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Additional Nice Reference
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Directional Field Synthesis, Design, and Processing

Amir Vaxman'  Marcel Campen”  Olga Diamanti®  Daniele Panozzo™  David Bommes!  Klaus Hildebrandt®  Mirela Ben-Chen®

Utrecht University ~ *New York University  *ETH Zurich  *“RWTH Aachen University  “Delft University of Technology ~ ®Technion

Abstract

Direction fields and vector fields play an increasingly important role in computer graphics and geometry processing. The
synthesis of directional fields on surfaces, or other spatial domains, is a fundamental step in numerous applications, such as mesh
generation, deformation, texture mapping, and many more. The wide range of applications resulted in definitions for many types
af directional fields: from vector and tensor fields, over line and cross fields, to frame and vector-set fields. Depending on the
application at hand, researchers have used various notfions of objectives and constraints to xynthesize such fields. These notions
are defined in termys of fairmess, feature alignment, symmetry, or field topology, to mention just a few. To fucilitate these objectives,
various representations, discretizations, and optimization strategies have been developed. These choices come with varying
strengths and weaknesses. This report provides a systematic overview of directional field synthesis for graphics applications, the
challenges it poses, and the methods developed in recent years (o address these challenges.

Categorics and Subject Descriptors (according to ACM CCS): 1.3.5 [Compuier Graphics]: Computational Geometry and Object
Muodeling

1. Introduction There have been significant developments in directional field
svnthesis over the past decade. These developments have been dnven |




[Bessmeltsev and Solomon 2018]
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Why Vector Fields?
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Why Vector Fields?
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Weather modeling



Fluid modeling
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Why Vector Fields?

https://forum.unity3d.com/threads/megaflow -vector - fields - fluid - flows - released.278000/

Simulation and engineering



Plan

Crash course
INn theory/discretization of vector fields.



CONTINUOUS



Studying Vector fields

How to
A define a VF on a surface?
A Differentiate it?

A Integrate?

A Define its topology?

http://theanalyticpoem.net/concept -map/3 -
dimension/torus _vectors _oblique/
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Posall
Tangent Space

T,S := Image(Do,,)




Reodbr angent Space: Coordinate -

Free
veET,S —

there exists curve a: (—¢,e) = S
with a(0) = p,a’(0) = v




Some Definitions

Tangent bundle:
TM :={(p,v) :veT,M}

Vector field:




Studying Vector fields

How to
A define a VF on a surface?
A Differentiate  it?

A Integrate?

A Define its topology?

http://theanalyticpoem.net/concept -map/3 -
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Bocall
Scalar Functions

http://www.ieeta.pt/polymeco/Screenshots/PolyMeCo_OneView.jpg

Map points to real numbers



Poodll
Differential of a Map

Suppose | © s and take == 4. For o~ 9], choose acurve »¢( £h)©
with » () w==and > ( ) o. Then the differential of [JJis ™| © 5 with

@) = | (Fea)t)=(Foa)()

.
'

On the board (time -permitting):
A Does not depend on choice of
A Linear map

http://blog.ev..

Following Curves and Surfaces, Montiel & Ros



Prodll
Gradient Vector Field

Vf:S — R?with
{ (V)p),v) = (df)p(v),v € TS
<(Vf)(p)7 N(p)> =0

Following Curves and Surfaces, Montiel & Ros



How do you
differentiate
a vector field?



Answer

THETHING

emegenerator.net

http://www.relatably.com/m/img/complicated -memes/60260587.jpg



surface?

https://math.stackexchange.com/questions/2215084/parallel

-transport -equations
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How to identify different
tangent spaces?



Many Notions of Derivative

A Differential of covector
(defer for now)

A Lie derivative
Weak structure, easier to compute

A Covariant derivative
Strong structure, harder to compute



Vector Field Flows:
Diffeomorphism

d
£¢tzvowt

Useful property: + (y(®) + {r y(e))
Diffeomorphism with inverse g

Group
structure!



Killing Vector Fields (KVFs)

Preserves
\ distances
Infinitesimally
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Differential of Vector Field Flow

dwt(p) : TpM — th(p)M

Image from Smooth Manifolds, Lee



(Lv W)y -

Lie Derivative

d(0—1)e,(p) Wa,(p))

/ - Wo.(p)

Vo,

— lim —
t—0

= [( )y, ) W (p) — Wy

Image from Smooth Manifolds, Lee



Amoeba example




Amoeba example

V




Amoeba example




Amoeba example




Amoeba example




Amoeba example

W,




Amoeba example




Amoeba example




gt AAyr gaeEe AP nd
Derivatives?

1
(LyW)p i=lim — [(dY—t)p, () W, (p)) — W)

t—0 ¢

Image courtesy A. Carape

Depends on structure of V




What We Want
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Parallel Transport

Canonical identification of

tangent spaces -



Covariant Derivative (Embedded)

VyW = [Dy W]l = proj,, ¢(W o a)'(0)

Y

Integral curve of V through p

p)
Note: [Dy W]+ =1(V,W)N

Synonym: (Levi-Civita ) Connection




Some Properties

Properties of the Covariant Derivative

As defined, VY depends only on V,, and Y to first order along c.

Also, we have the Five Properties:

1. C*-linearity in the V-slot:
vv1_|_ﬂ/2y = VV1Y+ fV\/zY where f : § — R

2. R-linearity in the Y-slot:
V\/(Yl + 3Y2) =VvYi+aVyYo where a € R

3. Product rule in the Y-slot:
Vv(fY)=Ff-VyY +(Vyf)- Y where f : S - R

4. The metric compatibility property: The Lie bracket
Vv(Y,Z)=(VvY,Z)+ (Y ,VvZ) | [V, Va](f) := Dy, Dy,(f)

7] . 17 - DV2DV1(f)
5. The "torsion-free” property:

Defines a vector field, which
Vy Vo -V, Vi = [V, V2 is tangent to S if V4, Vs are!

Slide by A. Butscher , Stanford CS 468



Pocal
Geodesic Equation

projz. s [v"(s)] = 0

A The only acceleration is out of the surface
A No steering wheel!




Intrinsic Geodesic Equation

Vﬁz(t)’?(t) =0
A No stepping on the accelerator
A No steering wheel!




Parallel Transport

Only path-
independent if

domain is flat.

Preserves length, inner product
(can be used to define covariant derivative)



Holonomy

Integrated Gaussian curvature

Path dependence of parallel transport



Studying Vector fields

How to
A define a VF on a surface?
A Differentiate it?

A Integrate?

A Define its topology?

http://theanalyticpoem.net/concept -map/3 -
dimension/torus _vectors _oblique/




Vector Field Topology
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Image from Smooth Manifolds, Lee



Poincar é-Hopf Theorem

g index,, (v) = x (M)
1
where vector field o has isolated singularities  {e:}.

indexpv = 1

bneaie TUEND "~ ?ijUeéczijEndn Wijend Adaxmnar eédl,iFQG STAR 2015



Famous Corollary

Hairy ball theorem



Singularities in wild




Singularities in wild




DISCRETE VECTOR FIELDS



Vector Fields on Triangle Meshes

NO consensus:

A Triangle -based
A Edge- based
A Vertex -based



