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ABSTRACT

Sufficient conditions for the validity of interchange between derivative and expectation, in
the context of likelihood ratio gradient estimation, were given in L'Ecuyer (1990). The aim
of this paper is to shed additional light on these conditions and introduce specific variants
of them which are often easier to check. Sufficient conditions for the derivative estimator
to have finite moments up to a given order are also given and illustrated by examples.
In particular, we give an example of an unbiased derivative estimator which satisfies the
interchange conditions, but which has infinite variance.
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1. Introduction

This note is a follow-up to L’'Ecuyer (1990). It clarifies the conditions given there for the
unbiasedness of the likelihood ratio (LR) derivative estimators. It also introduces specific
variants of these conditions, which are often easier to check. Finally, it gives a minor correc-
tion to the first two examples of L’Ecuyer (1990). For an overview of derivative estimation,

see Glynn (1990) and L’Ecuyer (1991).

Let {P, # € ©} be a family of probability measures, defined over the same measurable
space (£2,8), where © is some open interval in IR. Let h(f,w) denote the sample value
(cost), where the sample point w € € obeys the probability law Py. We assume that (0, -)
is measurable. If G is a given probability measure on (2, B) that dominates all the Fp’s,

then the expected value (cost) can be written as a function of 6 as

a(f) = /Q h(6, w)dPy(w) = /Q 16, ) L(G, 6, w)dG(w), (1)

where L(G,0,w) = (dPy/dG)(w). Under appropriate regularity conditions, one can differen-
tiate « by differentiating inside the integral:

o'(0) = [ ¥(6.2)dC(w), )
where
P(0,w) = L(G,0,w)h(0,w)+ h(0,w)L'(G,0,w) (3)

when this derivative exists. Here and throughout the paper, the prime denotes the derivative
with respect to 6. In practice, one can often use simulation to compute realizations of the
random variable (3), called the likelihood ratio (LR) derivative estimator, to estimate the
derivative of the performance measure o. Such a derivative estimator can be very useful in

different contexts, including stochastic optimization, sensitivity analysis, and interpolation

(Glynn 1990, L’Ecuyer 1991).

In this note, we are interested in sufficient conditions that are not too hard to check in

practice and under which (2) is valid, which would imply that (3) is an unbiased estimator
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of the derivative. Such conditions are given for instance in Glynn (1986), L’Ecuyer (1990),
Reiman and Weiss (1989), and Rubinstein (1989), in most cases for more specific setups
than the one examined here. Furthermore, unbiasedness is not the only question of interest.
One would also like to know, for instance, whether the estimator has finite variance, or finite
moments of higher orders. Later on, we will give an example of an unbiased LR derivative

estimator which has infinite variance.

As a special case, if Pj = P, independent of 6, one can take G = P and (3) becomes
¥(f,w) = K(0,w), which is often called the IPA derivative estimator (Glasserman 1991,
L’Ecuyer 1990). As another special case, if, for some fixed 6, € ©, P, dominates {F, 0 €
©}, then one can take G = Py, and, at 6 = 6, (3) becomes

b(0,w) = B(8,w) + h(6, w)aaeL(Pgo, 0., (4)

Assumption Al below is parameterized by an integer k£ > 1. For example, A1(2) denotes
that assumption with £ = 2. It is proven in L’Ecuyer (1990) that under A1(1), Equation
(2) is valid at 6 = 6, for any 6, € T. Al(k) for £ > 1 also implies that the k-th moment of
(0,w) is finite for § € T.

ASSUMPTION A1(k). Let H(0,w) = h(0,w)L(G,0,w), let T C O be an open interval,

and let = C Q be a measurable set such that G(Z) = 1.

(a) For all § € T, equation (1) holds and (6, w) exists for G-almost all w.

(b) For every w € =, there is a D(w) C T, where T\ D(w) is at most a denumerable set,
such that H(-,w) exists and is continuous everywhere in T, and is also differentiable

everywhere in D(w).

