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An Empirical Identification Method of Gaussian
Blur Parameter for Image Deblurring

Fen Chen, Member, IEEE, and Jianglin Ma

Abstract—In this paper, we propose an empirical identification
method of the Gaussian blur parameter for image deblurring. The
parameter estimate is chosen from a collection of candidate param-
eters. The blurred image is restored by these candidate parameters
under the assumption that the candidate is equal to the true value.
The estimate is selected to be at the maximum point of the differ-
ential coefficients of restored image Laplacian L1 norm curve. Ex-
perimental results are presented to demonstrate the performance
of the proposed method.

Index Terms—Boundary conditions, Gaussian blur, image de-
blurring, parameter identification, point spread function (PSF).

1. INTRODUCTION

N many imaging systems, the observed images would un-

fortunately suffer blurring due to many degradations such
as defocusing, diffraction, relative motion between the camera
and the scene, and in some cases, atmospheric turbulence. The
goal of image restoration is to recover the scene closely from
the degraded image. In many applications, the degradation pro-
cedure of imaging system could be modeled as the result of a
convolution with a linear shift-invariant low-pass filter A. This
low-pass filter h is often called point spread function (PSF).

M
g(w,y) =YY fk Dz —ky—1) +&(z,y). (1)
k=1 1=1

In (1), &(z,y) is the noise introduced in the procedure of image
acquisition, and it is generally assumed to be zero-mean additive
white Gaussian noise with variance o2. Equation (1) could be
expressed in matrix-vector formulation

g=Hf +n 2)

where g, f and n are the observed image, original image, and ad-
ditive white Gaussian noise, respectively, ordered lexicograph-
ically by stacking the rows of each image into a vector. H de-
notes the PSF h as a linear convolution operator. Three forms
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of PSF models are commonly used in image restoration: the de-
focus blur, the motion blur, and the Gaussian blur.

Classical restoration methods require complete knowledge of
the blur PSF prior to restoration [2], [3], [10], [11]. However,
in many applications, the PSF is often unknown a priori or is
known only within a parameter due to various practical con-
straints. As the knowledge is rarely available, identification of
the PSF from only the observed degraded images has been of
great interest. A number of techniques have been proposed to
address this problem. Gennery [5] suggested identifying zeros in
the frequency spectrum of the blurred image. However, in noisy
conditions, finding spectral zeros is more or less impossible as
they are covered by the noise power spectrum. Bispectrum [4] is
proposed as an alternate method to reduce the effects of noise.
But, these methods are not suited for Gaussian blur parameter
identification, because there are no regular zeros in its frequency
content as there are in defocus blur and motion blur. Another
blur identification method by residual spectral matching is pro-
posed by Savakis et al. [21], but it needs the knowledge of the
noise variance and the original image spectrum which are usu-
ally hard to accurately estimate. In other methods [12], [13],
[20], the original image has been modeled as an autoregressive
(AR) process, and the blur as a moving average (MA) process.
With the image and blur modeled in this way, the blur identi-
fication problem becomes a matter of determining the param-
eters of an ARMA model. The parameters can be estimated
by the maximum-likelihood (ML) [13], the expectation maxi-
mization (EM) [12] or the generalized cross validation (GCV)
[20] method. However, their performance suffers from the pos-
sible poor convergence to local minima during the maximization
process. Another limitation of them is that the computational
load is heavy. Li [14], [15] proposed identifying the blurring pa-
rameter with kurtosis minimization. The deblurred image with
the smallest kurtosis is chosen as the final restored image, and
the corresponding parameter is regarded as the identified blur-
ring parameter. However, the estimation error of this method is
sometimes large.

In some applications, such as in remote sensing, the PSF of
atmospheric turbulence is often modeled as Gaussian blur.

/ elsewhere

7

where x and y are the horizontal and vertical space variables;
o is the standard deviation, which parameterizes the severity of
the blur; C is the region of support and K is a normalization
constant. Thus, the Gaussian PSF could be characterized by a
single parameter o. In our experiment, the support region C' is
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setas [—3c, 30], because, for a Gaussian function, almost 99.7%
of its energy is concentrated within.

As far as we know, there are less practically effective param-
eter identification methods for Gaussian blur than for defocus
blur and motion blur. The reason may be that there are no zeros
in its frequency content, and an inaccurate estimated param-
eter would not cause such a severely unacceptable result as de-
focus blur and motion blur, so the restored images are not easily
distinguishable.

