 
ĳŲŋ˽ź ēŋŒſĩį˞



A surface is a

set of points
with certain properties.

It is not a function.



THEORETICAL DEFINITION OF 
SURFACE

http://upload.wikimedia.org/wikipedia/commons/b/bc/Double_torus_illustration.png



THEORETICAL DEFINITION OF 
SURFACE

Text from Stanford CS 468 lecture 5 (2013), A. Butscher



TANGENT SPACE



TANGENT SPACE:  
COORDINATE -FREE



N-D EMBEDDED MANIFOLD

Includes curves, 
surfaces, 3 - manifolds, 

˝

n˺- dimensional 
submanifold of ᴙ□˻



DISCRETE PROBLEM

What is a discrete surface?
How do you store it?

http://graphics.stanford.edu/data/3Dscanrep/stanford - bunny - cebal- ssh.jpg
http://www.stat.washington.edu/wxs/images/BUNMID.gif



SHAPE REPRESENTATIONS

Boundary Volume

https://mathgrrl.com/hacktastic/2015/10/low - voxel-
stanford - bunny - voxelizationminecraft - tutorial/



SHAPE REPRESENTATIONS

Boundary Volume

https://mathgrrl.com/hacktastic/2015/10/low - voxel-
stanford - bunny - voxelizationminecraft - tutorial/



SHAPE REPRESENTATIONS

Boundary Volume

Voxelization

Constructive Solid Geometry



SHAPE REPRESENTATIONS

Boundary Volume

https://mathgrrl.com/hacktastic/2015/10/low - voxel-
stanford - bunny - voxelizationminecraft - tutorial/



BOUNDARY SHAPE 
REPRESENTATIONS

Meshes

Subdivision surfaces

NURBS

Tensor product surfaces
blog.yiningkarlli.com



EuffMéM¸ÿu!¬ gMÃ¶MÿMéẏñ 
MANTRA

A surface is

locally planar.

Image from Mathematics Illuminated course, 
https://www.learner.org/courses/mathilluminated/about/



COMMON REPRESENTATION

Triangle mesh
http://graphics.stanford.edu/data/ 3Dscanrep/stanford - bunny - cebal- ssh.jpg

http://www.stat.washington.edu/wxs/images/BUNMID.gif



MESH = EMBEDDED GRAPH?
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GRAPH
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G = <V,E>
V = vertices = {A,B,C,̋ ,L}

E = edges = {(A,B),(B,C),(C,D)̋ ,(L,I)}     
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GRAPH
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Face: cycle of vertices/edges which cannot be shortened

F = faces = {(A,H,G),(A,J,K,G),(B,A,J),(B,C,L,J),(C,I,L),(C,D,I),
(D,E,F),(D,I,F),(L,I,F,K),(L,J,K),(K,F,G)}
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GRAPH
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Vertex degree (valence)= number of edges adjacent to vertex

deg(J) = 4, deg(H) = 2
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GRAPH EMBEDDING

Embedding in R 2

Embedding in R 3

Graph is embedded in ᴙ if
each vertex is assigned a position in ᴙȢ



TRIANGLE MESH

A graph, embedded in 3D,

such that each face is a triangle?
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CONNECTED GRAPH

ė there is a path of edges connecting 
every two vertices



A SIMPLER APPROACH?

Triangle mesh

What conditions are needed?



IS THIS A SURFACE?

http://igl.ethz.ch/projects/parameterization/rangemap - param/rangemap - param.pdf



NONMANIFOLD EDGE

http://blog.mixamo.com/wp - content/uploads/2011/01/nonmanifold.jpg



MANIFOLD MESH

1.Each edge is incident to 
one or two faces

2.Faces incident to a vertex 
form a closed or open fan

http://www.cs.mtu.edu/~shene/COURSES/cs 3621/SLIDES/Mesh.pdf



MANIFOLD MESH

1.Each edge is incident to 
one or two faces

2.Faces incident to a vertex 
form a closed or open fan

http://www.cs.mtu.edu/~shene/COURSES/cs 3621/SLIDES/Mesh.pdf



EASY-TO-VIOLATE 
ASSUMPTION

http://www.pmp - book.org/download/slides/Representations.pdf

T˺riangle soup ˻



INVALID MESHES VS. BAD 
MESHES

http://www.sciencedirect.com/science/article/pii/S 0168874X06000795

Nonuniform
areas and angles



WHY IS MESHING AN ISSUE?