(c) There exists a G-integrable function I' : @ — [0, 00) such that

sup [1F(0,w)| < T(w) (5)

0eD(w)

for every win =. n



Note that the (0, w) which is referred to in (5) is the one defined by equation (3),
not (4). Therefore, Al must be verified for the general expression (3), not for (4). When
G = Py, (4) is equal to (3) only at 6 = y. In Example 4.1 of L’Ecuyer (1990), the fourth
displayed equation of page 1372 represents (4), and part (c) of A1(1) was in fact verified
with (4) instead of (3), which is not correct. The same error was also made in Example
4.2. The initial motivation of the present note was to correct that. Its first version had less
than a page. But while trying to verify Al in different application contexts, it appeared to
the author that other variants of Al, sometimes tailored for specific contexts, could prove
useful in practice. Questions like random horizons and finite moments were also given some

attention. As a result, the note grew up to its present state.

In the next section, we give an alternative formulation for part (c¢) of A1, which is often
easier to verify. We also extend Theorem 1 of L’Ecuyer (1990). In §3, we examine the
case where w can be viewed as a sequence of independent random variables with known
0-dependent densities. The number of such variables can be fixed (deterministic) or random
(e.g., a stopping time). For both of these cases, we give more specific conditions that imply
Al. In §4, we verify (correctly, this time) the validity of the interchange for Examples 4.1
and 4.2 of L’Ecuyer (1990), and illustrate the results of §3 by an additional example. We
also show that even when the estimator is always unbiased, the variance may become infinite

for some values of 8 and 6,.

2. An Alternative Formulation of the Assumption

When verifying Al in practice, complications sometimes arise in trying to find the G-
integrable function I'. We now give a slightly different formulation of that assumption, which
is often more “user-friendly”. That formulation is more handy when the family {P, 6 € ©}
is dominated by some “worst-case” probability measure () which is easy to find, but not
necessarily equal to GG, and such that it is easier to bound L(Q,6,w) than L(G,0,w). For
example (see Example 4.1), for the exponential distribution with mean 0, L(Fy,,0,-) is un-

bounded for 6 > 6y, but L(F,,0,-) is bounded for § < b. One can then choose Q = B, for b
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larger than any 6 of interest. This technique can be applied in general to distributions for
which the likelihood ratio is monotone in 6 (e.g., distributions from the exponential). The
measure () can then be Py, where 6 is taken at the worst-case extremity of the interval of

interest.

The Proposition that follows extends Theorem 1 of L'Ecuyer (1990). It shows that A1'(k)
is equivalent to A1(k), gives a continuous differentiability condition for «, and finite-moment

conditions for the derivative estimator.

ASSUMPTION A1'(k). Let parts (a-b) of Al(k) hold. Suppose that there exists a
probability measure Q over (€, B) and a Q-integrable function I : Q — [0, 00) such that

dG /dQ exists and

50,02 ()

A BIEN® ©)

sup
0eD(w)

forallwe = n

PROPOSITION 1. (a) Al(k) is equivalent to Al'(k).
(b) Under A1(1), equation (2) is valid and «(0) is differentiable at every 6 € Y.

(c) Under A1(1), if ¥(-,w) is continuous throughout Y for each w € Z, then « is continu-

ously differentiable in Y.

(d) If A1(k) holds for k > 1, then the derivative estimator has a finite moment of order

k, uniformly bounded over Y.

PROOF. A1(k) clearly implies Al’'(k) (take @ = G). So, it remains to prove that (6)

implies (5). Let
sup ‘wk(é,w)‘ ifweZz,

[Nw) = {GED(w)

0 otherwise.

Then, (5) holds and, since dG/d(Q is always non-negative, one has

| T@)dG(w) = [ TwidGw) = [ F(w)jg(w)dQ(w) < [ F@)dQw) < oo,



which proves (a). For 6y € T, the proof of Theorem 1 in L’Ecuyer (1990) implies differen-
tiability of a(6) at # = 6. Since 6y can be chosen anywhere in Y, this proves (b). If (-, w)

is continuous in Y, then, for any 6y € T,

lim o/(6) = lim / $(6,0)dG(w) = | lim ¥(0,w)dG(w /¢ By, w)dG (W) = o (6).

0—)90 9—)90
Here, the first equality holds because of (b) and since § € T when |#—60y| is small enough. The
second equality follows from Lebesgue’s dominated convergence Theorem. This completes

the proof of (¢). Finally (d) follows directly from (5). ®

An interesting application of Proposition 1(b) is to estimate the derivative everywhere
in T by a single simulation under . This is useful for some optimization approaches; see
Rubinstein (1991). Proposition 1(b), when it applies, provides an assurance that such a
derivative estimator is everywhere unbiased. Proposition 1(d) with & = 2 gives a sufficient

condition for the estimator to have a finite variance.