In this paper, a new simple empirical identification method
of Gaussian blur parameter is proposed based on the observa-
tions of the restored image’s second derivatives L1 norm curve.
The PSF estimate is chosen from a collection of candidate pa-
rameters. After performing the deblurring for each candidate
parameter under the assumption that it is the true PSF, the L1
norm of its corresponding restored image’s second derivatives
is computed. An exhaustive search is performed throughout the
candidates’ L1 norm curve and the PSF estimate is chosen at
the maximum point of this curve’s differential coefficients. Our
experiment results on simulated blurred images show that this
method could give an acceptable estimate for the Gaussian blur
parameter.

The rest of the paper is organized as follows. Section II
describes the implementation of our identification method.
Section III presents experimental results that illustrate the
effectiveness of this approach, and the Section IV includes the
concluding remarks.

II. IMPLEMENTATION OF PARAMETER IDENTIFICATION

A. Search Space

Because the Gaussian PSF is characterized by a single param-
eter o, the Gaussian blur identification is reduced to the estima-
tion of the parameter o.

Let

WO, y) = b (2.5.00) )

where o(*) is the kth element of the vector that contains the
candidate parameters.

Let’s make some constraints on the search space of all fea-
sible parameter values. Let the “cameraman” image be degraded
by Gaussian PSF of parameter 0 = 1, and a Gaussian white
noise at BSNR = 30 dB is added to the blurred image. Blurred
signal-to-noise ratio (BSNR) is defined here as

o2
BSNR = 10log;, (-’;)
g

n

where o7 is the variance of the blurred image. The blurred and
noisy image is shown in Fig. 1(a). One can see from it that the
Gaussian blur of parameter 0 = 1 is very light. An alternative
enhancement method may also obtain a satisfactory visual result
as the restoration technology. The restoration result of Wiener
filtering [see (10)] is shown in Fig. 1(b), and the enhancement re-
sult of unsharp masking technology [1], [7] is shown in Fig. 1(c).
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(b)

Fig. 1. (a) Gaussian blurred “cameraman” image of ¢ = 1 at BSNR =
30 dB. (b) Restored image ISNR = 2.6651 dB. (c) Enhanced image ISNR =
2.0691 dB.

The improvement in signal-to-noise ratio (ISNR) of them are
2.6651 and 2.0691 dB, respectively. ISNR is defined as

1If = gll3

I = flI3-

One can see that almost identical visual results are obtained. So
we can claim that when o < 1, the deblurring result could be
approximately obtained with enhancement technology.

Let’s now consider ¢ = 4. The blurred and noisy result
at BSNR = 30 dB of the “cameraman” image is shown in
Fig. 2(a). One can see from it that the degradation caused by
Gaussian blur of parameter ¢ = 4 is very severe. The restora-
tion result of Wiener filtering (10) and the enhancement result
of unsharp masking technology are shown in Fig. 2(b) and (c),
respectively. The ISNR of them are 1.6134 and —0.0052 dB, re-
spectively. It can be seen that in this case the enhancement tech-
nology result has no improvement. Though the restored image is
better than the enhanced image, neither of them can give a satis-
factory result. In this paper, we are concerned with the medium
Gaussian blur that all feasible parameter o values in the search
space are in the domain o € [1,4]. The search interval is set to
0.1. Then, the candidate parameters vector is

S={1+(k-1)x01,k=1,---,31}
={1,1.1,1.2,---,3.9,4}. 5)

ISNR = 101log;

B. Wiener Filter With Neumann Boundary Condition

In practice, the PSF h has a finite support and the observed
image g is of finite size (1 < x < M, 1 < y < N). The task
of image deblurring is to recover a finite section of the original
image f in the domain (1 <z < M,1 <y < N).From (1) one
can see that g is not only determined by the values of the original
image f in[1: M, 1 : N], but also affected by the values of f
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Fig. 2. (a) Gaussian blurred “cameraman” image of ¢ = 4 at BSNR =
30 dB. (b) Restored image ISNR = 1.6134 dB. (c) Enhanced image ISNR =
—0.0052 dB.

out of the boundary. Support of h determines the interval out
of the boundary. Thus in order to solve (1), some assumptions
should be made as to the values of f outside [1 : M,1 : N].
These assumptions are called boundary conditions (BC).

The form of the restored image’s statistics depends on the
type of restoration filter. The Wiener filter is chosen in our ex-
periment for its fast implementation and acceptable result.