How to interpret 
one value per vertex ?

http://www.sciencedirect.com/science/article/pii/S0168874X06000795



APPROXIMATION 
PROPERTIES



APPROXIMATION 
PROPERTIES



APPROXIMATION 
PROPERTIES



CONCLUSION

Piecewise linear faces are
reasonable building blocks .



ADDITIONAL ADVANTAGES

ÅSimple to render

ÅArbitrary topology possible

ÅBasis for subdivision, refinement



Topology
The study of geometric 
properties that remain 
invariant under certain 
transformations

http://dictionary.reference.com/browse/topology?s=t



MESH TOPOLOGY VS. 
GEOMETRY

http://upload.wikimedia.org/wikipedia/commons/f/fb/Dolphin_triangle_mesh.png

Geometry: T˺his vertex is at ( x,y,z).˻



MESH TOPOLOGY VS. 
GEOMETRY

http://upload.wikimedia.org/wikipedia/commons/f/fb/Dolphin_triangle_mesh.png

Topology: 
T˺hese vertices are connected. ˻



TRIANGLE MESH



VALENCE

Valence = 6



EULER CHARACTERISTIC



CONSEQUENCES FOR 
TRIANGLE MESHES

Closed mesh:  Easy estimates!

E˺ach edge is 
adjacent to two 
faces.  Each face 
has three edges.˻
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CONSEQUENCES FOR 
TRIANGLE MESHES

Closed mesh:  Easy estimates!



CONSEQUENCES FOR 
TRIANGLE MESHES

General estimates



ORIENTABILITY

http://www.cse.ohio - state.edu/~tamaldey/isotopic.html



SMOOTH SURFACE 
DEFINITION

https://lh3.googleusercontent.com/ - njXPH7NSX5c/VV4PXu54n9I/AAAAAAAAJjM/m6TGg3ZVKGE/w640 - h400 - p-
k/normal_tore.png

Continuous field of normal vectors



ISSUE ON TRIANGLE MESH

http://upload.wikimedia.org/wikipedia/commons/f/fb/Dolphin_triangle_mesh.png



RIGHT -HAND RULE

http://viz.aset.psu.edu/gho/sem_notes/ 3d_fundamentals/html/ 3d_c
oordinates.html
http://mathinsight.org/stokes_theorem_orientation



DISCRETE ORIENTABILITY

zŒŮŊðń Ĩĳēńď ĳŲŋ˽ź ĉŒŋźĳŋſŒſŲ



DATA STRUCTURES FOR 
SURFACES

Must represent 
geometry and topology.



SIMPLEST FORMAT

Triangle soup
CS 468 2011 (M. Ben- Chen), other slides

x1 y1 z1 / x 2 y2 z2 / x 3 y3 z3

x1 y1 z1 / x 2 y2 z2 / x 3 y3 z3

x1 y1 z1 / x 2 y2 z2 / x 3 y3 z3

x1 y1 z1 / x 2 y2 z2 / x 3 y3 z3

x1 y1 z1 / x 2 y2 z2 / x 3 y3 z3



SIMPLEST FORMAT

Triangle soup
CS 468 2011 (M. Ben- Chen), other slides

x1 y1 z1 / x 2 y2 z2 / x 3 y3 z3

x1 y1 z1 / x 2 y2 z2 / x 3 y3 z3

x1 y1 z1 / x 2 y2 z2 / x 3 y3 z3

x1 y1 z1 / x 2 y2 z2 / x 3 y3 z3

x1 y1 z1 / x 2 y2 z2 / x 3 y3 z3

glBegin (GL_TRIANGLES)



FACTOR OUT VERTICES

Shared vertex structure
CS 468 2011 (M. Ben- Chen), other slides

f 1 5 3

f 5 1 2

é

v 0.2 1.5 3.2

v 5.2 4.1 8.9

é



SIMPLE MESH SMOOTHING

for i =1 to n

for each vertex v

v = . 5*v + 

. 5*(average of neighbors);



TYPICAL  QUERIES

ÅNeighboring vertices to a vertex
ÅNeighboring faces to an edge
ÅEdges adjacent to a face
ÅEdges adjacent to a vertex
Å̋

Mostly localized



TYPICAL  QUERIES

ÅNeighboring vertices to a vertex
ÅNeighboring faces to an edge
ÅEdges adjacent to a face
ÅEdges adjacent to a vertex
Å̋

Mostly localized



PIECES OF HALFEDGE DATA 
STRUCTURE

ÅVertices
ÅFaces
ÅHalf - edges

Structure tuned for meshes



HALFEDGE ?