Now, assume that the likelihood ratio L(G, §,w) can be expressed as a ratio of (perhaps

multivariate) densities, or probability mass functions, as follows:

L(G,0,w) = fo(w)/g(w). (7)

This covers Equation (6) in L'Ecuyer (1990) and is general enough for most discrete-event

simulations. One has

H(G.0.0) = 2fo(@)gle) = L(G,0.0)S(6.0) ®)
where
0
5(0,) = g5 In fo) )

is called the score function. Using (8), (3) can be rewritten as
B(0,w) = L(G,0,) 1 (6,w) + h(0,w)S(0,w)]. (10)

Assuming that (dG/dQ)(w) exists, one has (dG/dQ)(w) = L(Q,0,w)/L(G,0,w) if L(G,0,w) >
0, and ¥ (0,w) = L(Q, 0,w) = 0 otherwise. In both cases,

GF(0,w0)(dG/dQ) (w) = L(Q,0,w) L1 (G, 0, ) [ (0, w) + h(8,w)S(0, w)]*. (11)
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In A1’, we need to bound the right-hand-side expression in (11) by a @-integrable function.
Observe that for £ = 1, G is no longer involved in that. Therefore, if A1’(1) holds for some @,
it follows that A1(1) holds for all G such that dG/dQ exists. In other words, the interchange
will be valid whatever be the distribution G' from which we simulate, provided dG/dQ exists
and the other conditions in A1(1) hold for ). This is the main strength of A1’. For higher
order moments, things do not simplify so nicely, though, because (11) depends on both G
and (). However, introducing some () # G can still be helpful, as will be illustrated in the

next section.

3. Simulations Driven by a Sequence of Independent Variates

3.1. Fized Horizon

Let (y,(s,... be a sequence of independent random variables and for each n > 0, let &,
be the sigma field generated by {(i,...,(,}. Suppose that for some fixed (deterministic)
integer t > 0, the cost function h(f,w) is J;-measurable for every # € ©. Here, one can
define the underlying measurable space (€2, B) in such a way that w can be viewed as the
sequence (q,...,(. Assume that for each i, ¢; has a density f;p. (Our development is
also valid for the case where some or all of these densities are replaced by probability mass
functions.) For each i, 1 < i < ¢, let ¢g; and ¢; be densities such that {¢ | fis(() > 0
for some § € ©} C {C | ¢:(¢) > 0} C {C | ¢:(¢) > 0}. These sets of densities define
probability measures P, G, and @, respectively, over (€2, B). Let Ep, E¢, and Eg denote the
corresponding mathematical expectations. Here, the g;’s are the densities we use to generate
sample paths (in the simulation), while the ¢;’s are used to verify Al’. For each 6 € ©, one

has

L(G,0,w) = 1:[1];6(2?)) (12)
an - 149

S(H,w) = jj d;, (14)



where

= 2 (g = o)
di = g mfin(G) = 2705

Under this setup, we show that the following assumption implies A1(k).

(15)

ASSUMPTION A2(k). Let T C © be an open interval, and let = C Q be a measurable
set such that Q(Z) = 1. Interpret w as w = ({1, ..., ().

(a) For any # € Y, h/(0,w) and each d; exist for Q-almost all w. For every w € =, there is
a D(w) C T, where T\ D(w) is at most a denumerable set, such that h(f,w) and each
fi0(¢;) are continuous in 6 everywhere in Y, and also differentiable in 6 everywhere in

D(w).

(b) All the following functions are Q-integrable (for each 7):

sup [h(0,w)]**,  sup [B'(0,w)]*", sup [(defz 0(G)) fio(Go) .

2
6eD(w) 6eD(w) oen(w) 4G9l 1(@)] " sentn [qi(@)gfl(g)]

PROPOSITION 2. Under A2(k), AI'(k) holds (and Proposition 1 applies).