Let F(u,v) be the Wiener estimate of the original image in
the frequency domain. Then

F(u v) = H*(u,v)G(u,v)
’ |H (u,)” + Pa(u,v)/Pr(u,v)

where H(u,v) is the PSF A in the frequency domain and is
tested under the assumption that it is the true PSE, G(u,v) is
the blurred image in the frequency domain, and Py(u,v) and
P, (u,v) are the power spectra of the original image and noise
respectively. Because the power spectra of the original image
and noise are sometimes hard to know, (6) is often simplified as

_ H*(u,v)G(u,v)
H (u,0)* +7

(6)

F(u,v) (7
where T is the regularization parameter.

The estimate of the restored image is, thus, the inverse Dis-
crete Fourier Transforms (DFT)

f(z, y) =IDFT (ﬁ'(u, 'U))
M N
= Z Z F(u,v)exp {i2n(uz/M + vy/N)} . (8)
u=1v=1
In order to solve (8), DFT should be computed. Although
the Fast Fourier Transforms (FFT) could be implemented in a
very efficient way, the calculation of FFT takes it for granted
that the boundary condition is periodic. So ringing effects would
be unavoidable at the restored image’s borders because natural
image is seldom periodically structured.
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Fig.3. (a)Gaussian blurred “cameraman” image of ¢ = 3 at BSNR = 30 dB
(b) Restored image with periodic BC ISNR = 0.9589 dB. (c) Restored image
with Neumann BC ISNR, = 1.7856 dB.

In [16], Ng et al. used Neumann BC to reduce ringing effects
and designed a fast algorithm to restore images. It assumes that
the values of f outside the domain [1 : M, 1 : N]is a reflection
of the data inside. By using Neumann BC, the blurring matrix
is a Toeplitz-plus-Hankel matrix in the 1-D case and a block
Toeplitz-plus-Hankel matrix with Toeplitz-plus-Hankel blocks
(BTHTHB) in the 2-D case. They showed that if the PSF is
symmetric

h(l‘,y) = h(_:E)y) = h(J;?_y) = h(—ﬂ?,—y) for all Z,y

©))
the BTHTHB matrix could be diagonalized by the Discrete Co-
sine Transform (DCT-IIE) matrices. Then their inverses can be
obtained by using Fast Cosine Transforms (FCT). This approach
is computationally interesting since the FCT requires only real
operations and is about twice as fast as the FFT [19], and this is
also true in two dimensions.

Because the Gaussian PSF (3) we are concerned with in this
paper satisfies the symmetric condition (9), our modified Wiener
deconvolution with Neumann boundary condition is

Hdct(“, U)Gdct(ua ’U)

Fc u,v) =
aet(u,0) Hy(n o) 4 7

(10)

where the H ;.; denotes the convolution matrix H’s first column
DCT result with Neumann BC and G 4.+ (u, v) is the DCT of the
degraded image.

Thus, the estimate of the restored image is the inverse DCT

f(x,y) = IDCT (cht(u, v)) . (11)

The “cameraman” image is degraded by Gaussian blur of pa-
rameter o = 3, and a Gaussian white noise is then added to it at
BSNR = 30 dB. The degraded image is shown in Fig. 3(a). The
deblurring images of (7) and (10) with regularization parameter
7 = 0.008 are shown in Fig. 3(b) and (c), respectively. The
ISNR of them are 0.9589 and 1.7856 dB, respectively. There
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are severe ringing effects in Fig. 3(b), and (c) is more suitable
for error analysis.

C. Analysis of the Restored Image

Once the restoration method has been chosen and the set of
candidate parameters has been constructed, it remains to select
the best estimate from the set S.

Let the restored image be expressed as f (k)(m, y), which is
the deblurring result with (10) that has the kth element of can-
didate parameters set h(*)(z, y) as the PSF.

Let SDN® be the L1 norm of f(*)(z, 4)’s second derivatives
79+ 0

SDN(®) — HVQfU“)Hl - ‘ (12)

1

where V2 is the Laplacian operator, and is defined as V2I =
(0%1/0x?) + (0*1/9y?). In our experiment, the discrete imple-
mentation of the two-dimensional Laplacian operator is set as

Vf=flz+ Ly + f(z—1Ly) + flz,y+1)
+f(:v,y - 1) - 4f($7y)

For a blurred image g(x, y), all of the SDN®) corresponding
to each candidate parameter in the search set S could form into
a curve. We term it restored image Laplacian L1 norm curve
(L1C) of the degraded image.

