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Why Vector Fields?

Biological science and imaging

˺8ńŒŒď ĨńŒƔ ĳŋ źįē ŮðĈĈĳź ðŒŮźĳĉ ðŮĉį ðŋď ďēŲĉēŋďĳŋĩ źįŒŮðĉĳĉ
ðŒŮźð˻
Vincent et al.; J. Royal Society 2011



Why Vector Fields?

Weather modeling
https://disc.gsfc.nasa.gov/featured - items/airs - monitors -
cold - weather



Fluid modeling



Why Vector Fields?

Simulation and engineering
https://forum.unity3d.com/threads/megaflow - vector - fields - fluid - flows - released.278000/



Plan

Crash course
in theory/discretization of vector fields.



CONTINUOUS



Studying Vector fields

How to
Ådefine a VF on a surface?
ÅDifferentiate it?
ÅIntegrate?
ÅDefine its topology?

http://theanalyticpoem.net/concept - map/3 -
dimension/torus_vectors_oblique/
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Tangent Space



Tangent Space:  Coordinate -
Free



Some Definitions

Images from Wikipedia, SIGGRAPH course
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Scalar Functions

http://www.ieeta.pt/polymeco/Screenshots/PolyMeCo_OneView.jpg

Map points to real numbers



Differential of a Map

Suppose █ȡ╢ᴼᴙand take ▬ᶰ╢.  For ○ᶰ╣▬╢, choose a curve ♪ȡ ⱠȟⱠᴼ╢

with ♪ ▬and ♪ ○.  Then the differential of █is ▀█ȡ╣▬╢ᴼᴙwith

http://blog.evolute.at/

On the board (time -permitting):
Å Does not depend on choice of ♪
Å Linear map

Following Curves and Surfaces, Montiel & Ros



Gradient Vector Field

Following Curves and Surfaces, Montiel & Ros



How do you 
differentiate 

a vector field?



Answer

http://www.relatably.com/m/img/complicated - memes/60260587.jpg



ğțǍʌẏɾ ʌțǸ ȡɾɾʔǸṤ

ãįðź˽Ų ð ˼ĉŒŋŲźðŋź˽ âW Œŋ ð
surface?

https://math.stackexchange.com/questions/2215084/parallel - transport - equations



ğțǍʌẏɾ ʌțǸ ȡɾɾʔǸṤ
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How to identify different 
tangent spaces?



Many Notions of Derivative

ÅDifferential of covector
(defer for now)

ÅLie derivative
Weak structure, easier to compute

ÅCovariant derivative
Strong structure, harder to compute



Vector Field Flows:  
Diffeomorphism

Useful property:  ⱶ◄▼● ⱶ◄ⱶ▼●

Diffeomorphism with inverse Ἴ



Killing Vector Fields (KVFs)

http://www.bradleycorp.com/image/985/9184b_highres.jpg

Preserves 
distances

infinitesimally

Wilhelm Killing
1847-1923
Germany



Differential of Vector Field Flow

Image from Smooth Manifolds , Lee



Lie Derivative

Image from Smooth Manifolds , Lee



Amoeba example
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Amoeba example



Amoeba example



ğțǍʌẏɾ ğɶɐɅȓ ʭȡʌț ¬ȡǸ 
Derivatives?

Depends on structure of V
Image courtesy A. Carapetis



What We Want

˺ãįðź ĳŲ źįē ďēŮĳƓðźĳƓē ŒĨ
the blue vector field in the 

orange ďĳŮēĉźĳŒŋˢ˻

ãİðż Ɩē ďŔōˮż Ɩðōżˌ
Specify orange direction anywhere but at p.

p



Canonical identification of 
tangent spaces

Parallel Transport



Covariant Derivative (Embedded)

Integral curve of V through p
Synonym: (Levi -Civita ) Connection



Some Properties

Slide by A. Butscher , Stanford CS 468



Geodesic Equation

ÅThe only acceleration is out of the surface
ÅNo steering wheel!



Intrinsic Geodesic Equation

ÅNo stepping on the accelerator
ÅNo steering wheel!



Parallel Transport

Preserves length, inner product
(can be used to define covariant derivative)



Holonomy

Path dependence of parallel transport

K

Integrated Gaussian curvature
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Vector Field Topology

Image from Smooth Manifolds , Lee



Poincar é-Hopf Theorem

where vector field ○has isolated singularities ●░.

bŊðĩē ĨŮŒŊ ˺?ĳŮēĉźĳŒŋðń Wĳēńď ÁƖŋźįēŲĳŲ˜ ?ēŲĳĩŋ˜ ðŋď ºŮŒĉēŲŲĳŋĩ˻ ˮVaxman et al., EG STAR 2016)



Famous Corollary

Hairy ball theorem

©Keenan Crane



Singularities in wild



Singularities in wild



DISCRETE VECTOR FIELDS



Vector Fields on Triangle Meshes

No consensus:

ÅTriangle - based
ÅEdge- based
ÅVertex - based