PROOF. First note that from our assumptions, every set that has ()-measure zero also
has G-measure zero. Therefore, G(Z) = 1. Since each f;((;) is differentiable with respect
to 6 in D(w),

0. =0 A

and from (10), it is easily seen that A2 implies parts (a) and (b) of Al. It remains to

verify part (c¢). In what follows, we make use of the fact that for any real numbers = and y,

lzy| < 2% +y? and |z + y|* < 2%(|2|F + |y|¥). For w € Z and 0 € D(w), one has

/]

04 (0,w)(dG/dQ) (w)|
= L(Q.0,w) LG, 0,0) [1(8,w) + h(8,w)S(8,0)|"

020

< 2L(Q.0,w) MG, 0,w) {h’(@ I+




< 2PL(Q,0,w)LFHG, 0,w) | |W (0, w)|F + |h(0,w) 1S |d;|F

t
J
=1

< 2" |[L(Q,0,w) LG, 0,w)]* + |1 (0, w)[*

# 3 (PO, ¢ ndjm(@,e,w)ﬁ1<G,e,w>12)] . (16)
Let I'(w) be the supremum over 6, for # € D(w), of (16). One has
Bo | sup (441,01 (G.0.0)F]
L60€D(w)
G a6
- F Js )
? |sento (qu o AL qi<<@»>gfl<g>)
' %1 Fa(&) ) : ( () )
< F — 2 7 AU
B ¢ eesgp <QJ(§]) (C]) i=1, z;ﬁ]eer ql(CZ) (CZ)
' |agfge(€3)|k> f <,,9<<> - )
= FE, —Que e E i
oo, i) | L B o, (GG
< 0. (17)
The last equality follows from the independence of the (;’s. Also,
E [su [L(Q,0,w)LF (G, 0 w)]zl < H su (W)Z
el P IR = T Beentn \a@)eF (G |
! sz(Cl) )2_
_ E _ Jie\si
[Fa) o, ( () |
< 00. (18)
From (16-18) and part (b) of A2, A1’ follows. =

3.2. Random Horizon

Now, suppose that h(f,w) is I, -measurable for some (random) stopping time 7. This means

that for each integer ¢ > 0, the event {7 < t} is 3jy-measurable. We suppose that 7 depends

on 6 only through the distribution Py, so that for w fixed, 7 does not depend on @ (i.e.,

T is just a function of w).

9
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We can now view w as representing ((i,...,(;). Verifying Al” in that context is a little
more complicated, because the likelihood ratio is now the product of a random (generally
unbounded) number of terms. We will give an assumption A3, similar to A2, under which
A1 holds in this context. Of course, one can try to verify Al directly. Alternatively, A3 is a
sufficient condition that is often easier to check, because in A3, the left-hand-side expression

in (6) is already broken up into smaller pieces.

Glynn (1986), in his Theorem 4.9, proves the validity of (2) when h(f,w) represents the
total cost for the first 7 steps in a finite-state Markov chain with state-dependent one step
rewards (and under some additional assumptions). His proof exploits the fact that his state
space is finite and everything is bounded. Reiman and Weiss (1989) give assumptions based
on a concept called amiability, under which (2) is valid when the cost is §,-measurable for
some stopping time 7, f;» does not depend on 7, and g; = fig,. By looking at the proofs of
their theorems, one can see that their assumptions imply A1(1). Glynn (1991) and Glynn
and Iglehart (1989) also give finite variance conditions for importance sampling cost (rather

than derivative) estimators, over random horizons.

ASSUMPTION A3(k). Let part (a) of A2 hold with ¢ replaced by 7. Suppose that there
exist measurable functions I'y; : 2 — [1,00) and I'y; : Q — [1,00), i = 1,2, ..., such that for

each 7, ¢, and w, one has

50 |
(e m) < O R
" <§9fi,9<<>>k)4 |
(i) < o 2

and such that all the following functions are ()-integrable:

sup [h(6,w)]*,  sup (W),  sup (1%, i:lrzj@j), ﬁlmcj).-

0eD(w) feD(w) 0eD(w)
PROPOSITION 3. Assumption A3(k) implies Al1(k).
PROOF. Part (a) holds because L(G,0,w) and L(Q,0,w) are assumed to exist (which
implies (1)), and because of the differentiability of f; y with respect to 6 for G-almost all w.
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Part (b) also follows directly from part (a) of A2, with ¢ replaced by 7 in the definition of
h(6,w). For part (c) of Al’, one has, using the analog of (16-17),