13)

L1C(k) = SDN®), (14)

The differential coefficients of this curve are called as DL1C

DL1C(k) = L1C(k + 1) — L1C(k). (15)

Let the “cameraman” image be blurred by one of the PSF
h*)(z,y) and a Gaussian white noise is added to it at BSNR =
40 dB. The blurred image is restored by (10) with regulariza-
tion parameter 7 = 0.004 for each candidate parameter in the
search set under the assumption that it is the true PSF. There-
fore, we can get the L1C and DL1C of the blurred image. The
degraded images that are blurred by Gaussian PSFs of parame-
ters 0 = 1.5, 0 = 2.5, and o0 = 3.5 are shown in Fig. 4. Their
corresponding L1C and DLIC are shown in Fig. 5. We nor-
malize them in the plot, because it does not change the curve’s
shape. The location of the true parameter is plotted with a ver-
tical line, the minimum point of the L1C and the maximum point
of the DL1C are marked with ‘x’. One can see from Fig. 5(a)
that there is a weak relationship between the minimum point of
LIC and the true parameter. An interesting phenomenon could
be observed from Fig. 5(b) that the maximum point of DL1C
is always close to the correct value. So the abscissa ',y Of
the maximum point of DL1C could be a robust estimate of the
Gaussian blur parameter. This is also true for other true param-
eter o values, which can be seen in Table I. One can see from
Table I that the maximum deviation between .« and the true
parameter is 0.3, and most of the deviation is within 0.1. This is
a commonly receivable result.

Let’s consider the behavior of L2 norm of the restored
image’s second derivatives ||V2f*)||, and its differential co-
efficients (correspondingly, we call them L2C and DL2C). The
L2C and DL2C corresponding to Fig. 4 are shown in Fig. 6.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 57, NO. 7, JULY 2009

()
Fig. 4. (a) Gaussian blurred “cameraman” image of ¢ = 1.5 at BSNR =
40 dB. (b) Gaussian blurred “cameraman” image of ¢ = 2.5 at BSNR =
40 dB. (c) Gaussian blurred “cameraman” image of ¢ = 3.5 at BSNR =

40 dB.

One can see by comparing it to Fig. 5 that the maximum point
of DL2C is not as robust as the DL1C. It is also true for other o
values, which can be seen from Table I. Therefore, the L1 norm
is preferred in our experiment.

It has been shown in Section II-B that the Neumann BC is
better than the periodic BC for error analysis. Let’s see the nu-
merical comparison between them. Plots of L1C and DL1C of
Fig. 4 with periodic BC (i.e., deblurring Fig. 4 with (7)) are
shown in Fig. 7. It can be seen that the curves in Fig. 7 are not as
smooth as those in Fig. 5 and Fig. 6. From Table I, one can see
that the DL1C with periodic BC is not as robust as the DL1C
with Neumann BC. The reason is that the errors caused by the
ringing effects at the restored image’s borders have a significant
impact on the L1 norm.

The estimated values from the DL1C with Neumann BC,
DL2C with Neumann BC, and the DL1C with periodic BC to
each of the true parameters are shown in Table I. The plot of
each is shown in Fig. 8. In it, the true parameter value is plotted
with the diagonal line. One can see that the DL1C with Neu-
mann BC performs the best.

III. EXPERIMENTS

A. Test Image Set

We test this method on an image set which includes 15 stan-
dard images. The image set is depicted in Fig. 9. We test these
15 images at different BSNR levels of 30, 40, and 50 dB. Com-
parison is taken among these metrics: L1C, DL1C, L2C, and
DL2C with Neumann BC and periodic BC, respectively. We ob-
serve that in all these cases the Neumann BC outperforms the
periodic BC. Among the four Neumann BC metrics, DL1C and
DL2C outperform L1C and L2C. Only in eight cases, the DL2C
with Neumann BC is a litter better than the DL1C with Neu-
mann BC. Another interesting observation is that, among these
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Fig. 5. LIC and DLIC of parameters ¢ = 1.5, ¢ = 2.5,and 0 = 3.5.
Location of the true parameter is plotted with a vertical line. The minimum point
of L1C and the maximum point of DL1C are marked with . (a) L1C. (b) DL1C.

eight cases, five cases are at BSNR = 30 dB, two cases are at
BSNR = 40 dB, and only one case is at BSNR = 50 dB. This
means that DL1C performs much better than DL2C at higher
SNR. In most cases the DL1C is more robust than DL2C as
seen in Fig. 8. So the DL1C with Neumann BC is chosen as
the metric we use to estimate parameter values.