Oriented edge



HALFEDGE DATA TYPES

Vertex stores:
ÅArbitrary 

outgoing 
halfedge



HALFEDGE DATA TYPES

Face stores:
ÅArbitrary 

adjacent 
halfedge



HALFEDGE DATA TYPES

Halfedge stores:
ÅFlip
ÅNext
ÅFace
ÅVertex



ITERATING OVER VERTEX 
NEIGHBORS

https://sympa.inria.fr/sympa/arc/cgal - discuss/2008 - 05/msg00054.html

Iterate(v):

startEdge = v.out ;

e = startEdge ;

do

process( e.flip.from )

e = e.flip.next

while e != startEdge



ONLY SCRATCHING THE 
SURFACE



SCALAR FUNCTIONS

http://www.ieeta.pt/polymeco/Screenshots/PolyMeCo_OneView.jpg

Map points to real numbers



DISCRETE SCALAR 
FUNCTIONS

http://www.ieeta.pt/polymeco/Screenshots/PolyMeCo_OneView.jpg

Map vertices to real numbers



QUESTION

What is the integral of f?



FINITE ELEMENTS APPROACH

Use hat functions to interpolate
Image courtesy K. Crane



TOPOLOGICAL OPERATIONS

http://johnrichie.com/V2/richie/simp/images/types1.jpg



TOPOLOGICAL OPERATIONS

http://johnrichie.com/V 2/richie/simp/images/types 1.jpg



TAKE -AWAY

Complex Data 
structures

Simple Data 
Structures

ÅLess memory
ÅLess efficient 

operations

ÅMore memory
ÅMore efficient 

operations



NOT THE ONLY MODEL



HOW TO GENERATE MESHES?
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TRIANGULATION

Triangulation : triangle mesh on a set of points
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TRIANGULATION

Triangulation : triangle mesh on a set of points

Delaunay triangulation (DT):
a triangulation s.t. the circumcircle of any 
triangle does not contain any other point.
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FUN FACTS ABOUT DT

Theorem. 
The exterior polygon of the DT is the convex hull.

DT is the best triangulation you can get in 2D.
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THE BEST HOW?

Take all angles, sort = Sequence of numbers
ωЈȟρρЈȟρςЈȟρυЈȟȣ

?É˽Ųsequence is the last lexicographically



OBTAINING GEOMETRY

Cleanest:  Design software
http://www.cad - sourcing.com/wp - content/uploads/ 2011/ 12/free - cad- software.jpg



OBTAINING GEOMETRY

Cleanest:  Design software



OBTAINING GEOMETRY

Volumetric extraction
http://www.colin - studholme.net/software/rview/rvmanual/morphtool 5.gif



OBTAINING GEOMETRY

Volumetric extraction
http://en.wikipedia.org/wiki/Marching_cubes



OBTAINING GEOMETRY

Point clouds
http://www.engineeringspecifier.com/public/primages/pr 1200.jpg



DELAUNAY TRIANGULATION

Well - behaved dual mesh
http://en.wikipedia.org/wiki/Delaunay_triangulation



STRATEGIES FOR SURFACE 
DELAUNAY

ÅTangent plane
Derive local triangulation from tangent projection

ÅRestricted Delaunay
Usual Delaunay strategy but in smaller part of Ὑ

ÅInside/outside labeling
Find inside/outside labels for tetrahedra

ÅEmpty balls
Require existence of sphere around triangle with no 
other point

Delaunay Triangulation Based Surface Reconstruction: Ideas and Algorithms
Cazals and Giesen 2004



NOT THE ONLY MODEL

Implicit surfaces
http://www.cs.umd.edu/class/spring 2005/cmsc 828v/papers/mpu_implicits.pdf   ftp://ftp - sop.inria.fr/geometrica/alliez/signing.pdf