sup [1#(0,w)(dG/dQ)(w)|

0eD(w)
< 2% sup |[L(Q,0,w)L* (G, 0,w)]* + |1 (0,w)]*
0eD(w)
+Z( F=D|n(6, w)[?* + [|dj\kL(Q,G,w)Lk‘l(G,G,w)]Q)} .
P ffe(@) ’ / 2% |, _2k—1 2%k
< 2] sup —————| + sup |[W(O,w)]*"+71 sup |h(6,w)]
=1 0en() \¢i(G)gi ' (G) 6€D(w) 6eD(w)

i |2 £50(G)IF ) i ( £5(G) )
to s (a;(@)g](cj) AL e | e @

< JITu@EnY*+ sap |W(0,w)[* + 727" sup |h(0,w) |2k+Z (To; ()2 (TG
i=1 9eD(w) 0eD(w) j=1 i=1, i#j

< JITu(G) + sup W (0,w)* + 772+ sup |h(0,w) |4’f+z (PQJ G)+ H(rl,,(gz))l/2
=1 QGD( ) QGD( 7j=1 =1

< HI‘u ¢)+ sup |[W(0,w)* +7% 2+ sup |h(f,w) |4k+zrz, () + 7 []Tu(a)'?

i=1 feD(w) feD(w) j=1 i=

—_

< sup [W(0,w)[* + sup [A(0,w)[* + 72 477 42 H [i(G) + Z [2;(G)-
0eD(w) 0eD(w) i=1 j=1

From Assumption A3, part (c) of A1’ holds with T' defined by the expression (22). m

4. Verifying Interchange Conditions and Finite Moments for
Some Examples

We will use formulation (11) to verify A1’ for Example 4.1 of L’Ecuyer (1990), and formu-
lation (10) to verify Al for Example 4.2 of L'Ecuyer (1990). Parts (a) and (b) of Al have
been verified there, but part (¢) was not verified correctly. We then give another example to

illustrate A3.
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4.1. A GI/M/1 Queue with Mean Service Time 0

This is a slight generalization of Example 4.1 in L’Ecuyer (1990). Let h(6,w) be the average
sojourn time for the first ¢ customers in a GI/M/1 queue, initially empty, with mean service
time 0. Let w = (51, Ay, ..., A1, S;), where for each i, W; and S; are the waiting time and
service time of customer ¢, respectively, and A; is the interarrival time between customers
7 and 7 4+ 1, whose distribution is assumed independent of 8. Let G = F,,, where 0 is the
parameter value at which we perform the simulation. We will now try to find the largest
interval T = (fin, Omax) for which A1” holds. Assume that

k

0 0m1n<9 <9max<
= 0 k—1

Oo (23)

(where 1/0 = 00). Let us take b > 0Omax/ (k0o — (k —1)0max) and let Q = P, (a “worst-case”

service time distribution). Then,

L(Q,0,w) = (
L(G,0,w) = <
S0.0) = 2535 6),

(dG/dQ)(w) = L(Q, 0y, w) exists, and

Y0, w)(dG/dQ) (w)
= L(Q,0,w)LF1(G,0,w)h*(0,w)S*(0,w)

_ E S W+ Si)r [912 ;(Si - e)r <b0§k_1>texp Ki 4 ke_o L Z) ; Si] .

i=1

For each ¢, W; < Z;;ll S;, so that
k
<

k
<

1 t 7
;ZZSJ‘

i=1j=1

. 1k
ZSZ.] |
i=1
Also, from our choice of b, we have b > O, > 6y and 1/b+ (k —1)/0y — k/6 < 0. So,

1 k—1 k\d
xp [(bwo _9);:1&

[1 i(Wz‘ +55)

t =1

<1
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Therefore,

[4"(0, w)|(dG/dQ) (w

s Tt () e

min =1 emln

The latter is Q-integrable, because the exponential distribution has finite moments of all
orders. This verifies part (c) of A1l’. The other conditions of Al were already verified in
L’Ecuyer (1990) and therefore, Proposition 1 applies.