The DL1C maximization method is also compared with kur-
tosis minimization (KM) [15] in every case. Parts of the results
are shown in the following. The results of image “cameraman”
are shown in Fig. 10. One can see, our method outperforms KM
at BSNR = 40, 50 dB. Though at BSNR = 30 dB parts of the
KM’s results are a little better than our method, it fails when the
o > 3.2 . The comparison result of another standard image Lena
is shown in Fig. 11. One can see that our method can obtain a
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TABLE I
Zmax OF DL1C WITH NEUMANN BC, DL2C WITH NEUMANN BC, AND
DL1C WITH PERIODIC BC. (ABBREVIATION: TRUE PARAMETER (TP); AE
(Absolute error = abs(#max — T'P)); DLIC WITH NEUMANN BC (1N);
DL2C WITH NEUMANN BC (2N); DL1C WITH PERIODIC BC (1P);)

TP 1.0 | 1.1 | 1.2 | 1.3 | 14 | 15| 1.6

AE(IN) | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 | O.1

AE2N) | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 | O.1

AE(1P) [ 0.1 | 02|02 ]0.1]0 0.1 0.2

TP 1.7 | 1.8 | 1.9 | 2.0 | 21 | 2.2 | 2.3

AE(IN) | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 | O.1

AE2N) | 02 02 0202020304

AE(P) | 02 | 0.1 | O 0.1 [0 0.1 | 0.2

TP 24 | 25|26 |27 |28|29] 3.0

AE(IN) | O 02101]01 (010 0

AE2N) | 05|04 | 03|03 |04 ]05]05

AE(P) | 02 | 0.1 | O 0 011]0 0.1

TP 31 (32|33 (34|35|36 |37

AE(IN) | O 010 0 0 0 0.3

AE2N) | 0.7 | 08 | 0.7 | 0.6 | 0.5 | 04 | 0.3

AE(P) [ 02 [ 02 01 |0 01 (0110

TP 38|39 40

AE(IN) | 02 | 0.1 | O

AE2N) [ 02 | 0.1 | O

AE({P) | 0.1 | 02 | 0.3

better result than KM at all the three noise levels. The result of
image “bridge” is shown in Fig. 12. It can be seen that in these
cases the KM method fails, whereas our method can still get a
reliable result. The other results, which are not shown here as
space is limited, also support that at average our method outper-
forms KM.

B. Mean Estimated Value

In our experiment, we have found that, although the esti-
mated values of all test images are a little different from each
other, they are all within a short distance to the true param-
eter. The estimated values corresponding to each true param-
eter of all test images are shown in Fig. 13, at the noise level
of BSNR = 40 dB. The mean values of them are plotted with
a bold line. For each true parameter, the mean, the maximum,
and the minimum estimated values are shown in Table II. We
have found in our experiment that the distribution of the esti-
mated values of each true parameter can be approximated as a
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Fig. 6. L2C and DL2C of parameters ¢ = 1.5,0 = 2.5,and 0 = 3.5.
Location of the true parameter is plotted with a vertical line. The minimum point
of L2C and the maximum point of DL2C are marked with x. (a) L2C. (b) DL2C.

Gaussian distribution. A quadratic polynomial curve fitting is
done to fit the mean estimated values. The fitting result is

mv=—0.0137xtv>+1.0059 x tv+0.0737 (mv>0,4>tv>1)

(16)
where muv is the mean estimated value and twv is the true param-
eter value.

We have tested this identification method at different noise
levels. The estimated curves and their mean values, at the noise
level of BSNR = 50 dB and BSNR = 30 dB, are shown in
Figs. 14 and 15, respectively. Quadratic polynomial curve fit-
tings to their mean estimated values are

mu=—0.0097x tv>+1.0278 X tv—0.0133 (mv>0,4>tv>1)
(17)
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Fig. 7. L1C and DLIC with periodic BC of parameters ¢ = 1.5, 0 = 2.5,
and o0 = 3.5. Location of the true parameter is plotted with a vertical line. The
minimum point of L1C and the maximum point of DL1C are marked with *.
(a) LIC. (b) DLIC.
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Fig. 8. Estimated values of the DL1C with Neumann BC, DL2C with Neumann
BC, and the DL1C with periodic BC.
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and

mu=—0.0130xtv>40.9334 x tv+0.3227 (mv>0,4>tv>1).
(13)

One can see from the three mean estimated values curves at
different noise level that the method we proposed is likely to
obtain a lower estimate at noise level BSNR = 30 dB and is
likely to obtain a higher estimate at noise level like BSNR =
50 dB.

One can see, in order to get an accurate estimate, the BSNR
should be known first. Fortunately, there are several practical
methods proposed in the literature to estimate it reliably from
the degraded image [9], [17], [18]. Even if one could not get

1 15 2 25 3 35 4

Fig. 11. Compare with kurtosis minimization (“Lena” image).

an accurate estimate of the BSNR, from our experience of this
method, ..y is still a reliable estimate.

The identification procedure of our method can be concluded
as: for a degraded image, first estimate BSNR from the de-
graded image and compute the corresponding best regulariza-
tion parameter with (19). Second, compute DL1C of the de-
graded image in the search space S. Third, exhaustively search
for the abscissa z .5 of its maximum point. Fourth, choose the
corresponding empirical equation. Finally, let mv = .y (it
is the result of maximum likelihood (ML) principle if we as-
sume that the Gaussian probability distributions of the estimated
values of all true parameters are the same), compute the corre-
sponding tv with the chosen equation and tv is the best estimate
of our method.
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Fig. 13. Mean of the estimated values at BSNR = 40 dB.

C. Regularization Parameter T

The regularization parameter 7 plays an important role in the
deblurring method. It controls the tradeoff between fidelity to
the data and smoothness of the solution. There are two automatic
techniques to estimate the regularization parameter, the Gener-
alized cross-validation (GCV) [6] and the L-curve [8]. However,
both of them are computationally expensive and the results are
sometimes not satisfactory.

In our experiment, we manually test some 7 values in the set

T = [0.05,0.025,0.01, 0.009, 0.008, 0.007, 0.006, 0.005,
0.004, 0.003, 0.002, 0.001]

for the test image set. The mean estimate values of each 7 are
computed. Among these curves, we choose the 7 value whose
mean estimate value curve is the closest to the diagonal line.
Comparison is taken at different noise levels of BSNR = 20, 30,
40, 50, 60, 80, 100 dB. Among them it is found that 7 = 0.008
performs the best at noise level BSNR = 30 dB, = = 0.004
performs the best at noise level BSNR = 40 dB, and 7 = 0.003
performs the best at noise level BSNR > 50 dB. Estimation
results are shown in Fig. 16.! One can see, deblurring with a
small 7 value often leads to a lower estimate than the true

10Only parts of the regularization parameters are plotted for distinguishable
showing.

MEAN ESTIMATE, MAXIMUM ESTIMATE, AND MINIMUM

ESTIMATE OF EACH TRUE PARAMETER

True Parameter | 1.0 | 1.1 | 1.2 |13 |14 |15 | 1.6
Mean estimate 1.05 | 1.13 | 1.28 | 1.37 | 1.48 | 1.55]| 1.64
Max estimate 1.2 1.3 1.6 1.6 1.6 1.7 | 1.8
Min estimate 1.0 1.0 1.1 1.2 1.3 14 |15
True Parameter | 1.7 1.8 [ 19 (20 |21 |22 |23
Mean estimate 175 | 1.84 | 1.95 | 2.04 | 2.13 | 2.23| 2.29
Max estimate 20 | 21 2.1 22 |23 25 |25
Min estimate 1.6 1.7 1.8 1.9 1.9 | 20 |21
True Parameter | 24 | 25 |26 |27 |28 |29 |3.0
Mean estimate 239 251 | 26 | 268|277 | 288|298
Max estimate 26 |27 |28 |29 30 |31 |33
Min estimate 22 |23 |25 2.5 26 |27 |28
True Parameter | 3.1 | 3.2 |33 |34 |35 |36 |37
Mean estimate 3.05| 3.15 | 323 | 331 | 346 | 3.54| 3.62
Max estimate 34 |35 |37 |36 |37 |38 |40
Min estimate 28 |30 |31 3.1 32 |33 |34
True Parameter | 3.8 | 3.9 | 4.0
Mean estimate 3.69 | 3.77 | 3.88
Max estimate 40 | 40 | 40
Min estimate 35 3.5 3.6
4
35}
3l
251
!
15}
11 1;5 2 2.‘5 3 315 4

Fig. 14. Mean of the estimated values at BSNR = 50 dB.

parameter. Meanwhile, a large 7 leads to a higher estimate. The
experiment results of other BSNR noise levels show that the best
regularization parameters are all 0.003 when the BSNR is higher
than 50 dB. The results also show that the best 7 is 0.025 when
the BSNR is 20 dB, but some of the estimate errors may be larger
than 0.5, which is not a reliable estimate.