Observe that for k = 1, condition (23) becomes
0 < Omin < O < Oppax < 00. (25)

Therefore, with G = Py, for some fixed 0y > 0, for any T = (i, max) satisfying (25), one
obtains through (2) an unbiased estimator of the derivative everywhere in Y. In other words,

one can simulate by generating service times with any parameter value 6, > 0, and compute

The latter gives an unbiased estimator of o/(f) for all # > 0. For a finite variance, the

t

h(0,w)L( Py, 0,w)S(0,w) = E SO (Wi + Si)] [912 ;(S

i=1

condition (23) becomes (take k = 2): Opax < 26.

We have just shown that condition (23) is sufficient for a finite k-th moment. We now

show that it is also necessary. Indeed, if (k — 1)0 > kfy, one has

/91/11“(9, w)dG(w)
- / L¥(G, 0,w)h* (0, w)S* (0, w)dG(w)

> [T bss] [Eos-o] (&)
exp K—?)thsl( )texp [—6102251 ds, - - - ds,
L ) o (e

=1

- [T [Ta=ase+ (;)k (%’)kt (;{))texp Kke_ol —’5) (9+1)t] ds, -+ ds,
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where Ig denotes the indicator function:
I — { 1 if zgzl'si > (0 + 1),
0 otherwise.
Therefore, (23) is a necessary and sufficient condition for having a finite moment of order k.
For example, for any 6, > 0, the derivative estimator ¢ (6,w) is unbiased for all > 0, but

has finite variance only for 6 < 26,, and infinite variance otherwise.

4.2. A GI/G/1 Queue with Service Time Determined by a Bernouilli ()

This is essentially Example 4.2 of L'Ecuyer (1990). We look at a GI/G/1 queue as in Example
4.1, but with a different service time distribution. Let 0 < a <b <00, 0<c< < d <1,
and suppose that the service time is b with probability #, and a with probability 1 — . Let
C;=1if S; =b, and C; = 0 if S; = a. Here, C; is Bernoulli () and determines the service
time of customer 7. Take ) = G = P, for ¢ < 0y < d, which means that we will verify
Al(k) directly. One has

LG.0.) = ﬁ 6 (1 — )1=C:

i=1 99‘(1 — 0p)1=C

and

t
=1

1¢ 1 t C;—0
- 5;01'_1_9;(1_0")_.2% —0)

=1

—_

Recall that S; < b, 0 <c<fy<d<1,and0 < c < 6 < d < 1. Therefore, 8% (1—0)1=% < 1,
1C;—0] < 1,65 >¢, (1—6,)%>1—d, and 6(1 — ) > ¢(1 — d). Then,
1 t t 001(1 . 0)1*01'
0, = |- Wi+ S; ;
poal = |10 el

i=1 =1

Lt C,—46
Ze(l—@)‘

=1
1 bt?

= L:iszl <C(11—d))t§9(1—9) = (c(1 —d))+1

Take T'(w) = bt?/(c(1 — d))'™. This is a constant and is therefore trivially Pp,-integrable.

This completes the verification of A1(1), so that Proposition 1 applies for k£ = 1. Tt is also

easily seen that the moments of ¥ (6, w) of all orders are finite.
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4.3.  Derwative of the Expected Number of Customers per Busy Cycle

For the GI/M/1 queue examined in Example 4.1, redefine h(f,w) as the number 7 of cus-
tomers in the first busy cycle, that is 7 = min{i > 1 | customer 7 + 1 does not wait }. We
assume that the system is started empty. Here, ¢; = (S;, 4;) and w = (51, Ay, ..., S, Ar).
Take G = Py,, where 6y < 1/X (the latter is the mean interarrival time). We want to simu-
late the system at parameter value 6y to estimate the derivative at §. We will now seek an

interval Y, containing 6, for which A3(k) holds.

Since the interarrival time distribution does not depend on @, only the service times and
their density function affect the likelihood ratio, the score function, and the left-hand-side of
(19-20). Therefore, to simplify the notation, we can view ¢; as just S; and f; ¢ as the service

time density. One then has

fio(Q) = Eexpl—¢/0)

0
B —0
5@ = =l eal-¢/)
h'(0,w) = 0;
00" I 1\ <
=1

The LR estimator of the derivative of Ep[7] is then

(0, w) =75(0,w)L(G,0,w) =T (i Si@; 9) <%0) exp [(910 - ;) éSZ] .

=1

For fixed w = (1, ..., (), S; and 7 are fixed, so that f;4((;) and h(f,w) = T are everywhere
differentiable in #. Therefore, part (a) of A2 holds.

For each given pair 0 < 6y < 1/X and 0 < 6 < 1/, one can choose a different value of b

and take g; = f;, for each i. Let

- 06,
kO — (k—1)8’

ie.,
1k k-1
Lok , 2
b 0 6o (26)



Suppose that 0y and 6 are such that 0 < b < 1/A. From Theorem II1.3.1 in Gut (1988), page
78, one has Fy[T%] < co. Since the exponential distribution has a finite moment generating
function in some neighborhood of zero, it also follows from Theorem III.3.2 in Gut (1988),

page 81, that there exists a zo(b) > 1 such that E,[27] < oo for 0 < z < zy(b). Suppose now

(begk ) < 2(b). (27)

Then, E,[(b05 " /6%)%7] < co. Note that for 6§ = 6, one has b = 6, and (27) holds. Further,

that

for fixed 0y and b, there exists a neighborhood of 6y, say T = (fmin, Omax), in which (27) is

satisfied.

To complete the verification of A3 for that fixed b, under these assumptions, define

T'(¢) = (0057/0% . )8 and T'g;(¢) = ((€ + Omax) 6" /035 )* for each ¢ and i. One has

min min

N ( 5(C) ) . (be’a-lex [(1#“‘1—’{)4)8
e \G(QgF () — eex\on TP \0T 4 @

9k—1 8
< (69,8_ ) _ 1,

(ZFaOF\" (¢ — O)*b0E~! Lok—1 k) )
(i) = (e [+ 6)9)
LA
< () -

T ) kpk\ 4
E ;F%(Sj) = Ly7]Ey <(SJ +@§zlax) b )] < oo;

By | TITu(s)| = B85 64)) < o

The next to last equality is the well known Wald’s equation. This completes the verification

of A3(k) for that given 7.
From that reasoning, sufficient conditions for A3(k) are that
k/0 — (k—1)/0p > A (28)

and that (27) holds with b defined by (26). For k = 1, one has b = 6, (28) becomes § < 1/X,
and (27) becomes z(b) > 1, which always holds.
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For a more specific example, consider an M/M/1 queue with arrival rate A = 1 and mean
service time 6 < 1. In this case, one has Ey[27] < oo if and only if z < 20(b) = (1 + b)?/(4b)
(see Kleinrock 1975, §5.9). The condition (27) then becomes:

wt = (d) )

For k = 2, for each 6, € (0,1), there is an interval I(6y) containing 6y in which (29) holds.

For example, one has:

0o 1(60y)

0.2 (.1261, .2407)
0.5 (.4090, .5450)
0.8 (.7514, .8233)

Further, for k = 2, (28) becomes 0 < 26,/(6p+ 1), which also holds when 6 € 1(6,). We have
now proved that the variance of the LR derivative estimator is finite for 6 € I(6p). Outside
that interval, we have not proven anything, which means that the variance could also be

finite in a larger region.

5. Conclusion

We have studied sufficient conditions for unbiasedness and finite moments, for LR derivative
estimators. Clearly, the conditions given are not necessary, but they could prove useful in
practice. Necessary and sufficient conditions, namely uniform integrability, are often difficult

to check directly (see, e.g., Glasserman 1991).

We have illustrated the practical use of our different sets of assumptions by a few simple
examples. More complicated applications, like queueing network driven by a sequence of
independent variates, would also fit into the framework of Section 3, and their analysis will
be similar to that of our examples. In our examples, the probability distributions are from
the exponential family. In fact, our treatment is not really specific to the exponential family,
but likelihood ratios simplify nicely for the exponential family, and most commonly used

distributions belong to that family.

17



The interchange between derivative and expectation is not the only major issue in deriva-
tive estimation. Finite vs infinite variance (or higher moments) is also crucial. One must be
very careful in practice, because as illustrated by Example 4.1, an unbiased LR derivative
estimator can have an infinite variance. Further, when the variance is infinite, the vari-
ance estimators are usually very misleading: they typically take a very small value with
large probability, and an extremely large value with a tiny (almost zero) probability. What
happens is essentially the same as with “importance sampling” for function (as opposed to

derivative) estimation (see Glynn 1991 and Glynn and Iglehart 1989).
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