From our experiment results, we suggest choosing the
regularization parameter 7 with Gaussian interpolation (19).
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Fig. 15. Mean of the estimated values at BSNR = 30 dB.

Fig. 16. Estimated values with different regularization parameter 7.
(a) BSNR = 30 dB. (b) BSNR = 40 dB. (c) BSNR = 50 dB.
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Fig. 17. Regularization parameter Gaussian interpolation curve.

Though other interpolation methods could be used, the differ-
ences between them may be very small. The interpolation curve
is plotted in Fig. 17.

y = 0.005128 x e(~(r=28:56)/9.171)%)

£0.002082 % (= ((2=100/2794000)7) 1 5 30y - (19)
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Fig. 18. (a) Original “Lake” image. (b) Gaussian blurred image of ¢ = 2.7
at BSNR = 40 dB. (c) Restored image by true value 0 = 2.7; ISNR =
2.1050 dB. (d) Restored image by estimated value o = 2.8185, ISNR =
2.0781 dB. (e) Restored image by the MATLAB function “deconvblind” with
initial PSF size of (9,9), ISNR = 0.8860 dB.

D. Deblurring With Parameter Identification

Another standard image “lake” in Fig. 18(a), which is not in-
cluded in the image set, is used to test the validity of our method.
Itis degraded by Gaussian PSF of 0 = 2.7, and a white Gaussian
noise is added to the blurred image at BSNR = 40 dB. The de-
graded image is shown in Fig. 18(b). The DL1C of the blurred
and noisy image is shown in Fig. 19. The maximum point’s ab-
Scissa Ty Of it is 2.8. The BSNR is estimated by the method
proposed in [9] and it is BSNR = 40.0763 dB =~ 40 dB.
From (16), we can get the estimated parameter by the proposed
method, which is 2.8185. The restored image by the estimated
value 0 = 2.8185 is shown in Fig. 18(d). For comparison,
the restored image by the true value o = 2.7 is also shown
in Fig. 18(c). Almost identical visual results are obtained. The
ISNR of Fig. 18(c) and (d) are 2.1050 and 2.0781 dB, respec-
tively. There are small differences between them.

Let the “lake” image be blurred by another Gaussian PSF of
parameter 0 = 1.9, and white Gaussian noise is added to the
blurred image at noise level BSNR = 35 dB. The estimated
BSNR is 38.0667 dB and the best regularization parameter with
(19) is 0.0047. The maximum point’s abscissa Zmax of DL1C is
2, which is shown in Fig. 21. Although we could also compute
the mean estimated value curve at BSNR = 38 dB like at the
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Fig. 19. DLIC of Fig. 18(b).

N
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Fig. 20. (a) Gaussian blurred image of o = 1.9 at BSNR = 35 dB. (b) Re-
stored image by true value ¢ = 1.9, ISNR = 2.8034 dB. (c) Restored
image by estimated value ¢ = 1.9513, ISNR = 2.8017 dB. (d) Restored

image by the MATLAB function “deconvblind” with initial PSF size of (5,5),
ISNR = 0.9255 dB.

noise levels BSNR = 30, 40, 50 dB, an alternate interpolation
method is used here to estimate the parameter. From (18), (16),
and (17), we can compute the estimated values at these three
noise levels BSNR = 30, 40, 50 dB, which are 1.8444, 1.9677,
and 1.9965, respectively. The interpolation value at 38.0667 dB
is 1.9513 with the quadric polynomial interpolation method.
The restored images by the true value o = 1.9 and by the esti-
mated value o = 1.9513 are shown in Fig. 20(b) and (c). Their
ISNR are 2.8034 and 2.8017 dB, respectively.

We have also tested the performance of our method on nearly
Gaussian PSF. Let the “lake” image be blurred by a nearly
Gaussian PSF, which is combined by a Gaussian PSF of 0 = 2,
a defocus PSF of radius » = 2 and a horizontal motion PSF of
length 1.5, at noise level BSNR = 30 dB. The blurred image
is shown in Fig. 22(a), and its DL1C is shown in Fig. 23. The
estimated o by our method is 2.5797. The restored image by
our estimated Gaussian PSF is shown in Fig. 22(b), and the

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 57, NO. 7, JULY 2009

true parameter 0=1.9  Xpqa,=2

normalized L1 norm

6 L L . . L
1 15 2 25 3 35 4

candidate parameters

Fig. 21. DLIC of Fig. 20(a).

Fig. 22. (a) Blurred image by a nearly Gaussian PSF, which is combined by
a Gaussian PSF of ¢ = 2, a defocus PSF of radius r = 2 and a horizontal
motion PSF of length 1.5, at noise level BSNR = 30 dB. (b) Restored image
by estimated Gaussian PSF of ¢ = 2.5797,ISNR = 2.1288 dB; (c) Restored
image by true PSF ISNR = 2.4283 dB. (d) Restored image by “deconvblind”
with initial PSF size of (7,7), ISNR = 0.9902 dB.

restored image with the true nearly Gaussian PSF is shown
in Fig. 22(c). Visually, they are very similar. Their ISNR are
2.1288 and 2.4283 dB, respectively. It can be seen that our
method can estimate a Gaussian PSF to approximate the true
nearly Gaussian PSF, and achieve a visually similar restoration
result.

For comparison, the MATLAB function “deconvblind” is
tested.2 The restoration result of Fig. 18(b) by function “decon-
vblind” with initial PSF size of (9,9) is shown in Fig. 18(e). It
can be seen that it is not a good result. The restoration result
of Fig. 20(a) by “deconvblind” with initial PSF size of (5,5) is
shown in Fig. 22(d). This result is also not good. The restoration
result of Fig. 22(a) by “deconvblind” function with initial PSF

2The MATLAB function “deconvblind” is sensitive to the initial PSF size. We
manually test the initial PSF size from (3,3) to (17,17), and only the best one
among them is shown here as space is limited.
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Fig. 23. DLIC of Fig. 22(a).

size of (7,7) is shown in Fig. 22(d), and its ISNR is 0.9902
dB. One can see that Fig. 22(d) is not a satisfactory result, and
our method with an approximated Gaussian PSF estimation
performs better than it.

From our experiment results, it is believed that our method
can be applied to restore the images that are degraded by a
Gaussian or nearly Gaussian PSF. In this condition, our method
can estimate a Gaussian function to approximate the true nearly
Gaussian PSF and achieve an acceptable restoration result. The
experiment results also prove that our method is more effective
than the blind deconvolution function “deconvblind” offered by
MATLAB.

E. Computational Complexity

The identification method of the medium Gaussian blur pa-
rameter as described above chooses a best estimate from search
space S, which includes 31 candidate parameters. Realization of
it requires 31 deblurring operations, i.e. the simplified Wiener
filter with Neumann BC (10). Implementation of (10) is very fast
because it requires only O(N?log(N)) real operations. Com-
putation of the discrete Laplacian operator needs only four ad-
dition operations and one multiplication operation to compute
each output pixel, so the computation load of DL1C is O(N?).
The computation load of searching for the abscissa .y and
solving the empirical quadratic polynomial equation like (16) is
minor.

IV. CONCLUSION

An empirical identification method of the medium Gaussian
blur parameter for image deblurring is presented. This method
chooses the best estimate from a set of candidate parameters.
It first estimates the BSNR from the degraded image and com-
putes the corresponding best regularization parameter. Next, it
computes the L1 norm of the restored image’s second deriva-
tives for all candidates under the assumption that it is the true
PSF, and then finds the maximum point’s abscissa @,y Of the
DLIC. Finally, it chooses the corresponding empirical equation
and computes the estimate of the true parameter. Experimental
results presented in this paper demonstrate that this method per-
forms well for medium Gaussian/nearly Gaussian blur.
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Fig. 24. L1C and DLIC of the defocus blurred and noisy “cameraman” image
of defocus radius parameter 2.5 at noise level BSNR = 40 dB.

Although it seems that our blur parameter identification
method is model-independent, and can be extended to the pa-
rameter identification of defocus blur and motion blur models,
unfortunately, from our experiment results, this method does
not perform well for these two blur models. The L1C and
DLIC of the defocus blurred and noisy “cameraman’ image
with blur radius parameter 2.5 at noise level BSNR = 40 dB
are drawn in Fig. 24. No obvious relationship can be found
between the maximum point and the true parameter value. It is
almost certainly due to the intrinsic differences among various
blur models, which still requires more investigation.
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